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Preface

Thisbook isasequel to Volume I, Fundamental Probability: A Computational Approach
(2006), http://www.wiley.com/WileyCDA/WileyTitle/productCd-04
70025948 . html, which covered the topics typically associated with a first coursein
probability at an undergraduate level. This volume is particularly suited to beginning
graduate students in statistics, finance and econometrics, and can be used indepen-
dently of Volume I, although references are made to it. For example, the third equation
of Chapter 2inVolume | isreferredtoas(1.2.3), whereas (2.3) meansthethird equation of
Chapter 2 of the present book. Similarly, areference to Section 1.2.3 means Section 3 of
Chapter 2in Volume I.

The presentation style is the same as that in Volume 1. In particular, computational
aspects are incorporated throughout. Programsin Matlab are given for al computations
in the text, and the book’s website will provide these programs, as well as trandations
in the R language. Also, as in Volume |, emphasis is placed on solving more practica
and challenging problems than is often done in such a course. As a case in point,
Chapter 1 emphasizes the use of characteristic functions for calculating the density
and distribution of random variables by way of (i) numerically computing the integrals
involved in the inversion formulae, and (ii) the use of the fast Fourier transform. As
many students may not be comfortable with the required mathematical machinery, a
stand-alone introduction to complex numbers, Fourier series and the discrete Fourier
transform are given as well.

The remaining chapters, in brief, are as follows.

Chapter 2 uses the tools developed in Chapter 1 to calculate the distribution of sums
of random variables. | start with the usual, algebraicaly trivia examples using the
moment generating function (m.g.f.) of independent and identically distributed (i.i.d)
random variables (r.v.s), such as gamma and Bernoulli. More interesting and useful,
but less commonly discussed, is the question of how to compute the distribution of a
sum of independent r.v.s when the resulting m.g.f. is not ‘recognizable’, e.g., a sum of
independent gamma r.v.s with different scale parameters, or the sum of binomial r.v.s
with differing values of p, or the sum of independent normal and Laplacer.v.s.

Chapter 3 presents the multivariate normal distribution. Along with numerous ex-
amples and detailed coverage of the standard topics, computational methods for cal-
culating the c.d.f. of the bivariate case are discussed, as well as partia correlation,
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which is required for understanding the partial autocorrelation function in time series
analysis.

Chapter 4 is on asymptotics. As some of this material is mathematically more chal-
lenging, the emphasisis on providing careful and highly detailed proofs of basic results
and as much intuition as possible.

Chapter 5 gives a basic introduction to univariate and multivariate saddlepoint
approximations, which alow us to quickly and accurately invert the m.g.f. of sums
of independent random variables without requiring the numerical integration (and
occasional numeric problems) associated with the inversion formulae. The methods
complement those developed in Chapters 1 and 2, and will be used extensively in
Chapter 10. The beauty, simplicity, and accuracy of this method are reason enough to
discuss it, but its applicability to such a wide range of topics is what should make this
methodology as much of a standard topic as is the central limit theorem. Much of the
section on multivariate saddlepoint methods was written by my graduate student and
fellow researcher, Simon Broda.

Chapter 6 deals with order statistics. The presentation is quite detailed, with numer-
ous examples, as well as some results which are not often seen in textbooks, including
a brief discussion of order statistics in the non-i.i.d. case.

Chapter 7 is somewhat unique and provides an overview on how to help ‘classify’
some of the hundreds of distributions available. Of course, not al methods can be
covered, but the ideas of nesting, generalizing, and asymmetric extensions are intro-
duced. Mixture distributions are also discussed in detail, leading up to derivation of
the variance—gamma distribution.

Chapter 8 isabout the stable Paretian distribution, with emphasis on its computation,
basic properties, and uses. With the unprecedented growth of it in applications (due
primarily to its computational complexity having been overcome), this should prove to
be a useful and timely topic well worth covering. Sections 8.3.2 and 8.3.3 were written
together with my graduate student and fellow researcher, Yianna Tchopourian.

Chapter 9 isdedicated to the (generalized) inverse Gaussian and (generalized) hyper-
bolic distributions, and their connections. In addition to being mathematically intrigu-
ing, they are well suited for modelling a wide variety of phenomena. The author of
this chapter, and all its problems and solutions, is my academic colleague Walther
Paravicini.

Chapter 10 provides a quite detailed account of the singly and doubly noncentra
F, + and beta distributions. For each, several methods for the exact calculation of the
distribution are provided, as well as discussion of approximate methods, most notably
the saddlepoint approximation.

The Appendix contains a list of tables, including those for abbreviations, specia
functions, general notation, generating functions and inversion formulae, distribution
naming conventions, distributional subsets (e.g., x2 € Gamand N € SuS), Student’s ¢
generalizations, noncentral distributions, relationships among major distributions, and
mixture relationships.

As in Volume |, the examples are marked with symbols to designate their relative
importance, with ©, ® and ® indicating low, medium and high importance, respec-
tively. Also asin Volume |, there are many exercises, and they are furnished with stars
to indicate their difficulty and/or amount of time required for solution. Solutions to all
exercises, in full detail, are available for instructors, as are lecture notes for beamer



Preface xiii

presentation. As discussed in the Preface to Volume I, not everything in the text is
supposed to be (or could be) covered in the classroom. | prefer to use lecture time for
discussing the mgjor results and letting students work on some problems (algebraically
and with a computer), leaving some derivations and examples for reading outside of
the classroom.

The companion website for the book is http://www.wiley.com/go/
intermediate.
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SUMS OF RANDOM VARIABLES






Generating functions

The shortest path between two truths in the real domain passes through the
complex domain. (Jacques Hadamard)

There are various integrals of the form

/ ¢t 1) dFx (x) = Elg(t, X)] (11)

o0

which are often of great value for studying r.v.s. For example, taking g(n, x) = x" and
g(n,x) = |x|", forn € N, give the algebraic and absolute moments, respectively, while
gn,x) =xp =x(x—1)---(x —n+1) yields the factorial moments of X, which
are of use for lattice r.v.s. Also important (if not essential) for working with lattice
distributions with nonnegative support is the probability generating function, obtained
by taking g(z, x) = ¢* in (1.1), i.e, Px(r) := Y 72 1" px, Where p, = Pr(X = x).1

For our purposes, we will concentrate on the use of the two forms g(z, x) = exp(tx)
and g(z, x) = exp(itx), which are not only applicable to both discrete and continuous
r.v.s, but also, as we shall see, of enormous theoretical and practical use.

1.1 The moment generating function

The moment generating function (m.g.f.), of random variable X is the function My:
R+ X0 (where X is the extended real line) given by ¢ — E [¢X]. The m.gf. M
is said to exist if it is finite on a neighbourhood of zero, i.e., if thereisan & >0
such that, V¢ € (—h, h), Mx(t) < oco. If My exists, then the largest (open) interval 7

1 Probability generating functions arise ubiquitously in the study of stochastic processes (often the ‘next
course’ after an introduction to probability such as this). There are numerous books, at various levels, on
stochastic processes; three highly recommended ‘entry-level’ accounts which make generous use of probability
generating functions are Kao (1996), Jones and Smith (2001), and Stirzaker (2003). See also Wilf (1994) for
a general account of generating functions.

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd



4 Generating functions

around zero such that Mix(r) < oo for t € 7 is referred to as the convergence strip (of
the mg.f.) of X.

1.1.1 Moments and the m.g.f.

A fundamental result is that, if My exists, then al positive moments of X exist. This
is worth emphasizing:

If My exists, then Vr € R, E [|X|"] < oc. (1.2)

To prove (1.2), let r be an arbitrary positive (real) number, and recall that
lim,_ o x"/€" =0, as shown in (1.7.3) and (I.A.36). This implies that, V¢ € R\ 0,
lim,_, o x" /€™ = 0. Choose an 1 > 0 such that (-, k) isin the convergence strip of
X,andavaluer suchthat O < r < h (sothat E [€¥] and E [e~'¥] arefinite). Then there
must exist an xo such that |x|” < el for |x| > xo. For |x| < xo, there exists a finite
constant Ko such that |x|” < Koe™*!. Thus, there exists a K such that |x|” < Ke&*!
for al x, so that, from the inequality-preserving nature of expectation (see Section
1.4.4.2), E[1X|"] < KE[e'X!]. Finally, from the trivial identity € < &* + e~ and
the linearity of the expectation operator, E [eX/] < E[¢¥] + E[e7*] < oo, showing
that E [|X|"] is finite.

Remark: This previous argument also shows that, if the m.g.f. of X is finite on
the interval (—h, h) for some h > 0, then so is the m.g.f. of r.v. |X| on the same
neighbourhood. Let |7| < &, so that E [€!*1] isfinite, and let k € N'U 0. From the Tay-
lor series of e, it follows that 0 < |rX|*/k! < €'XI, implying E [|rX|] < k! E [e/'*1]
< 00. Moreover, for al N € N,

N

S(N) =)

k=0

[|tX|

Sl |tX| E(i%)g]}]}[eml],

k=0
so that

- _ o E[lex 1] x|
Jim S(V) =Y ——— <E[]

!
pre k!

and the infinite series converges absolutely. Now, as |E [(1X)*] | < E[|rX[¥] < oo, it
follows that the series Y ;- o E [ (tX)¥ ]/ k! also converges. As Y 2 o(1X)* / k! converges
pointwise to €%, and |€%| < €|, the dominated convergence theorem applied to the
integral of the expectation operator implies

N
: tX)*
o E [Z Kl } =Bt

k=0




1.1 The moment generating function

That is,

tk

>

k=0

E[x (1.3)

o

Mix(r) = [Z & }

which is important for the next result. [ |

It can be shown that termwise differentiation of (1.3) is valid, so that the jth
derivative with respect to ¢ is

MY (1) = é: (iti__;)! E[Xx] = é;—l]}ﬂ [Xx"+]
—F [Z (txl)qixj] E |:Xf > (tX)”i| E[x/¢X], (14
—
or
_ =E[X/].

Similarly, it can be shown that we are justified in arriving at (1.4) by simply writing
d ;
MY ()= SE[€¥] =E| &¥ | =E[x]e"].

In genera, if Miz(r) is the m.g.f. of rv. Z and X = u+0Z, then it is easy to
show that

My(t) = E[e¥] = E[¢¥T?] = &/Myl(to) . (15)

The next two examples illustrates the computation of the m.g.f. in a discrete and
continuous case, respectively.

.....

of X is
1 .
My() =E[¢] = = > e,

S0 that

0 [%
/ 1. , 1. 60+1
Mx(t):§E i€, IE[X]:MX(O)ZEE:j:T’
—~ =



6 Generating functions

and

L\ 2g 6+1) (20 +1
Myt =2 %, E[X?]=My0) = Z 2 M

j=1

from which it follows that

V(X) =

- 2_(9+1)(29+1)_(0+1)2_(9—1)(9+1)
Hem it = 6 2 )~ 2

recalling (1.4.40). More generaly, letting X ~ DUnif(61, 62) with p.d.f. fx (x; 01, 62) =
(02— 01+ 1) g, 0,410y (X),

1 1
E[X] = 5(914-92) and V(X) = E(QZ_el) (O2—01+2),
which can be shown directly using the m.g.f., or by simple symmetry arguments. W

Example 1.2 Let U ~ Unif (0, 1). Then,

1 _
MU(t)zE[e’U]zfoe‘“du:d 1, t#0,

t

which is finite in any neighbourhood of zero, and continuous at zero, as, vial’Hopital’s
rule,

g -1 e 1
lim Iim—=1=/ e du = My(0).
-0 t —0 1 0

The Taylor series expansion of M(¢) around zero is

e’—lzl(,+f+f+...>:1+z+i+...:w;d
t t 26 26 —i+1!
so that, from (1.3),
E[U]=¢+D* r=12.... (L6)
In particular,
E[U]:%, ]E[Uz]:%, V(U):%—%:l—lz.

Of course, (1.6) could have been derived with much less work and in more gener-
dity, as

1
E[U’]:f u du=(r+171, r € Roo.
0



1.1 The moment generating function

For X ~ Unif (a, b), write X = U (b — a) + a S0 that, from the binomia theorem
and (1.6),

prtl gt

r_r AP 1 _
E[X]_;<j>a e a)jj—i-l_(b—a)(r—i-l)’ .7

where the last equality is givenin (1.1.57). Alternatively, we can use the location—scale
relationship (1.5) with u = a and 0 = b — a to get

gb — g
an):t(b—a)’ t;ﬁO, My (0) = 1.
Then, with j =i — 1 and ¢t # 0,
B 1 [e’s) (tb)i - o) (ta)k B o0 bi_ai i1
WO =0"0 (g i ; i >_;i!(b—a)t

pitl _ gi+l bitl — gitl 4

— Ho= .
Z(J-l-l)'(b—a) ;(J-l-l)(b—a)ﬂ

Jj=0

which, from (1.3), yields the result in (1.7). |

1.1.2 The cumulant generating function

The cumulant generating function (c.g.f.), is defined as

Kx(t) = logMix(z) . (1.8

The terms «; in the series expansion Ky(t) = > 2 k,t"/r! are referred to as the
cumulants of X, so that the ith derivative of Kx(7) evaluated at t = 0 is«;, i.e,

G=KY0|

It is straightforward to show that

K1=[L, K2 = |2, K3 = |3, K4 = g — 3u5 (1.9

(seeProblem 1.1), with higher-order terms given in Stuart and Ord (1994, Section 3.14).

Example 1.3 From Problem 1.7.17, the m.g.f. of X ~ N (i, o'?) is given by

1 1
Mx(r) = exp {m + Eaztz} . Kx(r) = ut + Eaztz. (1.10)
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Thus,
Ky(t) = u+ 0%, E[X]=Ky0) =pun, Kir) =02 V(X)) =Ki0) =02

and K{(1) =0, i > 3, so that ;3 = 0 and 4 = x4 + 33 = 30%, as also determined
directly in Example 1.7.3. This also shows that X has skewness 3/u3> = 0 and
Kurtosis 4/15 = 3. [ |

© Examplel4 For X ~ Poi (1),

e{x —)»)Lx
My(r) = E[¢¥] = Z

x=0

= exp (—,\ + 1€). (1.12)
As K{(r) = 1€ for r > 1, it follows that E[X] = Ky(1)|,_, =4 and V (X) =

K}’(’(t)| ,—o = A This calculation should be compared with that in (1.4.34). Once the
m.g.f. is available, higher moments are easily obtained, in particular,

3/2

skew(X) = pa/py - =r1/2¥2 =272 50

and
Kurt(X) = pa/us = (ka + 3u3) /u3 = (A +31%) /A% — 3,

as A — oo. That is, as A increases, the skewness and kurtosis of a Poisson random
variable tend towards the skewness and kurtosis of a normal random variable. [ |

© Examplel5 For X ~ Gam(a, b), the m.gf. is, with y = x (b — 1),

Myx(r) = E[€*]
*© 1
x4 1*x([7 1) _ a pa = ya—l—y
a/ dx = (b t)b/or(a)yedy

-(75)-

dMx ()
dr

A.j

From this,

E[X] =

b a—1
=a (—) b(b—1)"2
=0 b—t b

or, more easily, with Kx(z) = a (Inb — In(b — 1)), (1.9) implies

t=0

dKx(2)
dr

a
=0 b—t

k1 =E[X] = (1.12)

a
=0 b
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and
dK2(7) a a
Ko = =V X) = X = = —.
2T 0 2 | (b—1)72l—y b2
Similarly,
2a 6a
I"Lg = ﬁ and K4 = ﬁs

i.e, jta = k4 + 3u5 = 3a (2+ a) /b*, so that the skewness and kurtosis are

u? (a/b?)%? T Va ns (a/b?)? a

3 4
143 2a/b 2 g Me_WQrapt 3@re

These converge to 0 and 3, respectively, as a increases. [ |

© Example1.6 From density (1.7.51), the m.g.f. of alocation-zero, scale-one logistic
random variable is (with y = (1+ e‘x)_l), for |¢] < 1,

Mx(t) = E[¢] = / e e 2

—00

1 1— y 1-t 1
= / (—) Yoy t@a—-ytdy = / (1—y) "y dy
0 y 0

=B(1l-t,14)=T Q-0 A+1).

If, in addition, ¢ # 0, the m.g.f. can also be expressed as

Mx() =t ()T (1—1) =1t (1.14)

sinwt’
where the second identity is Euler’s reflection formula.? [ |

For certain problems, the m.g.f. can be expressed recursively, as the next example
shows.

© Examplel.7 Let N, ~ Consec(m, p), i.e., N, isthe random number of Bernoulli
trials, each with success probability p, which need to be conducted until m successes
in arow occur. The mean of N,, was computed in Example 1.8.13 and the variance

2 Andrews, Askey and Roy (1999, pp. 9-10) provide four different methods for proving Euler’s reflection
formula; see also Jones (2001, pp. 217-18), Havil (2003, p. 59), or Schiff (1999, p. 174). As an aside, from
(1.24) with r = 1/2, it follows that T" (1/2) = /7.
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and m.g.f. in Problem 1.8.13. In particular, from (1.8.52), with M,,,(¢) := My, (¢) and
g=1-p,
pele—l(t)

M) = T My e

(1.15)

This can be recursively evaluated with Ma(t) = pe'/ (1 — g€') for 1 # —In(1 — p),
from the geometric distribution. Example 1.20 below illustrates how to use (1.15) to
obtain the p.m.f. Problem 1.10 uses (1.15) to compute E[N,,]. |

Calculation of the m.g.f. can also be useful for determining the expected vaue of
particular functions of random variables, as illustrated next.

© Example 1.8 To determine E[InX] when X ~ x2, we could try to directly inte-
grate, i.e.,

E[InX] = (Inx) xV/?~te=*/2 dx, (1.16)

1 o0
2v/2T (v/2) /0
but this seems to lead nowhere. Note instead that the m.g.f. of Z =InX is

1 * v/2—1—x
Mﬂt):E[dﬂ:E[X’]:m/(; I TV/2=1g=x/2 |,

or, with y = x/2,

or+v/2-141 oo
22T (v/2) Jo
Then, with d2'/dr = 2 In2,

d
TMut) =

Hv/2=la=y gy = 2 L+v/2) v/2)'

Ma(t) = I (w/2)

y

/2 (2T (t+v/2)+2 In2T (t +v/2))

and
(/2
-0 T(/2

Having seen the answer, the integral (1.16) is easy; differentiating I" (v/2) with
respect to v/2, using (1.A.43), and setting y = 2x,

v < d e
/ v/2—1—x v/2-1 —X
I (—) _/0 —d(v/Z)x e dx_/o X (Inx)e™* dx

= /(;OO (%)U/Z—l (ln%) e—y/zdjy

1 (% o /2 N2 (% o1y
=), Y (ny)e="dy - 573 Y e Vdy

=T (@/2QE[InX] - (In2)T (v/2),

E[InX] = %Mz(t) +In2=1v (v/2) +In2.

giving E[InX] =T"(v/2) /T (v/2) +In2. [
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1.1.3 Uniqueness of the m.g.f.

Under certain conditions, the m.g.f. uniquely determines or characterizes the distri-
bution. To be more specific, we need the concept of equality in distribution: Let r.v.s
X and Y be defined on the (induced) probability space {R, 3, Pr(-)}, where B is the
Borel o-field generated by the collection of intervals (a, b], a,b € R. Then X and Y

are said to be equal in distribution, written X Ly, if
PriX e A)=Pr(Y €e A) VAeB. (2.17)
The uniqueness result states that for r.v.s X and Y and some & > 0O,
My(t) = My() V|t <h = X2Zv. (1.18)

See Section 1.2.4 below for some insight into why this result is true. As a concrete
example, if the m.g.f. of anr.v. X is the same as, say, that of an exponentia r.v., then
one can conclude that X is exponentialy distributed.

A similar notion applies to sequences of r.v.s, for which we need the concept of
convergence in distribution, For a sequence of rv.s X,,, n =1, 2, ..., we say that X,
converges in distribution to X, written X, 4 X, if Fx,(x) > Fx(x) asn — oo, for
al points x such that Fy(x) is continuous. Section 4.3.4 provides much more detail.
It is important to note that if Fx is continuous, then it need not be the case that the
Fx, are continuous.

If X, converges in distribution to a random variable which is, say, normaly dis-

tributed, we will write X, 4N (-, -), where the mean and variance of the specified nor-

mal distribution are constants, and do not depend on . Observe that X, 4N (1, 0?)
implies that, for n sufficiently large, the distribution of X,, can be adequately approx-
imated by that of a N (1, 0%) random variable. We will denote this by writing X,, x
N (i, o'2). This notation also allows the right-hand-side (r.h.s.) variable to depend on

n; for example, we will write S, PN (n, n) to indicate that, as n increases, the dis-
tribution of S, can be adequately approximated by a N (n, n) random variable. In this

case, we cannot write S, <> N (n, n), but it is true that n=Y2(S, — n) <> N (0, 1).
We are now ready to state the convergence result for m.g.f.s. Let X,, be a sequence

of r.v.s such that the corresponding m.g.f.s My (r) exist for |¢| < h, for some i > 0,

and al n € N. If X is arandom variable whose m.g.f. Mix(¢) exists for || < hy < h

for some h; > 0 and My (1) — M) as n — oo for |t| < hy, then X, < X. This
convergence result also applies to the c.g.f. (1.8).

Example 1.9

(@ Let X,,, n=1,2,..., be a sequence of r.v.s such that X, ~ Bin(n, p,), with
pn = A/n, for some constant value A € R., so that My, (1) = (p,€ +1— p,)" (see
Problem 1.4), or

g = (e +1-2) = (142 @ -) .

11
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For all & >0 and [t| < h, lim,_,o My, (t) = exp {1 (¢ — 1)} = Mp(1), where P ~

Poi (1). That is, X, 4 Poi (1). Informally speaking, the binomial distribution with
increasing n and decreasing p, such that np is a constant, approaches a Poisson distri-
bution. This was aso shown in Chapter 1.4 by using the p.m.f. of a binomia random
variable.

(b) Let P, ~ Poi (1), A € Rog, and Y, = (P, — 1) /~/A. From (1.5),

My, (1) = exp {x (e’/ﬁ — l) — tﬁ} )

Writing

2 3
t t t
eV =14 o —

a2t TapErt

we see that

lim [,\ (eWX - 1) —zﬁ} = ;

A—00

or limy_, oc My, (t) = exp (t2/2), which is the m.g.f. of a standard normal random vari-

able. That is, Y, 4N (0, 1) as » — oo. This should not be too surprising in light of
the skewness and kurtosis results of Example 1.4.
(c) Let P, ~ Poi (») with A € N, and Y, = (P, — 1) /+/A. Then

e—)» A

D1 = Y

-1
=Pr(Ph=0)=PrA—1<P . <AN)=Pr| —=<Y,<0).
(P, ) ( < A) (\/X n = >
From the result in part (b) above, the limiting distribution of Y; is standard normal,
motivating the conjecture that

-1
Pr (ﬁ <Y < o) ~®(0)— @ (—17Y3) = pos, (119
where ~ means that, as A — oo, the ratio of the two sides approaches unity. To infor-
mally verify (1.19), Figure 1.1 plots the relative percentage error (RPE), 100(p2,; —
p1.2)/ P, On alog scale, as afunction of A.

The mean value theorem (Section 1.A.2.2.2) implies the existence of an x; €
(—=1=%2,0) such that

P (0) — P (—171?)
0— (—271/2)

= (x) = (x3).

Clearly, x; € (—A7Y2,0) > 0 as A — o0, so that

)\—1/2 1 )»_1/2
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-1073

-1072 ||

-101

-100 f

10t ' ' ' '
10 0 1 2 3 4 5
x 10%

Figure 1.1 The relative percentage error of (1.19) as a function of A

Combining these results yields
ef)n)\’)\ )\’71/2
N S
or, rearranging, A! ~ /2r A *+1Y2e=* We understand this to mean that, for large 1, A!

can be accurately approximated by the r.h.s. quantity, which is Stirling’ s approximation.
|

Example 1.10
(@) Let b > 0 be a fixed vaue and, for any a > 0, let X, ~ Gam(a,b) and Y,

= (X, —a/b) /\/a/b?. Then, for t < a/?,

b 1 “
= _tﬁ R = —tﬁ _
Mya([) e MXH(ﬁt) (1—61_1/2[) s

or Ky, (t) = —t/a —alog (1 — a/?). From (1.A.114),
00 ' .Xi
log(1+x) =) (-1 =,
i=1
so that

log(1—a¥2t) = —— — o= — =5 — -

and lim,_ o Ky, () = t?/2. Thus, as a — oo, Y, AN (0,1), or, for large a, X, »
N (a/b, a/b?). Again, recall the skewness and kurtosis results of Example 1.5.

13
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(b) Now let S, ~ Gam(n, 1) for n € N, so that, for large n, S, PN (n, n). The def-
inition of convergence in distribution, and the continuity of the c.d.f. of S, and that
of its limiting distribution, informally suggest the limiting behaviour of the p.d.f. of
S,, 1.e,

I (n) V2rn 2n?

Choosing s =n leads to ' (n 4+ 1) = n! ~ /27 (n + 1)"*?2 exp (—n — 1). From
(1.LA.46), lim,_ o (1+1/n)" =€, s0

2
fs, (5) = 1 s"Lexp (—s) ~ t exp (—(s n) ) )

1172 1172 1\"+2 1172
n+ 1" =n" 1+ - ~ n'"TH e,
n

and substituting this into the previous expression for n! yields Stirling’ s approximation

~ 2x ntY2 e, [ |

1.1.4 Vector m.g.f.

Analogous to the univariate case, the (joint) m.g.f. of the vector X = (X1, ..., X,,) is
defined as

Mx(t) = E[e%], t=(t1,....1,),

and exists if the expectation is finite on an open rectangle of 0 in R”, i.e,, if there is
ae > 0 such that E[e"*] is finite for all t such that |5;| < & fori = 1,.
As in the univariate case, if the joint m.g.f. exists, then it characterlz% the distri-
bution of X and, thus, al the marginals as well. In particular,
Mx((0,...,0,,0,...,0) =E[e*] =My, (), i=1...,n.

Generalizing (1.4) and assuming the validity of exchanging derivative and integral,

A Mx(t)
9 18tk2 gl / / xklxgz xkexp {t1xq + tox 4 - A e} fx (X) dX,
1 n -

so that the integer product moments of X, E [[]’_,; Xf"] for k; € N, are given by

¥ Mix(t)
altade o |

/ / sy fx (0 dgdp - dr, (1.20)
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for k =) ", k; and such that k; = 0 means that the derivative with respect to #; is
not taken. For example, if X and Y arer.v.s with m.g.f. My y(z1, 1), then

32Mx y(t1, t2)

E[XY] =
[ ] 011012 11=1,=0
and
By = PMxrt, 1) _ 0°My y(11,0)
[ ] - 3l2 - 8l2
1 11=1=0 1 t1=0

Example 1.11  (Example 1.8.12 cont.) Let fxy (x,y) = € L0.00) (x) I(x,00) (¥) bE
the joint density of r.v.s X and Y. The m.g.f. is

o0 o0
M. r(t1, £2) = f f explinx + 2y — v} dy e (1.21)
0 x
© 1
:f ——expi{x(n+1n—1}dx
o 1-n
_ 1
S Al-h-t)1A-1)’

so that My y(t1,0) = (1 — 1)1, 11 < 1, and Mix y(0, 12) = (1 — 12) 72, £ < 1. From
Example 1.5, thisimplies that X ~ Exp(1) and Y ~ Gam (2, 1). Also,

n+n<1l tr<l, (122)

oMy y(t1, 0)

=(1-1¢ -2 =1,
32‘1 [l=0 ( l) |t1=0
oMy y(O, ¢
OMx.v(0, 12) =21-1)7°% =2
dtp 12=0 12=
and
0°My y(11, 1) o+ —3 9 My y(11, 12) _3
atlatz (tl + t2 - 1)3 (tz - 1)2 ’ atlatz t1:t2:0 ’
sothat E[X] =1, E[Y]=2and Cov(X,Y) =E[XY] -E[X]E[Y] = L |

The following result is due to Sawa (1972, p. 658), , and he used it for evaluating
the moments of an estimator arising in an important class of econometric models; see
also Sawa (1978). Let X1 and X, be r.v.s such that Pr(X; > 0) = 1, with joint m.g.f.
Mx, x,(t1, t2) which exists for 11 < € and |r;] < €, for € > 0. Then, if it exists, the
kth-order moment, k£ € N, of X,/ X1 is given by

X2 k 1 0 3 ak
E |:(X_1> :| _ = /_oo (—tp)h1 |:a_t§MXLX2(;l, t2)1| dry. (1.23)

=0

15
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To informally verify this, assume we may reverse the order of the expectation with
either the derivative or integral with respect to #; and #,, so that the r.h.s. of (1.23) is

1 0 k—1 I 8k X X
—F © KOO ()" a_kE [e’l 1g2 2] dn

12
2 tp=0

1 ak T 0
= —1" (k) ]E Wefzxz / (_t]_)k71 eIle dt]_
2 —00

- 12=0

o9 k
-l [X’gf uk—lemuXa du} =E (ﬁ> .
r (k) 0 X1

By working with My, x,(t2, 1) instead of My, x,(f1,12), an expression for
E[(X1/X2)¥] immediately results, though in terms of the more natural My, x,(t1, 2),
we get thefollowing. Similar to (1.23), let X; and X, ber.v.ssuch that Pr(X, > 0) = 1,
with joint m.g.f. My, x,(t1, #2) which exists for |r1] < € and 7, > —¢, for € > 0. Then
the kth-order moment, k € N, of X1/X is given by

E{(&)} T (k) / { 7 Mxy xo(11, fz)} Odtz, (1.24)
1=

if it exists. To confirm this, the r.h.s. of (1.24) is (indulging in complete lack of rigour),

F(k)/ { Bl tzxz]} e
11=0
_ 1 9" X > k—=1,—15X X1
_—F(k)E |:[8_t’1‘etl 1} O/O nte2X2dn | = E (X2>
1=

Remark: A rigorous derivation of (1.23) and (1.24) is more subtle than it might appear.
A flaw in Sawa's derivation is noted by Mehta and Swamy (1978), who provide
a more rigorous derivation of this result. However, even the latter authors did not
correctly characterize Sawa's error, as pointed out by Meng (2005), who provides the
(so far) definitive conditions and derivation of the result for the more general case of
E[X%/X5], k € N, b € R.q, and also references to related results and applications.
Meng aso provides several interesting examples of the utility of working with the joint
m.g.f., including relationships to earlier work by R. A. Fisher. An important use of
(1.24) arises in the study of ratios of quadratic forms.

The inequality
X2\ | _ E[X}]
E |:(X_1> ] > IE[X’{] (1.25)

is shown in Mullen (1967). |

3 Lange (2003, p. 39) also provides an expression for E[X%/X%].
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© Example1.12 (Example 1.11 cont.) From (1.22) and (1.24),

X *r a 1 o0 1
E|S|=( |= do= [ A+ 3dp=2
[Y} /o [at1<1—r1+rz)<1+rz)llzo ? /o A+ mdz=3

X\? % 1
IE|:<7> } :2/0 (141" dy = 3

so that V (X/Y) = 1/12. This is confirmed another way in Problem 2.6. |

and

1.2 Characteristic functions

Similar to the m.g.f., the characteristic function (c.f.) of r.v. X is defined as E [¢'X],
where i = —1, and is usually denoted as ¢y (7). The c.f. is fundamental to probability
theory and of much greater importance than the m.g.f. Its widespread use in intro-
ductory expositions of probability theory, however, is hampered because its involves
notions from complex analysis, with which not al students are familiar. Thisis reme-
died to some extent via Section 1.2.1, which provides enough materia for the reader
to understand the rest of the chapter. More detailed treatments of c.f.s can be found
in textbooks on advanced probability theory such as Wilks (1963), Billingsley (1995),
Shiryaev (1996), Fristedt and Gray (1997), Gut (2005), or the book by Lukacs (1970),
which is dedicated to the topic.

While it may not be too shocking that complex analysis arises in the theoretical
underpinnings of probability theory, it might come as a surprise that it greatly assists
numerical aspects by giving rise to expressions for real quantities which would other-
wise not have been at all obvious. This, in fact, is true in general in mathematics (see
the quote by Jacques Hadamard at the beginning of this chapter).

1.2.1 Complex numbers

Should | refuse a good dinner simply because | do not understand the process of
digestion? (Oliver Heaviside)

The imaginary unit i is defined to be a number having the property that
i2= -1 (1.26)
One can use i in calculations as one does any ordinary real number such as 1, —1
or /2, so expressions such as 1+ i, i® or 3 — 5i can be interpreted naively. We define

the set of all complex numbers to be C :={a + bi | a,b € R}. If z =a + bi, then
Re(z) := a and Im(z) := b are the real and imaginary parts of z.
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The set of complex numbers is closed under addition and multiplication, i.e., sums
and products of complex numbers are also complex numbers. In particular,
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a+bi)-(c+di) = (ac — bd) + (bc + ad)i.
Asaspecial case, notethat i® = —i andi* = 1. Thereforewehavei = i° =i°=....
For each complex number z = a + bi, its complex conjugate is defined as 7 =

a — bi. The product z -7 = (a + bi)(a — bi) = a® — b%? = a® + b? is dways a non-
negative real number. The sum is

z24+7=(a+bi)+ (a — bi) = 2a = 2Re(z). (1.27)
The absolute value of z, or its (complex) modulus, is defined to be
2] = |a + bi| = V22 = Va2 + b2. (1.29)
Simple calculations show that
lzazol = lzallz2l,  |za +z2l < lzal + |z2l, Zizz =7Z1722, 21,22€ C. (1.29)

A sequencez,, of complex numbersissaid to convergeto somecomplex number z € C
iff the sequences Rez, and Imz, converge to Rez and Imz, respectively. Hence, the
series ) 72 | z, convergesif theseries Y > Rez, and ) - ; Imz, converge separately.

Asin R, define the exponential function by

Xk

exp(z) = Z% zeC.
k=0 "

It can be shown that, asin R, exp(z1 + z2) = exp(z1) exp(z2) for every z3, z» € C.
The definitions of the fundamental trigonometric functions in (1.A.28), i.e.,

2k+l

cos(z) = Z( Vggr @4 s$n@= Z( Y &

k=0

also hold for complex numbers. In particular, if z takes the form z = ir, wherer € R,
then exp(z) can be expressed as

explit) _i o —iﬁ —i S Z(— p 2 )
=K ek T2 S @k +

i.e, from (1.A.28),

exp(it) = cos(t) + i sin(t). (1.31)

This relation is of fundamental importance, and is known as the Euler formula.?

4 Named after the prolific Leonhard Euler (1707—1783), though (as often with naming conventions) it was
actually discovered and published years before, in 1714, by Roger Cotes (1682—1716).
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It easily follows from (1.31) that

] eiz _ e—iz eiz e—iz
Sinz = o and cosz = % (1.32)
)

Also, from (1.31) using t = , wehavecosm +isinm = —1, 0or €™ + 1 = 0, which
isasimple but famous equation because it contains five of the most important quantities
in mathematics. Similarly, exp(2zi) = 1, so that, for z € C,

exp(z + 2mi) = exp(z) exp(2ri) = exp(z),

and one says that exp is a 2wi-cyclic function. Lastly, with z =a +ib € C, (1.31)
gives

exp(z) = expla — bi) = exp(a) exp(—bi) = exp(a)[ cos(—b) + i sin(—b)]

= exp(a)[ cos(b) — i sin(b) | = exp(a) exp(ib) = exp(a + ib) = exp(z).

As a shorthand for cos(r) + i sin(z), one sometimes sees Cis(¢) := cos(r) + i sin(r),
i.e, cis(r) = exp(it).

A complex-valued function can also be integrated: the Riemann integral of acomplex-
valued function is the sum of the Riemann integrals of its real and imaginary parts.

Example 1.13  For s € R\ O, we know that [ € dr = s~1e, but what if s € C? Let
s =x + iy, and use (1.31) and the integral results in Example 1.A.24 to write

/e(”"”’ dr = / e cos(yt) dr + i / e sin(yr) dr
e e’
= m (xcos(yt) + ysin(yt)) + im (xsin(yt) — ycos(yt)) .
This, however, is the same as s~1e*, as can be seen by writing

e’ B e’ (cos(yt) +isin(yr)) x —iy
s X +iy x —iy’

with (x +iy) (x — iy) = x% + y? and multiplying out the numerator. Thus,
/ eldr =51, seC\D0, (1.33)

aresult which will be used below. [ |

A geometric approach to the complex numbers represents them as vectors in the
plane, with the real term on the horizontal axis and the imaginary term on the vertica
axis. Thus, the sum of two complex numbers can be interpreted as the sum of two
vectors, and the modulus of z € C is the length from 0 to z in the complex plane,
recalling Pythagoras' theorem. The unit circle is the circle in the complex plane of

19
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radius 1 centred at O, and includes all complex numbers of absolute value 1, i.e., such
that |z| = 1; see Figure 1.2(a). If r € R, then the number exp(iz) is contained in the
unit circle, because

|exp(it)| = \/cos?(t) +sin’(t) =1, teR. (1.34)

For example, if z =a + bi € C, a,b € R, then (1.31) implies
exp(z) = exp(a + bi) = exp(a) exp(bi) = exp(a)[ cos(b) + i sin(b)].
and from (1.34),

| exp(z)| = | exp(a)|| exp(bi)| = exp(a) = exp(Re(z)). (1.35)
i sino)
@ (b)
Figure 1.2 (@) Geometric representation of complex number z = cos(#) + i sin(#) in the complex

plane. (b) Plot of powers of z, = exp(2ri/n) for n = 7, demonstrating that Z;f;é =0

From the depiction of z as a vector in the complex plane, polar coordinates can also
be used to represent z when z # 0. Let r = |z| = v/a? + b? and define the (complex)
argument, or phase angle, of z, denoted arg(z), to be the angle, say 6 (in radians, mea-
sured counterclockwise from the positive real axis, modulo 2rr), such that a = r cos(0)
andb =rsin(0), i.e, fora # 0, arg(z) := arctan (b/a). Thisis shown in Figure 1.2(a)
for r = 1. From (1.31),

z=a+bi =rcos(d) +irsin(@) =rcis@®) = re?,
and, asr = |z| and 6 = arg(z), we can write
Re(z) =a = |z|]cos(argz) and Im(z) =b = |z|sin(argz). (1.36)
Now observe that, if z; = r; exp(if;) = r; cis(9;), then

2122 = rir2 &Xp (i (01 + 02)) = rira Cis(01 + 62) , (1.37)
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30 that
arg(zi1z2- - - zp) = ag(z1) + arg(z2) + - -- + ag(z,) and agz" =nag(z).

The following two examples illustrate very simple results which are used below in
Example 1.25.

Example 1.14 Letz =1— ik forsomek € R. Set z = r&? sothat r = /1 + k2 and
6 = arctan (—k/1) = — arctan (k). Then, with z" = rme®m, || = pm = (14 k2)"/?
and arg (") = Om = —m arctan (k). [ |
Example 1.15 Let z = exp{ia/ (1 —ib)} for a,b € R. As

ia ab L a
= — 1 N
1—ib 14062 1402

we can write

ot ox ab 4 a x ab o (i a
r = = b 1 = e 1 —
=P\ T T e P\7T702)®P\'T 52 )

b
r=exp|-— a and 6= —2_ modulo 2x.
1+ b2 1+ b2

for

The next example derives a simple but highly useful result which we will require
when working with the discrete Fourier transform.

Example 1.16  Recall that the length of the unit circleis 2, and let 6 be the phase
angle of the complex number z measured in radians (the arc length of the piece of
the unit circle from 1 + 0i to z in Figure 1.2(a)). Then the quantity z,, := exp(2ri/n),
n € N, plotted as a vector, will ‘carve out’ an nth of the unit circle, and, from (1.37), n
equal pieces of the unit circle are obtained by plotting z0, z2, ..., z/~*. Thisis shown
in Figure 1.2(b) for n = 7. When seen as vectors emanating from the centre, it is

clear that their sum is zero, i.e., for any n € N, Z’};é zl = 0. More generaly, for k €

iﬁ e nb— 1}_,tt2’};é (zfl)j =0, and clearly, Z’;.;é (%) =n.Because ! = 1=z,",
is can be written as

n—1 .
wi | n, ifkenZ:={0,n,—n,2n -2n,.. .},
;)(Zﬂ) —{ 0. ifkeZ\nZ (1.38)
J:

The first part of (1.38) is trivia. For the second part, let k € Z\nZ and
b= Y""4(zk)/. Note that (zX)" = (z)* = 1. It follows that

n—1 n—1 n—1
b= @)= "G+ @) =) @) =b.
j=0 i=0

i=1

As zK # 1t follows that b = 0. See also Problem 1 23, ]



22 Generating functions
1.2.2 Laplace transforms

The Laplace transform of a real or complex function g of area variable is denoted
by L {g}, and defined by

G(s) :=L{g}(s) = /0 g (t)e " dr, (2.39)

for al real or complex numbers s, if the integral exists (see below). From the form of
(1.39), there is clearly a relationship between the Laplace transform and the moment
generating function, and indeed, the m.g.f. is sometimes referred to as a two-sided
Laplace transform. We study it here instead of in Section 1.1 above because we alow
s to be complex. The Laplace transform is also related to the Fourier transform, which
is discussed below in Section 1.3 and Problem 1.18.

1.2.2.1 Existence of the Laplace transform

The integral (1.39) exists for Re(s) > « if g is continuous on [0, co) and g has expo-
nential order «, i.e, 3o € R, IM > 0,319 > 0 such that |g(r)] < Me* for t > 1o.°
To see this, let ¢ be of exponential order « and (piecewise) continuous. Then (as g is
bounded on al subintervals on R.(), 3M > 0 such that |g (r)| < Me* for t > 0, and,
with s = x + iy,

u u u u
/ g (e dr < M/ e 67" dr = M/ e df = M/ e il g,
0 0 0 0

where the second to last equality follows from (1.35), i.e.,
jersre| = Je| et fe| = o] [e].
Asx = Re(s) > «,

_ u R R G M
limM [ e 9dr =M lim = < 00, (1.40)

u— 00 0 u—00 X — 0O __x—a

showing that, under the stated conditions on g and s, the integral defining £{g}(s)
converges absolutely, and thus exists.

1.2.2.2 Inverse Laplace transform

If G isafunction defined on some part of the real line or the complex plane, and there
exists a function g such that £{g}(s) = G(s) then, rather informally, this function g
is referred to as the inverse Laplace transform of G, denoted by £~ {G}. Such an
inverse Laplace transform need not exist, and if it exists, it will not be unique. If g
is a function of a real variable such that £{g} = G and h is another function which
is amost everywhere identical to ¢ but differs on a finite set (or, more generaly, on
a set of measure zero), then, from properties of the Riemann (or Lebesgue) integral,

5 Continuity of g on [0, co) can be weakened to piecewise continuity on [0, co). This means that limy o g(f)
exists, and g is continuous on every finite interval (0, b), except at a finite number of pointsin (0, b) at which g
has a jump discontinuity, i.e., g has a jump discontinuity at x if the limitslim,;, g(¢) and lim, , g(¢) are finite,
but differ. Notice that a piecewise continuous function is bounded on every bounded subinterval of [0, co).
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their Laplace transforms are identical, i.e., £{g} = G = L{h}. So both g and & could
be regarded as versions of £~1{G}. If, however, functions g and & are continuous on
[0, 00), such that £ {g} = G = L {h}, then it can be proven that ¢ = &, so in this case,
there is a distinct choice of £71{G}. See Beerends et al. (2003, p. 304) for a more
rigorous discussion.

The linearity property of the Riemann integral implies the linearity property of
Laplace transforms, i.e., for constants ¢ and ¢, and two functions g1 (1) and g2 (¢)
with Laplace transforms £ {g1} and L {g>}, respectively,

L{c181+ c282} = c1L{g1} + c2L (g2} . (1.41)
Also, by applying £~ to both sides of (1.41),
c181 (1) 4+ ¢282 (1) = L7H{L {c1g1 + c282}) = L7H{c1L {g1) + 2L (g2},

we see that £71 is also a linear operator. Problem 1.17 proves a variety of further
results involving Laplace transforms.

Example 1.17 Let g: [0,00) — C, t+— €. Then its Laplace transform at s € C
with Re(s) > 0 is, from (1.33),

L{g}(s) =/ é'e dr =/ &¢idr =
0 0
1 s+ K 1
S ST ethe—n 21t
Now, (1.31) and (1.41) imply £ {g} = L{cos} +iL {sin} or

o0 ; s o0 ;
cos(p)edt = ——, sn®)e¥dt = ——.
/o © s2+1 /o © s2+1

Relations (1.42) are derived directly in Example I.A.24. See Example 1.22 for their
use. |

o]

g i—s)

i—s

— ( lim e"¢=) — 1)

0 i —§ \t—o0

(1.42)

1.2.3 Basic properties of characteristic functions
For the c.f. of r.v. X, using (1.31) and the notation defined in (1.4.31),

ox (1) = / % dFy (x)

= foo cos(tx)dFy (x) +1i /Oo sin(rx) dFyx (x)
= E[Zoos(tX)] +iE[Sin(tX)](.X)
As
cos(—0) = cos(#) and sin(—60) = —sin(9), (1.43)
it follows that

ox (1) =9y (1), (1.44)

23
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where gy is the complex conjugate of ¢x. Also, from (1.27) and (1.44),
ox (1) + ¢x (—1) = 2Re(px (1)). (1.45)

Contrary to the m.g.f., the c.f. will always exist: from (1.34),

lox (1) = ‘ / &% dFy (x)

< foo |&™| dFy (x) = /Oo dFy (x) =1.  (1.46)

Remark: A set of necessary and sufficient conditions for a function to be a cf. is
given by Bochner’s theorem: A complex-valued function ¢ of areal variable ¢ is a
characteristic function iff (i) ¢(0) = 1, (ii) ¢ is continuous, and (iii) for any positive

integer n, real values 1y, ..., t,, and complex values &4, ..., &,, the sum
S=>"3 "0t — n)&E, = 0, (1.47)
j=1k=1

i.e.,, S isrea and nonnegative. (The latter two conditions are equivalent to stating that
f is anonnegative definite function.) Note that, if ¢y isthe c.f. of r.v. X, then, from
(1.28) and (1.29),

j=1k=1

S=E {2”:2’1: [exp (i(1; — 1) X)] gjgk:| =E [’ijl eitjxéj‘z} >0,

which shows that if ¢ isac.f., then it satisfies (1.47). See also Fristedt and Gray (1997,
p. 227). The proof of the converse is more advanced; for it, and alternative criteria, see
Lukacs (1970, Section 4.2) and Berger (1993, pp. 58—59), and the references therein.

[

The uniqueness theorem, first proven in Lévy (1925), states that, for rv.s X and Y,
px =@y < x<Ly. (1.48)
Proofs can be found in Lukacs (1970, Section 3.1) or Gut (2005, p. 160 and 250).

© Example 1.18 Recal the probability integral transform at the end of Section 1.7.3.
If X is a continuous random variable with c.d.f. Fx, thecf. of Y = Fx (X) is

py (5) =E[&xD] = /OO & O fy (1) dr

—00

so that, with u = Fx (¢r) and du = fx (¢) dt,

1 is __
¢Y(S)=f eiS“du=el. 1,
0

LS

which is the c.f. of a uniform random variable, implying Y ~ Unif (0, 1). |
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If gx isreal, then px (1) = [~ cos(tx) dF (x) and [ sin(tx) dFy (x) = 0. This
isthe case, for example, if X isacontinuousr.v. with p.d.f. fx (x) whichis symmetric
about zero because, with u = —x,

0

/oosin(tx)f(x)dx = —/_Oosin(—tu)f(—u) du = —/ sin(tu) f (u) du.
0 0

—00

In fact, it can be proven that, for r.v. X with c.f. ¢x and p.mf. or p.d.f. fx, ¢x is
rea iff fy is symmetric about zero (see Resnick, 1999, p. 297).

1.2.4 Relation between the m.g.f. and c.f.

1.2.4.1 If the m.g.f. exists on a neighbourhood of zero

Let X beanr.v. whose m.g.f. exists (i.e., E [¢¥] is finite on a neighbourhood of zero).
At first glance, comparing the definitions of the m.g.f. and the c.f., it seems that we
could just write

¢x (1) = Mx(in) . (1.49)

As an illustration of how to apply this formula, consider the case X ~ N(O, 1).
Then Miyz) = ¢’/ Plugging it into the right-hand side of this formulayields ¢y () =
e~'/2, This can be shown rigorously using complex analysis.

Note that, formally, (1.49) does not make sense because we are plugging a complex
variable into a function that only admits real arguments. But in the vast mgjority of
real applications, such as the calculation in the Gaussian case, the m.g.f. will usually
have a functional form which alows for complex arguments in an obvious manner. In
the remainder of the text, we shall use the relation ¢y (1) = Mx(ir) if Myis finite on
a neighbourhood of zero.

This approach has a nontrivial mathematical background, an understanding of which
is not required to be able to apply the formula. The following discussion sheds some
light on this issue, and can be skipped.

If My is finite on the interval (—h, h) for some 4 > 0, then the complex function
z > E[e*] iswell defined on the strip {z € C : |Re(z)| < &} (see Gut, 2005, p. 190).
Note that, on the imaginary line, this function isthe c.f. of X, while, on the real interval
(—h,h) C R, it is the m.gf. It can be shown that the function z — E [e*¥] is what
is called ‘complex analytic’,® which might be translated as ‘nice and smooth’. The
so-called identity theorem asserts in our case that a complex analytic function on the
strip is uniquely determined by its values on the interval (—#, h).

On the one hand, this shows that the m.g.f. completely determines the function
z+— E[e*] and, hence, the cf. As a consequence, if the mg.f. of X exists on a

6 Complex analytic functions are also called *holomorphic’ and are the main objects of study in complex
analysis; see Palka (1991) for an introduction.
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neighbourhood of 0, then it uniquely determines the distribution of X. This was stated
in (1.18).

On the other hand, this theorem can be used to actually find the c.f. As stated
above, the m.g.f. will usually come in afunctional form which suggests an extension to
the complex plane (or at least to the strip). In our Gaussian example, the extension
2> €72 0f t > €°/2 immediately comes to mind. As a matter of fact, the extension
thus constructed will normally be ‘nice and smooth’, so an application of the identity
theorem tells us that it is the only ‘nice and smooth’ extension to the strip and thus
coincides with the function z — E[e**]. Hence plugging in the argument it really
does result in gy ().

In the Gaussian example, z — &°/2 is indeed a complex analytic function, so this
shows that E [€X] = &°/2 and, in particular, that E [€%] = e ’2,

1.2.42 The mg.f. and c.f. for nonnegative X

Up to this point, only the case where the m.g.f. My is defined on a neighbourhood of
zero has been considered. There is another important case where we can apply (1.49).
If X is a nonnegative r.v., then My(r) is finite for al r € (—oo, 0]. It might well be
defined for a larger set, but to give a meaning to (1.49), one only needs the fact that
the m.g.f. is defined for all negative .

If X > 0, then, similarly to the abovedigression on complex analysis, thefunctionz —
E [eX] iswell defined on theleft half-plane {z € C : Re(z) < 0}. Again, thisfunctionis
‘complex analytic’ and hence uniquely determined by the m.g.f. (defined on (—oo, 0]).
It can be shown that z — E [e*¥] isat least continuous on {z € C : Re(z) < 0}, which
is the left half-plane plus the imaginary axis. So, a more involved application of the
identity theorem tells us that the m.g.f. uniquely determines the c.f. in this case, too. As
a consequence, the m.g.f. of anr.v. X > 0 uniquely determines the distribution of X. A
rigorous proof of thisresult can befound in Fristedt and Gray (1997, p. 218, Theorem 6).

Equation (1.49) is till applicable asarule of thumb, and the more complicated back-
ground that has just been outlined entails some inconveniences which are illustrated
by the following example.

© Example 1.19 The Lévy distribution was introduced in Examples 1.7.6 and 1.7.15,
and will be revisited in Section 8.2 in the context of the asymmetric stable Pare-
tian distribution and Section 9.4.2 in the context of the generalized inverse Gaussian
distribution. Its p.d.f. is, for x > 0,

X

] I0,00) (x),
and its m.g.f. is shown in (9.34) to be, for + < 0 (and not on a neighbourhood of zero),
Mx(r) = exp [—ﬁ\/——Zt] , t<0.
Evaluating Mix(i¢) requires knowing the square root of —2ir. Consider thecaser > 0.

Thenwehaveachoicebecause (1 — i)ﬁ)zz (1—i)% = —2irandalso(—(1— i)\/?)2
= —2it. For negative r, we have asimilar choice.
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To see which is the right choice, we have to identify the extension z > E [e*¥]
of the m.gf. to the left half-plane: what is the nice and smooth extension of ¢ —
exp[—/x+/—2t] for al z € C such that Re(z) < 0? If Re(z) < 0, then Re(—2z) > 0,
in other words, —2z liesin theright half-plane. Therefore —2z has two square roots, one
in the right half-plane and one in the left half-plane. Call the one in the right half-plane
v/—2z (implying that the other is —/—2z). Then the function z > exp[—./xv/—2z]
is nice and smooth on the left half-plane and extends the m.g.f.

It can be continuously extended to z € C with Re(z) < 0 (and further) by always
taking the proper root of —2z, which meansthat, for ¢ > 0, the proper choice of /—2i¢
will be (1 —i)+/t (being in the right half-plane), while, for ¢ < 0, the proper choice
of «/—2it will be (1+ i)./—t (also being the root in the right half-plane). This can be
combined as

V=2it = /|t|A—isgn (1)), t €R,

s0 that

ox (1) = exp{—x?|t1"?[1— i syn(n)]} .

This result is also seen in the more general context of the c.f. of the stable Paretian
distribution. In particular, takingc = x, « =0, 8 = land @ = 1/2 in (8.8) yields the
same expression. |

1.2.5 Inversion formulae for mass and density functions

If you are going through hell, keep going. (Sir Winston Churchill)

By inversion formula we mean an integral expression whose integrand involves the
c.f. of arandom variable X and a number x, and whose result is the p.m.f., p.d.f. or
cdf. of X at x.

Some of the proofs below make use of the following results for constantsk € R\ 0
and T € Rxq:

T : T
/ cos(kt)dr = % and / sin(kt)dr = 0. (1.50)
-T -T

Thefirst followsfrom (1.A.27),i.e, that dsinx /dx = cosx, the fundamental theorem
of calculus, asimple change of variable, and (1.43). The second can be derived similarly
and/or confirmed quickly from a plot of sin.

We begin with expressions for the probability mass function. Let X be a discrete
r.v. with support {xj}c;ozl, such that x; = x; iff j = k, and mass function fx. Then

T

fx(xj) = lim % e gy (1) dr. (1.51)
— 00 -T
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Proof (outling):” First observe that, from Euler’s formula (1.31) and (1.50),
T

1 /T g =xj) gy 1 /T cost ( )ydr + i / sinz( ) dr
— =— Xk — X, — Xk — X
27 |, 27 |, kT 27 |, kT

1 T
=5 /_T cost (x; — x;) dt (1.52)

which, if x; = x;, is 1, and otherwise, using (1.50), issin(A) /A, where A = T (x; —
x;). Clearly, limy_. o Sin(A) /A = 0, so that

T .
lim i/ eit(xk—xj) dr = { 1, if Xk :xj’
-T

T—oo 2T 0, if x #Xj.
Next,
’ it 1 ’ it = it
— e Mgyt dt = —/ e ' %k £y (xp) dt
21 | ; X 21 |+ ; X
o) 1 T
Zfo (Xk)z—/ &) g
k=1 rJr
and

R = 1"
i —ItX H t(xp—x;
Jim /_T &y (1) di = ;f () fim o [ € d = ),
where the interchange of integral and summation, and limit and summation, can be
shown to be valid. |

Toillustrate (1.51), let X ~ Bin(10, 0.3) and consider calculating the p.m.f. at x = 4,
the true value of which is 0.200121. The program in Listing 1.1 calculates the p.m.f.
via(1.51), using the c.f. px (t) = Mx(it). The binomia m.g.f. is shown in Problem 14
to be Mx(r) = (p€ + 1 — p)". The discrepancies of the computed values from the true
p.m.f. value, as a function of T, are plotted in Figure 1.3.

function pmf = schlecht(x,n,p,T)
pmf=quadl (@ff,-T,T,le-6,0,n,p,x) / 2 / T;

function I=ff(tvec,n,p,x);
q=1-p; I=zeros(size(tvec));
for loop=l:length(tvec)
t=tvec (loop); cf=(p*exp(i*t)+q)”n; I(loop)= ( exp(-i*t*x) * cf );
end

Program Listing 1.1 Uses (1.51) to compute the p.m.f. of X ~ Bin(n, p) at x

" The proofs given in this section are not rigorous, but should nevertheless convince most readers of the
validity of the results. Complete proofs are of course similar, and are available in advanced textbooks such
as those mentioned at the beginning of Section 1.2 See, for example, Shiryaev (1996, p. 283) regarding this
proof, and, for even more detail, Lukacs (1970, Section 3.2).
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Figure 1.3 Discrepancy of the probability calculated via (1.51) (disregarding the complex part,
which is nonzero for T < oo) for X ~ Bin(n, p) a x = 4 from the true p.m.f. value as a function
of T, 7=23,...,120

It does indeed appear that the magnitude of the discrepancy becomes smaller as
T increases. More importantly, however, the discrepancy appears to be exactly zero
on aregularly spaced set of T-values. These values occur for values of 7 which are
integral multiples of . Thisis verified in Figure 1.4, which is the same as Figure 1.3,
but with T' chosen as r, 27, . ... This motivates the following claim, which is indeed
a well-known fact and far more useful for numeric purposes:

e

1 .
frp =5 [ e Mexnar (159
T J x

See, for example, Feller (1971, p. 511) or Gut (2005, p. 164).

x 10712
3

0 20 40 60 80 100

Figure 1.4 Same as Figure 1.3 but using values T = n, 2, ..., 30w

© Example1.20  (Example 1.7 cont.) The m.g.f. of N,, (humber of i.i.d. Bernoulli
trials with success probability p required until m consecutive successes occur) was
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found to be, withg =1 — p,

perMm—l(t)

M, (t) = ———————
"= T, a0e

Mi(t) = p€/(1—q€), t#—Inl— p),

and the c.f. is M,(it). Using (1.53), the program in Listing 1.2 computes the p.m.f.,
which is plotted in Figure 1.5 for m = 3 and p = 1/2. This is indeed the same as in
Figure 1.2.1(a), which used a recursive expression for the p.m.f. |

function f = consecpmf (xvec,m,D)
x1=length(xvec); f=zeros(x1l,1); tol=le-5;
for j=1:x1
x=xvec (j); f(j)=quadl(@fun,-pi,pi,tol,0,x,m,p);
end
f=real(f); % roundoff error sometimes gives an imaginary
% component of the order of le-16.

function I=fun(t,x,m,p), I=exp(-i*t*x) .* cf(t,m,p) / (2*pi);

function g = cf(t,m,p) % cf

a=1-p;
if m==1
g = prexp(i*t) ./ (l-q*exp(i*t));
else
kk = exp(i*t) .* cf(t,m-1,p); g = (p*kk) ./ (1-q*kk);
end

Program Listing 1.2 Computes the p.m.f. via inversion formula (1.53) of the number of i.i.d.
Ber(p) trias required until m consecutive successes occur

0.14

0.12 ¢ J

0.1p 1

0.08 1 1

0.06

0.04}

0.02 1

O0 10 20 30 40 50 60

Figure 1.5 The p.m.f. of the number of children (assuming equal boy and girl probabilities) until
one obtains three girls in a row, obtained by computing (1.53). Compare with Figure 1.2.1(a)
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Now consider the continuous case. If X is a continuous random variable with p.d.f.
fx and [ lox (1) dr < oo, then

o0

1 .
fxx) = o / e ™oy (1) dr. (1.54)
JT

—00

Proof (outling): Take T > 0 so that, assuming we can change the order of integration
and using (1.52) and (1.50) (and ignoring the ‘measure zero’ case of x = y),

T T [e9)
/ e Yoy (1) df = / e f &Y fx(y) dy dr
_ -T —00

T
00 T
= / fx) / 0™ dr dy
—00 -T

o0 2sinT(y —
=/ fx(y)ydy-

X

Then, with A =T(y —x) anddy =dA/T,

/ e*‘txcox(t)dt=2Tango / fx(y)%y_x) dy

oo X

. e A\ sSinA
=2T'Lf20/me(’“+?)TdA
= 27 fx (x),

where the last equality makes the assumption (which can be justified) that interchanging
the limit and integral is valid, and because

/ X =2, (155)
0 X 2

as shown in Example 1.A.30. [ |

Remark: If the cumulant generating function Ky(s) = InMx(s) of X exists, then
(1.54) can be expressed as

1 ioco
fx(x) = o exp{Kx(s) — sx} ds, (1.56)
i

—ioco

as shown in Problem 1.12. [ |

Example 121 From (1.10), if Z ~ N (0, 1), then M z(r) = €°/2, and ¢ (1) = Mi(i1)
— /2 whichisred, as Z is symmetric about zero. Going the other way, from (1.54),

fz(x) = 1 /OO e e /2 ¢ — 1 /oo e 324200 g,
27 —00 21 —00

31
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o0 , ,
1 ef%(12+21(1x)+(1x)2) e%(l-x)Z dt

= Z -
_ 1 e3(i0)? 1 = e 3(+i0? g
N 2w N2 J -
_ 1 e x°/2
N 2 ’
using u =t + ix and dr = du to resolve the integral. [ |

© Example 1.22 Consider deriving the density corresponding to ¢y (1) = e~I"l for
¢ > 0. Using the fact that e *' = cos(tx) — i sin(tx) and separating negative and

positive ¢,
27 fx (x) = / e el gt
0 0
=/ cos(tx) €' dt—i/ sin(tx) e dr

+/ cos(tx)e‘”dt—i/ sin(tx) e dr.
0 0

With the substitution u = —cr in the first two integrals, u = ¢t in the last two, and
the basic facts (1.43), this smplifies to

1 [* _
fx (x;¢) = —/ cos(ux/c) e " du. (1.57)
CTT Jo
To resolve thisfor x # 0, first set t = ux/c and s = 1/x, and then use (1.42) to get
s [ s cs
xX;c) = — cos()e'dt = —————
fx (x;0) 77/0 Q) 7 (e +1
1 cx2 1 ¢ 1 1

T w241 mc2+a2 El—i—(x/c)r

which is the Cauchy distribution with scale ¢. This integral also follows from (1.A.24)
witha = —1and b = x/c.
Observe that ¢y isrea and fx is symmetric about zero. |

We showed above that exp(Z) = exp(z), which implies e** = €**. We also saw
above that 7122 = 71 22, ¢x (—1) = ¢y (¢), and z + 7 = 2Re(z). Then, with v = —¢,

o o o
/ e ™oy (1) dz:/(; €y (—v) dv:/o e gy (v)dv

—00

=/ e gy (v)dv
0
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so that, for X continuous, (1.54) is
0

fx(x) = f e oy (1) dr = /0 e oy (1) dr + f e oy (1) dr

oo —00

o 00
= / e ™oy (1) dr + / e gy (v)dv
0 0

- 2/00 Re[e ™y (1)] dr.
0

A similar calculation is done for the discrete case. Thus, the inversion formulae can
also be written as

1 (7 .
fx(xj) = ;/0 Re[e ™™gy (1)] dr (1.58)

in the discrete case and

1 [ :
fx(x) = ;/o Re[e ™ px (1)] dr (1.59)

in the continuous case. These could be more suitable for numeric work than their
counterparts (1.53) and (1.54) if a ‘canned’ integration routine is available but which
does not support complex arithmetic.

Remark: In practice, the integral in (1.59) needs to be truncated at a point such that a
specified degree of accuracy will be obtained. Ideally, one would accomplish this by
algebraically determining an upper limit on the tail value of the integral. Less satis-
factory, but still useful, is to verify that the absolute value of the integrand is, after
some point, monotonically decreasing at a fast enough rate, and one then evaluates and
accumulates the integral over contiguous pieces of the real line (possibly doubling in
size each step) until the contribution to the integral is below a given threshold.

To avoid having to determine the upper bound in the integral, one can transform
the integrand such that the range of integration is over a finite interval, say (0, 1). One
way of achieving thisis viathe substitution u =1/ (1+¢) (sothat t = (1 — u) /u and
dr = —u—2du), which leads to

1 ! 1—u -2 —itx
fx(x) = - / hy ( )u du, hy(t) = Re[e™px(1)]. (1.60)
0

u

Alternatively, use of u = ¢/ (r + 1) in (1.59) leads to

1 [t u 5
fx(x) = —/ hy ( ) (1—u)"2 du. (1.61)
T Jo 1

—u
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Use of (1.61) is actually equivalent to (1.60) and just results in the same integrand,
flipped over the u = 1/2 axis. There are two caveats to this approach. First, as the
integrand in (1.60) cannot be evaluated at zero, a similar problem remains in the sense
of determining how close to zero the lower integration limit should be chosen (and
similarly for (1.61) at the upper bound of one). Second, the transformation (1.60)
or (1.61) could induce pathological oscillatory behaviour in the integrand, making it
difficult, or impossible, to accurately integrate. This is the case in Example 1.23 and
Problem 1.11. |

© Example 1.23 Problem 1.13 shows that the c.f. of L ~ Lap (0, 1) is given by ¢, (1)
=(1+ tz)_l. Thus, L/A ~ Lap (0, 1) hasc.f.

orp () =E[@Y] = B[] = ¢, (t/2) = (1+ tz/kz)_l .

From Example 1.9.5, we know that X — Y ~ Lap (O, »), where X, Y g Exp (1), so
that x_y (1) = (1+ tz/xz)‘l. Thisresult is generalized in Example 2.10, which shows

thatif X, ¥ "< Gam (a,b),thenthecf.of D = X — Yisgp (t) = (1+2/b%) . From
(1.6.3) and (1.7.9), Var (D) = 2a/b?, so that setting b = +/2a gives a unit variance. The
p.d.f.issymmetric about zero, whichisobviousfrom thedefinition of D, and aso because
@p isreal.

For a # 1, ¢p () is not recognized to be the c.f. of any common random variable,
so the inversion formulae need to be applied to compute the p.d.f. of D. To use (1.59),
a finite value for the upper limit of integration is required, and a plot of the integrand
for a = 1 and a few x-values confirms that 200 is adequate for reasonable accuracy.
The program in Listing 1.3 can be used to compute the p.d.f. over a grid of x-vaues.
As a decreases, the tails of the distribution become fatter. The reader is encouraged
to confirm that the use of transformation (1.60) is problematic in this case. See also
Example 7.19 for another way of computing the p.d.f. |

function f = pdfinvgamdiff (xvec,a,b)
lo=le-8; hi=200; tol=le-8;
x1=length(xvec); f=zeros(xl,1);
for loop=1l:x1
x=xvec (loop); f(loop)=quadl(@gammdiffcf,lo,hi,tol,[].x,a,b) / pi;
end;

function I=gammdiffcf(tvec,x,a,b);
for ii=l:length(tvec)

t=tvec(ii); cf=(1+(t/b)."2)."(-a); z =exp(-i*t*x).*cf; I(ii)=real(z);
end

Program Listing 1.3 Computes the p.d.f., based on (1.59) with an upper integral limit of 200,
of the difference of two i.i.d. Gam(a, b) r.v.s at the values in the vector xvec

© Example 1.24 Let X1, X» be continuous r.v.s with joint p.df. fx, x,, joint c.f.
¥x,,x,, ad such that Pr(X, > 0) = 1 and E[X] = u2 < oo. Geary (1944) showed
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that the density of R = X1/ X>» can be written

fr(r) = —/ [8% 1S [)} ds. (162)

To prove this, as in Daniels (1954), consider a new density
Y2
fY]_,Yz(yla J’Z) = Efxl,X2(yl7 yZ)»

and observe that

o0 o0 1 o0 o0
/ f friv, (1, y2) dyrdy, = — / y2 / fxy,x,(y1, y2) dyp dy2
0 —00 n2 Jo —00

1 o0
=— / y2fx,(y2) dy2 = 1.
Mn2 Jo

Next, definether.v. W = Y1 — rY,, and use aresult in Section 1.8.2.6 (or a straight-
forward multivariate transformation) to get

o0
Sfw(w) =/ frov, (W +ry2, y2) dys.
0
Then
fw(©) = / Sroy,(ry2, y2) dy2 = — / Y2 fx1,x,(ry2, y2) dy, = — fr(r),
0 M2 Jo n2

where the last equality follows from (2.10), as derived later in Section 2.2. Hence,
from (1.54),

fi(r) = 12 f © = 22 / o (s) ds,
where

pw(s) = E [eiSW] =E [ejsyl—ierz] = (pYLYZ(S’ t)|t=—rs'

It remains to show that
1
(pY]_,Yz(Sa t) = %EQDX]_,Xz(sv [)7

which follows because

o0 oo
Pry,(s, 1) = B[] = / f &0 fy v, (y1, y2) dy1 dy2
0 —00
= / / e‘”’””yz—fxl,xz(yl, y2) dy1 dyz

o0
k]
= / / [€91H92 £y v, (y1. y2)] dyz dy»
T i
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"ot f / [€°14192] fyy x,(v1, y2) dy1 dyz

19 6.1),
N i 8t¢xl X1
and the exchange of differentiation and integration can be justified by the results given
in Section 1.A.3.4 and (1.46).
A similar derivation shows that the m.g.f. of W, if it exists, is

190
My (s) = EEMXL X (8. 0|, (1.63)
so that
Tr(r) = w2 fw(0), (1.64)
where W has m.g.f. (1.63). |

1.2.6 Inversion formulae for the c.d.f.

We begin with a result which has limited computational value, but is useful for estab-
lishing the uniqueness theorem and also can be used to establish (1.54).

For the c.f. px of r.v. X with c.d.f. Fy, Lévy (1925) showed that, if Fy iscontinuous
a the two pointsa + h, h > 0, then

T o .
Fy (a+h)— Fx (a—h):Tllm %/ we_lta(px(t)dt. (165)
— 00 T

Proof (outling): This follows Wilks (1963, p. 116). We will require the identity

Siﬂ(b)—Sih(c):ZSin(b;C) cos(bgc) (1.66)
from (1.A.30), and the results from Example |.A.21, namely
T
/ t~Lsin(bt) sin(ct) dr = 0 (1.67a)
-T
and
T T
/ t~Ysin(br) cos(ct) df = 2/ t~Lsin(br) cos(ct) dt. (1.67b)
-T 0
Let

1 (7 sin(ht) _;
G(a,T, h)= ;/ we—'%x(n dr
-T

=E/ S'”(ht) / ™ dFy (x)dr
-T

g
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o) T o L

2/ lf Sm(ht)e_'tae'txdtde (x)
N

:/ m(x,a,T,h)dFx (x),

where the exchange of integrals can be justified, and

1 (7 sin(ht)
m(x,a, T, h) = —/ ¥e”(’““)dt
T J-r

(131) E/T sin(ht)
I

[cos(t (x —a)) +isin(t(x —a))] dt

cos(t (x —a)) dr.

(LE7) Z/T sin(ht)
on 0 t

Now, withb =tr(x —a+h)andc =1 (x —a — h),
b—c b+c

= ht
2 ’ 2

=t(x—a),

and (1.66) implies

1 (Tsinx— h)t 1 (Tsn(x—a—h)t
m(x,a,T,h):_/ wdt__/ snx—a-mt
T Jo t T Jo t

It is easy to show (see Problem 1.14) that

0, ifx ¢[a—h,a+h],
1/2, ifx=a—horx=a+h, (1.68)
1, ifxe@—h,a+h),

lim m(x,a, T, h) =
T—00

so that, assuming the exchange of limit and integral and using the continuity of Fx at
the two points a + h,

o0

Tlim G(a,T,h):/ Tlim m(x,a,T,h)dFy (x)
a+h
:/ dFx (x) = Fx (a+h) — Fx (a — h),
a—h
which is (1.65). |

Remarks:
(a) If twor.v.s X and Y have the same c.f., then, from (1.65),

Fx(@+h)—Fx(a—h)=Fy(@+h) — Fy(a—h)

for al pairs of points (a &+ h) for which Fy and Fy are continuous. This, together with
the fact that Fy and Fy are right-continuous c.d.f.s, implies that Fy (x) = Fy (x), i.e.,
the uniqueness theorem.

37
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(b) It is also straightforward to derive the p.d.f. inversion formula (1.54) from (1.65);
see Problem 1.15. [

We now turn to expressions for the c.d.f. which lend themselves to computation. If
the cumulant generating function exists, asis often the case, auseful integral expression
for the c.d.f. is derived in Problem 112, More generaly, Gil-Peleaz (1951) derived
the inversion formula for continuous r.v. X with c.f. ¢y,

1 1 o0 eitx 1) — e—itx ¢
Fx(x) =5+ Z/o #x( )it ox) g (1.69)

which can be proved as follows.

Proof (outling): From the definition of ¢y and expression (1.32) for sinz, let

/*’ %y (—1) — e ™y (1) d

. it
© o= it(y—x) _ elt(v X)
/ / . fx () dy i

—2// SO =D fy (v

for0<a < b < oo. Also let

I (a,b)=

: -1, ifz<O

2 o0 1) . £
s(z):—/ Sz dr = 0, ifz=0,
T Jo 4 1, ifz>0

(which easily follows from (1.55) after substituting y = ¢z), so that

/ s(y—X)fx(y)dy=/ S(y—X)fx(y)der/ s (y—x) fx(y)dy

=—Fx () + Q- Fx ) =1-2Fx (x).

Assuming the order of integration can be changed,?

oo b o _
lz(a,m:—/ 3/ SN0 T g () dy
T o T S t

and

. 1 o0
lim ;ua,b):—/ SO —x) fx () dy = 2Fx (¥) — L,

b—o0 -

from which (1.69) follows. |

8 To verify that the order can be changed, one needs

b o _ b
/ Sn[(f X) dr S/

sint (y — x)

[71 bl b —
dzs/ —dzg/ —dr < a.
a 1 a a a
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For numeric inversion purposes, an expression related to (1.69) is even more useful.
Assin(—0) = —sin(6),

e Yoy (1) = / e 1Y) £y (y) dy

=f COS(t(x—y))fx(y)dy—if sin(t (x —y)) fx (y)dy

and

©1 [
I(o,oo)=+2/0 ;/ sin(t (x —y)) fx (y)dyds

= —2/ %Im(e*“"gox(t)) dr,
0
recaling Im(a + bi) = b. That is,

1 1 [
FX(X) = E — ;A gx(t) df, (170)

where, using (1.36),

Imz, (1) _ [z ()] Sin(argZx(t))

g () = . and  z.(1) = & ox (1),
As in (1.60) and (1.61), (1.70) can sometimes be more effectively computed as
either
1 1 /1-
Fy(x) = = — _/ . ( “) w2 du (L71)
2 7)o u
or
1 1t u >
Fy(x) == —— g (1—u)"“du. (1.72)
2 T Jo 1—u
Example 1.25 For n, 6 € R.g, let X be the r.v. with
) = (1—2in~"2expl 10 (1.73)
Pt = Pl1=2i | ‘

which is the c.f. of a so-called noncentral x?2 distribution with n degrees of freedom
and noncentrality parameter 0. Let z, (1) = € '™ (¢). From (1.37) and the results in
Examples 1.14 and 1.15,
x it0
Pli=2:

(O] = e[ lpx (O] = lpx (0] = |1 — 2in) 72|

2
_ (1+4t2)7n/4exp (_ 20t )’

1+ 472

39
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and

; n 1o
argz,(t) = age "™ + ar ) = —tx + — arctan (2t) + ———,
02.(1) = AQe™ + AQx(r) = ~tx + Z AN 20 + T

so that (1.70) yields the impressive looking

1 /00 sin (—tx + §arctan (21) 4 16/(1 + 4:?))
0

1
Fx () =5 —— dr. 1.74
o 1 (14 42)"* exp (2012/(1 + 412)) (-

2 7

(Other, more preferable, methods to compute Fy will be discussed in Chapter 10.)
The next section discusses a method of computing the p.d.f. |

1.3 Use of the fast Fourier transform

The fast Fourier transform (FFT) is a numerical procedure which vastly speeds up
the calculation of the discrete Fourier transform (DFT), to be discussed below. The
FFT is rightfully considered to be one of the most important scientific developments
in the twentieth century because of its applicability to a vast variety of fields, from
medicine to financia option pricing (see, for example, Carr and Madan, 1999), not to
mention signal processing and electrical engineering. For our purposes, the application
of interest is the fast numeric inversion of the characteristic function of a random
variable for a (potentialy large) grid of points. For a small number of points, the
numeric integration methods of Sections 1.2.5 and 1.2.6 are certainly adequate, but
if, say, a plot of the p.d.f. is required, or, more importantly, a likelihood calculation
(which involves the evaluation of the p.d.f. at al the observed data points), then such
methods are far too slow for practical use. For example, in financial applications, one
often has thousands of observations.

A full appreciation of the FFT requires a book-length treatment, as well as a deeper
understanding of the mathematics of Fourier analysis. Our goal hereisfar more modest;
we wish to gain a heuristic, basic understanding of Fourier series, Fourier transforms,
and the FFT, and concentrate on their use for inverting the c.f.

1.3.1 Fourier series

We begin with a rudimentary discussion of Fourier series, based on the presentations
in Dyke (2001) and Schiff (1999), which are both highly recommended starting points
for students who wish to pursue the subject further. More advanced but still accessible
treatments are provided in Bachman, Narici and Beckenstein (2000) and Beerends et al.
(2003).

Consider the periodic function shown in Figure 1.6, as a function of time ¢ in,
say, seconds. The period is the time (in seconds) it takes for the function to repeat,
and its frequency is the number of times the wave repeats in a given time unit, say
one second. Because the function in Figure 1.6 (apparently) repeats every one second,
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its fundamental period is T = 1, and its fundamental frequency is f =1/T. The
trigonometric functions sin and cos are natural period functions, and form the basis
into which many periodic functions can be decomposed.

Let 6 denote the angle in the usual depiction of the unit circle (similar to that in
Figure 1.2), measured in radians (the arc length), of which the total length around the
circleis 2. Let 6 be the function of time ¢ given by 6(¢) = wt, so that w isthe angular
velacity. If we take w = 2/ T and let r move from O to 7', then 6(¢) = wr will move
from zero to 2, and thus cos(wt) will make one complete cycle, and similarly for sin.
Now with n € N, cos(nwt) will make n complete cycles, where the angular velocity
is nw. This (hopefully) motivates one to consider using cos(nwt) and sin(nwt), for
n=0,1 ..., as a‘bass, in some sense, for decomposing periodic functions such
as that shown in Figure 1.6. That is, we wish to express a periodic function g with
fundamental period T as

gt) = Z [a,, cos(nwt) + by, Sin(na)t)], w=— (1.75)
n=0

where the a; and b; represent the amplitudes of the components. Notice that, for n = 0,
cos(nwt) = land sin(nwt) = 0, so that ag isthe constant term of the function, and there
is no bg term. The function shown in Figure 1.6 is the weighted sum of four sin terms.
Notice that if n is not an integer, then cos(nwr) will not coincideat r =0andr =T,
and so will not be of value for decomposing functions with fundamental period T.

1
0.8 r
0.6
0.4
0.2

ol

0.2 +
04 |
-0.6 |

-0.8 }

-1

1 2 3
Figure 1.6 The periodic function (1.75) as a function of ¢, with al a; =0, by = 0.1, b, = 0.4,
b3 = 0.2, by = 0.3, and fundamental period T = 1

Recall from linear algebra the concepts of basis, span, dimension, orthogonality, lin-
ear independence, and orthonormal basis. In particular, for a given set S of vectorsin
R", an orthonormal basis B can be constructed (e.g., viathe Gramm-—Schmidt process),
such that any vector v which belongs to the span of S can be uniquely represented
by the elements in B. The natural orthonormal basis for R” is the set of unit vectors
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e=(10,...,0,e=(0,1,0,...,0/,...,e,=(0,...,0,1), which are orthonor-
mal because the inner product (in this case, the dot product) of e with itself is one,
i.e, (g,6) =1 andthat of g and e;, i # j, iszero. If ve R", thenitistrivia to see
that, with the e so defined,
V= Z v,e)e. (1.76)
i=1
However, (1.76) holds for any orthonormal basis of R”. To illustrate, take n = 3
and the nonorthogonal basis a; = (1,0,0), a, = (1,1,0), az = (1, 1,1), and use
Gramm-Schmidt to orthonormalize this; in Matlab, this is done with

A=[1,0,0; 1,1,0; 1,1,1]1’, oA=orth(A)
Then type

v=[1,5,-3]1"; a=zeros(3,1);
for i=1:3, a =a + ( v’ * oA(:,i) ) * oA(:,i) ; end, a

to verify the claim.

In the Fourier series setting, it is helpful and common to start with taking 7' = 27,
so that w = 1, and assuming that f is defined over [—x, 7], and periodic, such that
gx) =gx+T)=gx+2r), x € R. (This range is easily extended to [—r, r] for
any r > 0, orto [0, T], for any T > 0, as seen below.) Then we are interested in the
sequence of functions

{272, cos(n-), sin(n-), n € N},

because it forms an infinite orthonormal basis® for the set of (piecewise) continuous
functions on [—, 7] with respect to the inner product

1 (7 S
o= [ sosaa, @
where g isthe complex conjugate of function g. It is straightforward to verify orthonor-
mality of these functions, the easiest of which is

<1 1>_1/”1dt_1
NZENGY IS S A

The others require the use of basic trigonometric identities. For example, as
cos?(x) + sin?(x) = 1 and, from (I.A.23b), cos(x + y) = cosx cosy — sinx Siny, we
have cos(2x) = cos?(x) — sin’(x) = 1 — 2sin?(x), implying

(sin(nr), sin(nr)) = l/ sint(nt) dr = 1 (1 — cos(2nt)) dr = 1.
b4 2

- -

9 The concept of an infinite orthonormal basis is the cornerstone of the theory of so-called Hilbert spaces,

and usually discussed in the framework of functional analysis. This is a fundamentally important branch of
mathematics, with numerous real applications, including many in probability and statistics. Very accessible
introductions are given by Light (1990) and Ha (2006).
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Again using (1.A.23b), and the fact that cos(z) = cos(—1),

cos(m + n) = cos(m) cos(n) — sin(m) sin(n) ,

cos(m — n) = cos(m) cos(n) + Sin(m) sin(n) ,
and summing,
cos(m + n) 4+ cos(m — n) = 2cos(m) cos(n) ,

we seg, for m # n, that

1 g
(cos(mt), cos(nt) ) = > / [cos((m +n)t) 4+ cos((m —n)t) | dt

L sin(on+mo  sin(m—mi ”

T 27 m+n m—n

=0.

-7

The reader is encouraged to verify similarly that (cos(nt), cos(nt)) = 1, (1, cos(nt))
= (1, sin(nt)) = 0, (sin(mt), cos(nt)) = 0, and (cos(mt), sin(nt)) = 0. Thus, based on
(1.76), it would appear that

ol 22 [ Lo
TVl A L 2T

T

1 /7 1
a, = —/ g(rycos(nr)dr, and b, = —/ gysinur)ds, n=12...,
T T

- -

and the Fourier series of g is g(1) = ao/~/2 + Y o4 [an cos(nt) + b, Sin(nt)]. Equiv-
aently, and often seen, one writes

ap > .
g = + ; [a, cos(nt) + b, sin(nt)], (1.78)
with
1 [~ 1 (7 .
a, = —/ g(t)cos(nt)dt and b, = —/ g(ysin(nr)dr, n=0,12...,
7 J_ s )
(2.79)

so that the expression for a,, includes n = 0 (and, as sin(0) = 0, by = 0). The values
of the a; and b; can be informally verified by multiplying the expression in (1.78) by,
say, cos(nt), and integrating termwise.

Remarks:
(a) The rigorous justification of termwise integration in (1.7/8) requires more mathe-
matical sophistication, one requirement of which is that lim;_, , (v, &) = 0, where the
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e form an infinite orthonormal basis for some space V, and v € V. As a practical
matter, the decomposition (1.75) will involve only a finite number of terms, with all
the higher-frequency components being implicitly set to zero.

(b) Recall that an even function is symmetric about zero, i.e, g : D — R is even if
g(—x) =g(x) for al x e D, and g isodd if g(—x) = —g(x) (see the remarks after
Example 1.A.27. Thus, cosis even, and sin is odd, which implies that, if g is an even
function and it has a Fourier expansion (1.75), then it will have no sin terms, i.e., al
the b; = 0, and likewise, if g isodd, thena; =0, i > 1. [ |

Example 1.26  Let g be the periodic function with g (1) = t? for —r <t <r,r > 0,

and such that g (r) = g (r + 2r). To dea with the fact that the range is relaxed such
that » need not be r, observe that if —r <7 <r, then —7 < nt/r < m, so that

5 (1) ::sin(gt):sin(%ﬂrzn):sin(;(mzr)):s(t+2r),

i.e., the function s has period 2r, and likewise for ¢ (1) := cos(xrt/r). Thus,

g (1) ="Z + Y [aws (1) + by (n1)]

n=1

nmwt

“geEfaan(F)nes()) am

a, = }/r g() cos(n—m) dr, b, = }/r g()sin (n_m) dr, (1.81)
rJ_, r rJ—r r

which, in this case, are

where

11, 2,
= — todr = =
o r/_, 3r’
1 (" t 4r2 cos 4r2 (—1)"
an=—/ 2eos () g = AC0SCr) AL g,
. . 2212 212
b, =0,

having used repeated integration by parts for a,,, and where the b,, are zero because f
is an even function. Thus,

(r)—r— = Z( Vs (”77”) (1.82)

Figure 1.7 plots (1.82) for r = 1, truncating the infinite sum to have N terms. Series
(1.82) witht =0 and r = 7 implies 0? = 72/3+ 432  (-1)"n72, i.e,

72 1 1 1

DR 2 E T
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0 \\ =l L
-3 -2 -1

Figure 1.7 Fourier series (1.82) for r = 1, truncating the infinite sum to have N terms

and, withr =7 =r, 7?2 = 72/3+ 42;’,1111’2, ie,

oo
1
T

n=1

which was stated without proof in (1.A.88). [ ]

Example 1.27 Assumethat g (r) = > — ¢ fort € [0, T], and g (t) = g (t + T). This
is plotted in Figure 1.8 for T = 2, using the Matlab code

g=[]; T=2;
for t=0:0.01:4*T
u=t; while u>T, u=u-T; end, g=[g u*2-ul;
end
h=plot(0:0.01:4*T,g,’r.’ ), set(h, MarkerSize’,3)

Similar to Example 1.26, it is straightforward to verify that, for a periodic function
defined on ¢ € [0, T] and such that g (t) = g (t + T),

g () = % + Y [ancos(nwt) + by sin(non) |, o= % (1.83)

n=1

with, forn =0,1,2, ...,

2 [T 2 (T
ay = —/ g (1) cos(nwt)dt, b, = —/ g (1) sin(nwt) dr. (1.84)
T Jo T Jo
In this case, a bit of straightforward work yields
T (2T —3 T2 1-7)T
gp= L@ =3 =0T 12 s

L=
3 ’ 72n2’ niw
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15}

05

0.5 —
o 1 2 3 4 5 6 7 8

Figure 1.8 The periodic function g (1) =12 —tfort € [0, T], T =2, withg (1) = f (t + T)

and Figure 1.9 plots (1.83) with (1.85), for severa values of N, the truncation value
of the infinite sum. We see that, compared to the function in Example 1.26, N has to
be quite large to obtain reasonable accuracy. |

1.5 2

Figure 1.9 Approximation (1.83) and (1.85) to the function shown in Figure 1.8, truncating the
infinite sum to have N terms

From (1.32) and (1.83),

00
aog An ( inw —inw by inw —inw
g(t)=E+Z|:?(el "+e t)+Z(el —°, t)]

3
||
N

[ (@n — iby) €™ + (an + iby) €],

I
NI
+
NI -
e

1

3
1
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and from (1.84), for n > 1,

2 (T 1 (7 . 1 (7 .
a, = —/ g (1) cos(nwt) dr = —/ g () e dr + —/ g (1) e " dr,
T Jo T Jo T Jo

T

. 2i fT (t) : ( t) ) 1 /<T (t) inwt it 1 / (t) —inwt dr
lbn—TOg S“Inwd_Tog € TOg € s
S0 that

2 T ) 2 T .
ay — ibn = _/ 8 (t) e et dt’ an + ibn = _f 8 (t) enet dt,
T Jo T Jo

yielding
a o0
g (t) — EO + Z [Aneinwt + Bne—inwt]’
n=1
where
a, — iby, 1/T . a, +ib, 1 [T .
A, ="—"== gye " dt, B,=—"—— = —/ g () e" dt.
2 T Jo 2 T Jo

The two terms in the sum are easily combined to give the complex Fourier series
expansion

- inwt 1 ! —inwt 27
g= ) CE. Ci= [ gmedn 0="5 (1.86)

n=-—0o0

(Notethat thetermwithn = Oiscorrect.) Asacheck, notethat, fork = (n — m) # 0,

T T . T T
/ ei(n—m)wt dr = / exp (27lef> dr — / cos <27Tkl> d 4 i / sin <27Tkt> dr
0 0 T 0 T 0 T

T T
= ——sn2rk j —— (1 — cos2rk) =0
o7k (N)+12nk( k) ,

S0 that

T .
; T, ifn=m
(n—m)wt _ ) B

/Oel dt_{O, if n#4m,

i.e., the expression for C,, from (1.86) is (assuming the validity of exchanging sum

and integral)
1 (7 : 1 (7S : ‘
- —imwt S nwt —imawt
Tfo g(t)e dr Tfo < E C, e )e dr

n=—0o0

1 & r.
-7 Y 6 drmra—c,
0

n=—oo
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as expected. It should be clear from the form of (1.86) that, if we started with g defined
on[—r, r] for r > O, periodic with period T = 2r such that g (x) = g (x + 2r), then

s . 1 [ . 2
g =Y € Co=2 | gwe ™, w:T’T:; (1.87)

n=—00 -r

which the reader is encouraged to check using (1.80) and (1.81).

1.3.2 Discrete and fast Fourier transforms

Based on (1.86), it would (informally) seem natural to construct a discrete version of
the C,, by taking

=22 e =0 T-1 (1.88)

where g; = g (¢), with the subscript serving as a reminder that g is evaluated at dis-
crete points. For vector g = (go, ..., gr-1), we will write G = F(g), where G =
(Go, ..., Gr_1). Expression (1.88) is the definition of the (forward, complex) discrete
Fourier transform, or DFT. The T values of g, can be recovered from the inverse
discrete Fourier transform, defined as

=> G, 1=0,....T-1, (1.89)
n=0

and we write g = F~1 (G). The programs in Listings 1.4 and 1.5 compute (1.88) and
(1.89), respectively.

function G=dft(g)
T=length(g); z=exp(-2*pi*i/T); G=zeros(T,1); t=0:(T-1);
for n=0:(T-1), w=z.”(t*n); G(nt+tl)=sum(g.*w’); end, G=G/T;

Program Listing 1.4 The forward discrete Fourier transform (1.88)

function g=idft (G)
T=length(G); z=exp(2*pi*i/T); g=zeros(T,1); t=0:(T-1);
for n=0:(T-1), w=z."(t*n); g(ntl)=sum(G.*w’); end

Program Listing 1.5 The inverse discrete Fourier transform (1.89)

Function F~1 isthe inverse of F in the sense that, for a set of complex numbers g =
(g0, ..., 87-1), 9= F 1 (F(Q). To see this, let G = F(g) and define zT = i/ T
From (1.89) and (1.88), the rth element of 71 (G), for r € {0, 1, . —1},is

T-1

N T e

n=0 n=0 n=0
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Now recalling (1.38), we see that, if s = ¢, then the inner sum is 7', and zero other-
wise, so that the rth element of 71 (G) isg,. Thisholdsforal r € {0,1,..., T — 1},
so that 71 (F(g)) = g. Thisis numericaly illustrated in the program in Listing 1.6.

T=2"8; g=randn(T,1)+i*randn(T,1); G=dft(g); gg=idft(G); max(abs(g-gg))

Program Listing 1.6 Illustrates numerically that g = F~* (F(g))

The fast Fourier transform, or FFT, isthe DFT, but calculated in a judicious manner
which capitalizes on redundancies. Numerous algorithms exist which are optimized for
various situations, the simplest being when T' = 27 isapower of 2, which weiillustrate.
Asin Cerny (2004, Section 7.4.1), splitting the DFT (1.88) into even and odd indices

gives, WithO<n < T — 1and z7 := e 27/T,
1 T-1 1 (T/2)—-1 (T/Z) 1 2 .
n\! /-
Gn=72 &H) =7 82 Z 8211 (2
T T
1=0 t=0
1 (T/2)-1 (T/2)—1
-7 g2 (27") _ZT Z g2i+1 (22")
t=0
=181+ 52
As Z;/Z — (e—Zm'/T)T/Z —e 7 —_1 and Z; —e2i =1 the DFT of the
(n + T/2)th element is
(T/2)-1 (T/2)
1 /2 1 72\ 2+
Gn+T/2:7 Zgr<”+/) T Z 2t+l(rZ /)
=0 =0
1 T2 1 (T/2)-1
T/2
-T Z 82 (Z%nzg) T (ZTZT/ ) Z g2+1 (27 ZT
t=0
1 (T/2-1 (T/2)-1
= T Z g, ZT Z 81 ZT
=0
=81 — Sz,

so that the sums S; and S, only need to be computed for n =0,1,...,(T/2) —
Recalling that T is a power of 2, this procedure can be applied to S; and S», and so
on, p times. It is easy to show that this recursive method will require, approximately, of
the order of T'(109,(7T) + 1) complex-number multiplications, while the DFT requires
of the order of 72. For T = 2° = 64 data points, the ratio 7'/ 1og,(T) is about 10, i.e.,
the FFT is 10 times faster, while with 7 = 21° = 1024 data points, the FFT is about
100 times faster.

In Matlab (version 7.1), the command fft is implemented in such a way that it
computes (what we, and most books, call) the inverse Fourier transform (1.89), while
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the command ifft computes the DFT (1.88).1° This is illustrated in the code in
Listing 1.7.

T=2"10; g=randn(T,1l)+i*randn(T,1);

s=cputime; Gl=dft(g): tl=cputime-s % how long does the direct DFT take?
s=cputime; for r=1:1000, G2=ifft(g); end, t2=(cputime-s)/1000
timeratio=tl1/t2 % compare to the FFT

thedifference = max(abs(G1-G2)) % is zero, up to roundoff error

Program Listing 1.7 The DFT (1.88) is computed via the FFT by calling Matlab’'s i f £t com-
mand

1.3.3 Applying the FFT to c.f. inversion

Similar to Cerny (2004, Section 7.5.3), let X be a continuous random variable with
p.d.f. fx and c.f. px, so that, for £,u e R and T € N,

00 u T-1
o= [ @ pmdes [ maiy Yt @
- n=0

with

u—=

T

whereby the second approximation is valid (in the sense that it can be made arbitrarily
accurate by choosing T large enough) from the definition of the Riemann integral,
and the first approximation is valid (in the sense that it can be made arbitrarily accu-
rate by choosing —¢ and u large enough) because, as an improper integral, px exists,
and we assume that f is such that lim,_ » fx (x) =lim, _ fx (x) = 0. (While
virtually al p.d.f.s in practice will satisfy this assumption, it is not true that if fx
is a proper continuous p.d.f., then lim,_ o fx (x) =lim,_ o fx (x) = 0. See Prob-
lem 1 20.)

We assume that ¢x (s) is humerically available for any s, and it is the P, which
we wish to recover. This will be done using the DFT (via the FFT). With the inverse
DFT (1.89) in mind, dividing both sides of (1.90) by €*¢ and equating sn (Ax) with
2nnt/T gives

P, = fx (xp) Ax, x, =L+n(Ax), Ax:=

)

T-1 T-1
ox (S) e—ile ~ Z eisn(Ax)Pn — Z eZﬂint/TPn = g, (191)
n=0 n=0

yielding g = 71 (P), withg = (g0, ..., gr—1) axdP = (P, ..., Pr_1). ASs (Ax) =
2t/ T, it makes sense to take a T-length grid of s-values as, say,
2t T T T

— R
T (Ax) 2 2" 2

St - 1’

10 To make matters more confusing, according to the Matlab’s help file on its FFT, it defines the DFT and
its inverse as we do (except for where the factor 1/7 is placed), but this is not what they compute.
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S0 g; ~ @y (s;) €7* from (1.91). The relation between F and F~* implies P = F(g),
so applying the DFT (via the FFT) to g yields P, the nth element of which is P, =
fx (x;) Ax. Finaly, dividing this P by Ax yields the p.d.f. of X at the T-length grid
of x-values ¢, ¢+ (Ax), ...,£+ (T —1)(Ax) =~ u. Clearly, choosing (Ax) small
and T large (and ¢ and u appropriately) will yield greater accuracy, though the higher
T is, the longer the FFT calculation. Typically, T is chosen as a power of 2, so that
the most efficient FFT algorithms are possible. The code in Listing 1.8 implements
this for inverting the normal and x? characteristic functions, and plots the RPE of the
computed p.d.f. versus the true p.d.f.

T=2"15; dx=0.002; % tuning parameters which influence quality

% ell is the lower limit in finite integral approximation to the c.f.
ell=-3; % use this when inverting the standard normal.
ell=0; % use 0 for the chi”2.

t=-(T/2):(T/2)-1; s = 2*pi*t/T/dx;

%% %% %% %% %% %%% Choose the c.f.  %%%%%%%%% % %% % %% % % % % %% % % % % % % %o
phi = exp(-(s.”"2)/2); % the standard normal c.f.

% df=4; phi = (1-2*i*s).”(-df/2); % the chi”2(df) c.f.

%% % %o %% %o % %o o %o %o Yo %o %o o %o %o Yo %o %o Yo %o %o o %o %o Yo %o %o o %o o Yo %o Yo o %o o %o %o Yo %o %o o % o Yo % Yo %o %o Yo % %o Yo

g = phi.*exp(-i*s*ell);
P=ifft(g); % Remember: in Matlab, ifft computes the DFT
pdf = P/dx;

%% %% % % % %o %o %o %o % % %o %o %o %o %o % %o %o o %o %o %o %o %o Yo %o %o %6 % % %o Yo o %o %o % % %o %o Yo %o %o %o % %o %o Yo %o %o %o % % %o
if max(abs(imag(pdf)))>le-7, ’'problem!’, end

%% There should be no imaginary part, so check for this
%o%0%o % % %o %o %o o %o %o %o %o %o Yo o %o %o %o %o Yo o %o %o %o %o %o Yo %o %o %o %o %o Yo Yo o o %o %o %o %o Yo o %o o %o %o %o %o Yo e e %o % % %o

%% %o % %o % %o %o %o %o %o %o %o o %o o %o o %o o %o o %o o % To %o To %o To % o %o Yo %o o %o Yo Yo %o Yo % To % o %o o %o o %o o o % o % o
f=abs(pdf); f=f(end:-1:1); % this is necessary.
%% %o % %o % %o %o %o %o %o %o %o o %o o %o o %o o %o o %o o % o % To % To % o %o Yo %o o %o Yo Yo %o Yo %o To % o %o o %o Yo %o o o % Yo % o

x=ell+(dx/1) :dx:T*dx; % next 2 lines in case x is off by one
if length(x)<length(f), x=[x (T+1)*dx]; end
if length(x)>length(f), x=x(l:end-1); end

xup=4; % set to around 20 for the chi”2
loc=find (diff (x>xup)); % just up to x=xup
x=x(10:1oc); £=f(10:1oc);

true = normpdf(x); plot(x,100* (f-true)./true)
%true = chi2pdf(x,df); plot(x,100*(f-true)./true)

Program Listing 1.8 Illustrates the use of the FFT for inverting the standard normal c.f., or the
%2, at an equally spaced grid of points. The program in Listing 1.9 is similar, but is more advanced
and is recommended in practice

The implementation in Listing 1.8 can be improved in several ways. One is to
dynamically choose the step size Ax and the exponent p in the grid size T = 27 as
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a function of where the density is to be calculated. This requires having an upper
bound on p based on available computer memory required for the FFT. In addition,
for given values of p and Ax (i.e., for the same computationa cost), higher accuracy
can be obtained by using a variation on the above method, as detailed in Mittnik,
Doganoglu and Chenyao (1999) and the references therein. We implement this in the
program in Listing 1.9; it should be used in practice instead of the simpler code in
Listing 1.8.

Moreover, the program in Listing 1.8 only delivers the p.d.f. at an equally spaced
grid of points. This is fine for plotting purposes, but if the likelihood is being calcu-
lated, the data points are ailmost certainly not equally spaced. If the density of X is
desired at a particular set of points z= (z1, ..., zx), then, provided that ¢ < z; and
zr < u, some form of interpolation can be used to get fx (z). This could easily be
accomplished by using the built-in Matlab function interp1, but this is problematic
when a massive number of data points are involved (such as T = 24 or more). As
such, the program in Listing 1.9 calls the function wintp1, given in Listing 1.10,
which sets up a moving window for the (linear) interpolation, resulting in a sizeable
speed increase.

function pdf=fftnoncentralchi2(z,df,noncen)

% set the tuning parameters for the FFT
pmax=18; step=0.01; p=14;
maxz=round (max (abs(z)))+5;
while ((maxz/step+l)>2”(p-1))
p=ptl:
end;
if p > pmax, p=pmax; end
if maxz/steptl >2”(p-1)
step=(maxz+1)*1.001/(2"(p-1));
end;

% compute the pdf on a grid of points
zs=sort(z); [xgrd,bigpdf]=runthefft(p,step, df,noncen);

% Now use linear interpolation to get the pdf at the desired values.
pdf=wintpl (xgrd,bigpdf,zs);

function [x,p]l=runthefft(n,h, df,noncen)

n=2"n; x=(0:n-1)'*h-n*h/2; s=1/(h*n);
t=2*pi*s*((0:n-1)"-n/2);

sgn=ones(n,1); sgn(2:2:n)=-1*ones(n/2,1):

%%%%%%%%%% This is now the c.f. %%%%%%%%%%

CF = (1-2*i*t)."(-df/2) .* exp((i*t*noncen)./(1-2*i*t));
%o %o %o %% % o o o %o %o %o %o o o Yo %o %o %o %o o o Yo %o %o %o %o o o Yo %o % %o %o o Yo %o % % Yo

phi=sgn.*CF; phi(n/2+1)=sgn(n/2+1); p=s.*abs(fft(phi));

Program Listing1.9 Usesthe FFT and linear interpolation to invert the specified c.f. and compute
the p.d.f. at the vector of points z. Inthis case, the c.f. correspondsto anoncentral x2(df , noncen)
random variable, as in (1.73). The code for function wintp1l isin Listing 1.10
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function r=wintpl(x,y,z,w)
% interpolate with a window of size w on z.
if nargin<4, w=length(z); end;
m=length(z); n=floor(m/w); r=[];
for i=1:n
dz=z((i-1)*wtl:i*w); k=interval(x,dz);
t=intpol(x(k),y(k),dz); r=[r;t];
end;
if (rem(m,w)~=0),
e=rem(m,w); g=[n*wtl:n*wte]; dz=z(g):;k=interval(x,dz);
t=intpol(x(k),y(k),dz); r=[r;t];
end;

function i=interval(x,y)

% find the x: min(x)<min(y) and max(x)> max(y)

il=find (x<min(y)); i2=find(x>max(y)); i=il(size(dil,1)):i2(1);
j=1i(1); while (x(j)>y(1)), j=j-1; end;

k=max(i); while(x(k)<max(y)), k=k+1; end:
i=[(5:4(1)-1) " :;i; (max(1)+1:k) "]

function r=intpol(x,y,z);
% linear interp of z to f(x,y), needs min(x)< z < max(x)
n=length(z); r=[]; j=1; i=1;
while i<{=n, flag=i;
while (flag==i)
if (z(1)>=x(3) & z(1)<x(j+1))
r=[r;y(j+1) - (x(§+1) -2 (1)) * (y (G+1) -y (§)) / (x(G+1) -x(§)) 1;
i=i+1;
else, j=j+1; end;
end;
end;

Program Listing 1.10 Interpolation program called by the function in Listing 1.9. This was
written by Toker Doganoglu and used in the implementation detailed in Mittnik, Doganoglu and
Chenyao (1999)

To illustrate, we use the c.f. in (1.73), corresponding to the noncentral x? distribu-
tion. For & = 0, this reduces to the c.f. of the usua x 2 r.v., so that we can easily check
the results, while methods of computing the p.d.f. of the noncentral x? distribution to
machine precision are discussed in detail in Chapter 10. Figure 1.10 shows the p.d.f.
as computed via program fftnoncentralchi2 using 5 degrees of freedom and
several values of the noncentrality parameter 6. What is remarkable is the massive cut
in computation time compared to the use of the p.d.f. inversion formula in Section
1.2.5, which would have to be evaluated for each ordinate in Figure 1.10.

1.4 Multivariate case

This section extends some of the ideas for univariate continuous r.v.s to the multivariate
case. Pardleling the vector m.g.f., the c.f. of the d-dimensional continuous random
vector X = (X1, ..., Xy) isgiven by

ox () = E[€'], (1.92)
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Figure 1.10 The noncentral x2(5, 6) p.d.f. computed via the FFT

wheret = (11, ..., ;). The p.d.f. of X can be recovered by

1 o0 o0 "
x X) = (271)‘1/ / e—ttx(px (t)dty - - - dty,

which reduces to (1.54) when d = 1.
Consider the case when My exists, and ¢y (1) = Mx(it). In terms of the c.g.f. Ky,
the multivariate survivor function

Fx(X) = PI'(Xl > X1, ..., Xg > xd)

can be computed as

Fx(X) =

c1+ioo cq+ioo dt
e / (1.93)

@i |, et ~ 1) 2

d—100 j:].tj

where ¢, € R.g, k = 1,2, ...,d, such that they are in the convergence region of Kx.
See Kolassa (2003, p. 276) for proof. Expression (1.93) reducesto (1.100), given below
in Problem 1.12 for d = 1.

In the case where the c.g.f. is not available, or, more likely, the multivariate c.d.f.
Fx is desired (instead of the survivor function), Shephard (1991) has generaized Gil-
Peleaz's univariate result to the d-dimensional case when the mean of X exists. He
shows that, for d > 2,

u(X) .= 2de(x1, e, Xq)

— 27 P (xg, x3, .oy xg) + -+ Fx(x1, - .., Xa—2, Xa-1)]
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+ 272 Fy(x3, X4+« Xg) 4+ - 4+ Fx (X1, - ., Xa-3, Xa-2)]

1y (1.94)
is given by
d;d—1 —it'x
2(=2)i 22957 / / N [ediw(t)} dt, if d is odd,
400 = (an) ) 2l 't/l_[;':l Zj
—IUX
2(— Z)d / / ediw(t) dt, if d iseven,
(27) j=11j
(1.95)

where A n(t) = n(t) + n(—t). (A similar, but dlightly more complicated expression
t
which is aso valid for d = 1 is also given by Shephard).
For the bivariate case d = 2, use of (1.94) and (1.95) yields the expression
Fx(x1, x2) = 1+1[F()+F()] 1/00/00( 11, 1) dry dr
x (¥, x2) = =7+ 5| Fx(a x(x2 272 )y Jo 8(x1, x2, 11, 12) Ot Qfz,
(1.96)

where

exp{—itix1 — itpxo}p(ty, 12)  exp{—it1xy + itoxa}p(t1, —12)
g(x1,x2, 11, 1)=Re — .

1ty 517)

Note that, given only ¢x(t1, 12), the univariate c.d.f.s Fx,(x1) and Fy,(x2) can
be evaluated by univariate inversion of ¢x,(t1) = ¢x(t1,0) and ¢x,(12) = ¢x (0, 12),
respectively. See Problem 1.21 for an illustration.

1.5 Problems

Opportunity is missed by most people because it is dressed in overalls and looks
like work. (Thomas Edison)

It is common sense to take a method and try it; if it fails, admit it frankly and
try another. But above al, try something. (Franklin D. Roosevelt)

1.1. % Derive the results in (1.9).

12. % LetY ~ Lap (0, 1). The raw integer moments of ¥ were shown in Chapter 1.7
tobeE[Y']=r,r=0,2,4,...,and E[Y"] =0, for odd r. Verify these for the
first six integer moments of Y by using the m.g.f. Also show that the variance is
2 and the kurtosis is 6.

13. % Let X ~ Gam(«, B). Derive the m.g.f., expected value and variance of Z =
InX. Also compute Cov (Z, X).
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14.

15.

1.6.

1.7.

18.

% Calculate the cumulant generating function and, from this, the mean, variance,
skewness, and kurtosis of the binomial distribution with parameters»n and p. What
happens to the skewness and kurtosis as n — oco?

% Let X ~ NBin(r, p), with p.m.f. (1.4.19), i.e,

1
fxirp) = (’ +i ) P (A= p) o1y (x).

(a) Show that the m.g.f. of X is

P

00 = (i

>, t<—log(l—p). (2.97)

(b) Similar to Problem 1.4, use the c.g.f. to calculate the mean, variance, skew-
ness, and kurtosis of X. What happens to the skewness and kurtosis as
r— oo?

(c) Using (1.97), calculate the c.g.f. of ageometric random variable Y with p.m.f.
(1.4.18), i.e., when the (single) successis counted. Use it to calculate the mean
and variance of Y. Extend this to the negative binomial case.

For X ~ Poi (1), calculate the mean and variance using just the m.g.f. (i.e., not
the c.g.f.).

% Let X1,..., X1 be independent random variables, each from a Poisson
distribution with parameters Ay, ..., Agi1.

(a) Derivethe m.gf. of Y = Zf‘:ll X; and determine its distribution.

(b) Show that the conditional distribution of X1, ..., X given X1+ -+ + Xi11
=n is multinomia with the parameters n, A1/A, A2/A, ..., Ar/A, Where
A=A1+ -+ Apy1. Observe that this generalizes the result in (1.8.6) of
Example 1.8.4.

% For continuous positive random variable X with m.g.f. Miy(z),
E [X—l] = / My (—¢) dt (1.98)
0

and, more generaly,

1
EX=r

f 1 TMy(—1) dr, (1.99)
0

as shown by Cressie et al. (1981).
(a) Let Z ~ Gam (., B). Calculate E [Z~] directly and using (1.99).
(b) Prove (1.99). Hint: First verify that [;° e ™" 1dr =T (c) x .
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1.10.

1.11.
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1.5 Problems

% % Show that the m.g.f. Mix(r) =: My(¢) for ther.v. K in Banach’s matchbox
problem (see Problem 1.4.13) with N matches satisfies

e ¢ -1 (N-13
Miy(t) = My _a(2) + < 2>

2¢ —1 2¢ -1\ N
Using this, compute M, (7) and E[K]. (Contributed by Markus Haas)
Use (1.15) to compute E [N,,]. (Contributed by Markus Haas)

* Let X ~ Unif (0, 1), for which we certainly do not need inversion formulae
to compute the p.d.f. and c.d.f., but their use is instructive.

(a) Compute the c.f. px (7).
(b) For Fx = 0.5, the integrand in (1.70) has to be zero. Verify this directly.
(c) Consider what happens to the integrand at the extremes of the range of

integration in (1.70), i.e., with z () and g (¢+) as defined in (1.70), for x €
(0, 1), compute lim, o z (2), lim; oo g (1), lim, oz (¢), and lim,_q g (¢).
(d) For this c.f., decide if the use of (1.70) or (1.71) is preferred. Using x = 0.2,
plot the integrands.
% Recal inversion formula (1.54), i.e,,

[e¢]

1 .
fx(x) = Z/ e Yoy (1) dt,

for X continuous. (Contributed by Simon Broda)
(&) Derive the expression in (1.59), i.e,,
1 100
fx(x) = o7 exp {Kx(s) — sx}ds,
Tl J—ico
from (1.54).

(b) The integral in (1.56) can also be expressed as

1 c+ioco
fx(x) = 2—/ exp{Kx(s) — sx}ds,
Tl Je—ioco

where ¢ is an arbitrary real constant in the convergence strip of Kx Thisis
caled the Fourier—Mellin integral and is a standard result in the theory of
Laplace transforms; see Schiff (1999, Ch. 4). Write out the double integral
for the survivor function

Fx(x) =1-Fx(x) = / fx(y)dy,

57
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1.14.

1.15.

1.16.

117

exchange the order of the integrals, and confirm that ¢ needs to be positive
for this to produce the valid integral expression

o 1 c+ioco dS
Fy(x) = Z—m/ _ exp{Kx (s) — sx} = c>0. (1.100)

Similarly, derive the expression for the c.d.f. given by

c+ioco

Fy(x) =— exp{Kx(s) — sx} i—s, c<0. (1.101)

270 Je—ioo

(c) Write a program to compute the c.d.f. based on the previous result, and
compute it using the c.f. for the uniform distribution.

% Asin Gut (2005, p. 442), arandom variable X is said to have an infinitely

divisible distribution iff, for each n € N, there exist i.i.d. rv.s X, x, 1 <k <n,
such that

X< Z Xk
k=1

recalling (1.17). Equivaently, X is has an infinitely divisible distribution iff
ox ) = [px,, ®]", VneN, (1.102)
For example, if gx (1) = e”!"l, then taking ¢x,, , (+) to be e”"/" shows that
ox (1) =[] = eI,
(See also Example 1.22). This demonstrates that a Cauchy random variable is
infinitely divisible and, if X; ~ Cau(c;), then X =37, X; ~ Cau(}_/_; ¢i).
Let X ~ Lap(0, 1). First show that the characteristic function of X is given
by
n—1
px ()= (1+1°) .
Then show that a Laplace r.v. is infinitely divisible.
* Verify (1.68).
% Derive (1.54) from (1.65).

Use Euler’s formula to show that if = e /2,

%% This problem proves some useful properties of the Laplace transform and
is based on Schiff (1999).



(@)

(b)

1.5 Problems

Let f be (piecewise) continuous on [0, oco) and let F (s) = f0°° e’ f (¢r)dr
converge uniformly for al s € D c C, i.e, for dl s € D,

forany e >0, 37 > Ost, fort > T, / e f()dt| <e. (1.103)
T
Prove that
oo o0
lim / eV f()yd = / lim e f (r) dt, (1.104)
s—s0 Jo 0 S0

i.e, that F (so) = lim,_, F (s). Hint: This amounts to showing that

/OO e f()d — /Oo e o £ (1) dt
0 0

is arbitrarily small for s sufficiently close to sg, and consider that

’/oo e f(rd — /ooe‘sotf (¢) dt
0 0

1
< [Ter —e i 0l a
0

+

/ (e — e ) | f ()] dt

o

Recall Fubini’s theorem (1.A.159), which states that if f: A c R2 — R is
continuous and A is closed and bounded, then

b prt T b
/ / f(x,0)dedx = f / f (x,t)dxdr. (1.105)
a 0 0 Ja

To extend this to

b poo oo pb
/ / S (x,0)drdx = / / f (¢, x) dx dt, (1.106)
a JO 0 a

assume f : A C R? — R is continuous on each rectangle a < x < b, 0 <
t<T,T >0, and f0°° S (x, t)dr converges uniformly for al x € [a, b], i.e,

/Oof(x,t)dt

forany e >0, 3T >0st.,fort >T, <bL.
—da

(1.107)

Then taking lim,_, o, of both sides of (1.105) yields

b T o0 b
lim / / f (x,t)dsdx =f / f (¢, x) dx de,
= Jq 0 0 a

and the l.h.s. converges if the ‘tail area’ lim,_ fah [ f(x,t)drdx = 0.
But this is true because, for r > T, (1.107) implies fa” [ f(x,ndrdx <e.
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Let f (x,t)and D1 f = (3/0x) f be continuous on each rectanglea < x < b,
0<¢<T,T>0asumeF (x) = [y f(x,1)drexistsand [y~ D1f (x, 1) dt
converges uniformly. Use (1.104) and (1.106) to show that

iF(x) = /OO Dif (x,t)dt, a<x <b. (1.108)
dx 0

(c) Let f be (piecewise) continuous on [0, co) of exponential order «, and let
F (s) = L{f}. Show that (—=1)" " f (1) is of exponential order, and then use
(1.108) to show that, for red s,

EF(s) =L{-tf@®)}, s>q.
ds

Induction then shows that

1

ds”

F@)=L{D""f®}, neN, s>a. (1.109)

(d) Let f be (piecewise) continuous on [0, co) of exponential order «, and let
F (s) = L{f}, such that lim, o f (¢) /¢ exists. Use (1.106) to show that, for
rea s,

/OOF(x)dsz’{@}, s > a. (1.110)

Use this to simplify the integral [;° ™"+~ *sin(z) dr.

(e) Let f and f’ be continuous functions on [0, co), and f is of exponentia
order «. Show that

L{f O} =sLUfF O}~ f (0. (1.111)

(f) The convolution of two functions, f and g, is given by

(fxg) () = /0 F ) gt —x)d, (1112)

if the integral exists, and is a central concept when studying the sum of
random variables (Chapter 2). Let f and g be (piecewise) continuous on
[0, 00) and of exponential order «. Show that

LA{f*gt=L{f}L{g}, Re()>a. (1.113)

Hint: It will be necessary to reverse the order of two improper integrals, the
justification for which can be shown as follows. As in Schiff (1999, p. 93),
let i (x, y) be afunction such that

/ f | (x, y)] dxdy < oo,
0 0



1.18.

1.19.

1.5 Problems

i.e., h is absolutely convergent. Define

n+1 m+1 n+1 m+1
amnzf / h(x.y)| drdy and bmnzf f h (x, y) i dy,

and use (1.A.97) to show that

/m/ooh(x,y)dxdy=/Oo/00h(x,y)dydx.
o Jo o Jo

% Similar to (1.112), for g = (go, ..., gr-1) and h = (ho, ..., hy_1) vectors

of complex numbers, their (circular) convolution is ¢ = (cg, ..., cr—1) = gx*h,
where
-1
¢ =Y g-jhj, withg_;=gri ;. (1.114)
j=0

Show algebraicaly that F(g*h) = TF(g) F (h), where the product of the
two DFTs means the elementwise product of their components. Also write a
Matlab program to numerically verify this.

% % The Fourier transform is the result of considering what happens to the
Fourier series (1.87) when letting the fundamental period T of function g tend
towards infinity, i.e., letting the fundamenta frequency Af :=1/T go to zero.
The C, coefficients measure the contribution (amplitude) of particular discrete
frequencies, and we are interested in the limiting case for which the C,, becomes
a continuum, so that the expression for g (r) can be replaced by an integral. To
this end, let f, = nw/ (27) =n/T, 0 that, with r = T /2, taking the limit of
the expressions in (1.87) in such away that, asn and T approach oo, f,, =n/T
stays finite gives

Rt o0 T/2
— i ifat — i —27i fut ifut
g(t)—T|I_)moo E C,e /" = |im E [/_ g(e dt]ez” Af

T
n=-—00 - n=-—00 /2

— /OO |:/OO g (r)e 2t dt] eZritdf,

where f now denotes the continuous limiting function of f,. Let @ = 27 f, with
dw = 27df, and set G (w) to be the inner integral, so that we obtain the pair

o0

G (w) = / h gnre™d g = % f G () € do, (1.115)

—00 oo

where the former is the Fourier transform, and the latter is the inverse Fourier
transform.
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1.20.

121

For T >0and a eR, let g(r) =al(t|] < T). Compute the Fourier transform
G (w) of g (¢) and verify it via the inverse Fourier transform. See the footnote
for a hint (and remove one star from the difficulty level).*t

% Try the following question on the mathematician of your choice. If f is
a probability density function, is it true that f(x) — 0 when x — +00? The
answer is no. We can construct a counter-example as follows (leaving aside
some technical details concerning convergence).

(Contributed by Walther Paravicini)

(a) Assume that f, is a p.d.f. for each natural number n. Provided that we can
give a meaning to the weighted sum f(x) := Y 2, 27" f,(x), x € R, con-
vince yourself that f is again a p.d.f.

(b) For al natural numbers n, let o, > 0 and u, € R. Let f, be the p.d.f. of an
r.v. distributed as N(u,,, onz). For a given n, calculate the maximum of £, (x),
x € R, interms of o, and w,,.

(c) Find achoice of o,, and u,, such that the maximum of 27" f,,(x), x € R, does
not converge to 0 if n — oo and such that the argument where the maximum
is attained converges to oco.

(d) Write a Matlab program which calculates the density of the so-constructed
p.df. f(x) =3 02,27"f,(x), x € R. Produce a plot of the density which
shows the behaviour of f(x) for large x. For a suitable choice of o, and w,,
the plot should show a series of ever-increasing spikes which get steeper and

steeper.

% This problem illustrates the numeric implementation of (1.94) and (1.95) in a

nontrivial case, but one for which we can straightforwardly calculate the correct

answer to an arbitrary precision for comparison purposes, viz., the bivariate nor-

mal distribution, which was first seen in Example 1.8.5 and will be more formally

introduced and detailed in Chapter 3. At this point, interest centres purely on the

mechanics of inverting a bivariate c.f. (Contributed by Simon Broda)
Let X = (X1, X»)' follow a bivariate normal distribution, i.e.,

X1 251 of p0102
~ N , 1 , 1.116
[ X2 } ([ ne } [ poroz 03 D (+419

X% —2pXY + Y2
2(1-p?) ’

with density

le,Xz (.X, y) = Kexp{_

where

X — —
Kt = 270100 (1—,02)1/2, X = Ml, Y = Y ,uz’

for w1, n2 € R, 01,02 € Rog, and |p| < 1.

1 Hint: For the Fourier transform G (w) of g (¢), use (1.32), and for the inverse Fourier transform, first
show that sin(a — b) + sin(a + b) = 2sin(a) sin(b), and use this with the results in Example 1.A.21 and a
result mentioned in Example 1.A.30.
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Preferable methods for evaluation of Fx, x,(x1, x2) are discussed in Section 3.4.
Thejoint c.f. of (X1, X2) isgiven by ¢(t1, r2) = My (it) from (3.16), i.e.,

1
@(t1, 12) = €xp [i (tipy + tope2) — E(Ulztlz + 2poy0ootits + Uzzfzz)}« (1117)
Write a Matlab program to accomplish this.
1.22. % % This problem informally derives inversion formulae for the ratio of two

random variables. (Contributed by Simon Broda)

(@) Let X1 and X» be continuous r.v.s with c.f. ¢x, x, and such that E[X1] and
E[X;] exist. Show that an inversion formula for the density of R := X1/X>»
is given by

fr(r) = / / [‘”(“’ ”1)} dry dip, (1.118)
Y]

where

d
@2(r1, 12) = —@xq.x, (11, 12).
dat

Hint: First show that, with X3 := X1 — rX>,

X
Pr(X—l < r) — Pr(Xz < 0) + Pr(Xo < 0) — 2Pr(X3 < 0A X5 < 0),
2
(1.119)

and use this in conjunction with (1.96) and the fact that

Ox3. X511, 12) = @xq x,(t1, 12 — rt1)

to derive an inversion formula for the c.d.f. of R in terms of the joint c.f. of
(X1, X»). Differentiate with respect to » and use the fact thet ¢x, x, (1, 12) =

axl,XZ(_tlﬁ —IZ)
(b) For the case where Fx,(0) = 0, Geary’'s result (1.62) can be used, i.e.,

Fr(r) = —f [8“”‘1"2“ ”] ds.

In the event that Fy,(0) is positive but ‘sufficiently small’, (1.62) can be
used to approximate (1.118). Consider Ry = X1/ X2, where (X3, X2) has a
bivariate normal distribution as in (1.116), with joint c.f. given in (1.117).
Write a Matlab program that evaluates the density of R by means of (1.62)
and (1.118). Use your program to evaluate the density of R and R, = X»/ X1,
where w1 = 2, up = 0.1, 01 = 0o = 1, p = 0, and demonstrate that the rel-
ative error incurred by using (1.62) over (1.118) is larger for R.

See also Example 2.18 on how to compute the p.d.f. of R; and R».
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1.23. Prove the second part of (1.38) by using the closed-form solution of a finite geo-
metric sum for complex numbers. It is interesting to see this optically: for n = 6,
write a program which plots the (zX)/ on acirclefor j =0,...,n — 1, but each
with a slight perturbation so that duplicates can be recognized.



2

Sums and other functions of
several random variables

Everything should be made as simple as possible, but not ssimpler.
(Albert Einstein)

Results for sums of r.v.sin the discrete case and some basic examples were given in
Chapter 1.6. The importance and ubiquitousness of sums also holds in the continuous
case, which is the main subject of this chapter. Some relationships involving sums and
ratios of fundamental random variables are summarized in Table A.11.

2.1 Weighted sums of independent random variables

Let X;,i=1,...,n, be independent r.v.s, each of which possesses an m.g.f., and
defineY = Y""_; a;X;. Then

My(s) = E[e"] =E[e“¥1]...E[e "] = [ [Mx,(sai) . (2.1)
i=1

from (1.5.20). As an important special case, for independent r.v.s X and Y,

My y(s) = Mx(s) My(s) (2.2)

and, using the c.f.,

oxvy () = @x (1) gy (1) . (2.3)

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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® Example2.1 If X and Y are independent Poisson distributed with parameters A
and Az, then, from (2.2),

My 4y(f) = Mx(r) My(t) = exp {11 (€ — 1)} exp{r2 (¢ — 1)}
= exp{(xl +22) (€ — 1)}

isthe m.g.f. of a Poisson random variable with parameter A1 + A, which determines the
distribution of X + Y. This derivation can be compared with the method of convolution
as used in Example 1.6.10; see also Problem 1.7(a). [ |

® Example22 Let X; nd Bin(n;, p) with My,(t) = (p€ +¢)" from Example 1.9,
From (2.2), the m.gf. of § = Y_; X; is Ms(r) = (p€ +¢q)", where n. = Y_; n;.
From the uniqueness of m.g.f.s, it follows that S ~ Bin(n., p). Compare this to the

derivation of S for k = 2 in Problem 1.6.1. [ |

The m.g.f. of X ~ NBin(r, p) was shown in Problem 1.5 to be

Mx(®) =p" (1-A—-p)¥€) ", 1<—logd—p).

Thus, similar to the previous example, it is clear that a sum of independent negative
binomial r.v.s (each with the same value of p) is also negative binomially distributed.
Random variables which satisfy this property, i.e., their sum belongs to the same
distribution family as that of the components, are said to be closed under addition. In
the binomial and negative binomial cases, if the success probability p differs among
the components, then they are no longer closed under addition. In the continuous case,
this property holds for normal random variables (with no constraints on their means
and variances, except that they are finite), as is shown in Section 3.3, and aso for
gamma r.v.s when they have the same scale parameter, as is shown next.

® Example23 If X; " Gam (i, B), then 3, X; ~ Gam (Y, o;, B); in words, a sum
of independent gamma random variables each with the same scale parameter aso
follows a gamma distribution. This follows from (2.2) and Example 1.5; it was aso
proven directly in Example 1.9.11. Two specia cases are of great interest:

(i) If x; " Exp (1) then S X, ~ Gam (n, 1)

(see Example 1.9.3 for a direct proof), and

() [ 167 2w, then S ¥i~ x2w), v=)w.
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Specia case (ii) and Example |.7.2 together show that, if Z; e N(@,1), i =
1,...,n, then 31 Z2 ~ x?(n). More generally,

n 2
. i Xi — Wi
if X; nd N (,u,-, al-z) ,  then Z (liul> ~ x2(n), (2.9)
i=1 gi
a simple result of enormous importance in statistics. |

Example 2.4 (Difference between two Gumbel r.v.s) Let X; e Gum(0,1),i =12

The m.gf. of X = X; is, from (1.7.53) with y = exp(—x) (and x = —Iny, dx =
-1
-y dy),

Mx(t) = E [¢*]

=/ exp (—x (1—t)—e_x)dx:/ [exp (—)]" " exp (—e ™) dx

—00 oo

0 00
= —/ y ' exp(—y)dy =/0 y Tl exp (—y) dy

[o¢]

=I'1-1, t<l1, (2.5)

and Ky(r) = InMx(z). With ¢ (z) = dInT (z) /dz defined to be the digamma function
(see Prablem 219 below), we know from (1.9) that

E[X] =K1 = Kgfl)(l)’tzo = ¥vAd-Dlo=7,

where y ~ 0.5772156649 is Euler's constant (see Examples I.A.38 and 1.A.53). Sim-
ilarly,

=y’ D

d
VX)=kp= o (=¥ 1—-10)
t=0

which, from (2.42), is 72/6.
The m.g.f. of D = X1 — X5 isthen, from the independence of X1 and X>,
E[e¢P] = E[¢X12)]

=E [ E[e7*2] = My,(t) My,(—1)

=I1-0T A+1)),
so that, from Example 1.6, D ~ Log (0, 1), i.e., the difference between two i.i.d. Gum-
bel r.v.s follows a logistic distribution. [ |
Example 25 Let X; nd N (M,-, aiz) and define S, = Y/_; X; and D = X1 — X,. The
m.g.f. of S, is, from (2.2) and the independence of the X;, given by

67
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M, (1) = l_[I\\/JIx(t)_]_[exp{M,tJr o7 t} p{lZ/Li-F%tZZgiZ}
i=1

i=1

which, from the uniqueness of m.g.f.s, implies that S, ~ N (37, w;, Y11 07). Sim-
ilarly,

1 1
Mp(t) = My, (1) Miy,(—t) = exp{ult + EGthZ} exp{ Mot + 50 2}

1
= exp{(,ul—,uz)t + Etz (012+022)},

showing that D ~ N (111 — pt2, 07 + 02). The joint m.gf. of S, and D is
MSZ D(S7 d) —F [eX(X1+X2)+d(X1—X2):| —F [e(S+d)X1+(S—d)X2]

= My, (s + d) My(s — d)

3022 (s — d)z}

1
zexp{m(erar)JrEaf(erd)z}exp{uz(s—d)Jr 5

1
=exp{(M1+/L2)s + Esz(alz—i-azz)}

1
<o i1~ 1) + 502 (5-+ o) | e sa (oF - o))

= Ms,(s) Mp(d) exp {sd (o — F)},

which factors only for o2 = o7. We conclude that, if o2 = o2, then S, and D are
independent. See also Example 3.6. |

In the previous examples, the m.g.f. of a weighted sum of r.v.s was recognized as
being that of a ‘common’ r.v., so that the p.d.f. and c.d.f. could be easily €licited.
Matters in many settings of interest will, unfortunately, not always be so simple. In
such cases, to evaluate the p.d.f. and c.d.f., the inversion formulae in Sections 1.2.5
and 1.2.6 need to be applied to the c.f.

© Example 26 The m.gf. of X ~Exp (i), with fx (x) = 2 (g o) (x), is, from
Example 1.5, Mix(1) = A/ (L — 1), t < A, SO @y (1) = Mix(it) = 1/ (A —it). Now let

X; " Bp()  j=1....n,ad S = Y] X;. Then

n

s () =[] ex, (r)—]"[k A_’”

j=1 J=1

and the inversion formula (1.60) can be used to compute the density of S. Using
weights A; = j, i =1,...,4, the density of S is shown in Figure 2.1. It should be
mentioned that, for this random variable with small n, the integrand in (1.60) can be
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pathologically oscillatory and jeopardize the accuracy of the integration. Another way
of computing this density is given in Example 2.11 below. |

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Figure 2.1 Density of X3 + X, + X3 + X4, where X; nd Exp (i)
© Example2.7 (Example 2.2 cont.) Let X; nd Bin(n;, p;) and S = Z’;zl X;. For
k = 2, the p.m.f. is given in (1.6.30) using the discrete convolution formula and is
straightforwardly generalized for k > 2. However, the ‘ curse of dimensionality’ quickly
rears its ugly head as k grows, making exact calculations prohibitive in terms of both
programming and run time.

Instead, from Ms(r) = [T5_; (p;€ +q;)"/ and gs(r) = M(ir), (1.58) can be cal-
culated to obtain the p.m.f. (Notice that & could be replaced by Z’;zlnj and then; set
to unity, without loss of generality.) Thisisaccomplished by the programin Listing 2.1.

Cadlculating the p.m.f. for S for various parameter constellations reveals that the
integrand in (1.58) is very well behaved, so that the inversion is very fast and accurate.
Figure 2.2 shows the mass function for k = 3 with n; = 5j and p; = 0.8/2/7%, j =
1, 2, 3. Infact, as (1.58) (apparently) works for noninteger values of x, it was evaluated
over afine grid and shown as the dotted line in the figure.

Remark: It can be shown that the p.m.f. of S is unimodal: see Wang (1993), who
provides a unified approach to studying various properties of S based on combinatoric
arguments. |

© Example 2.8 Recall the discussion of occupancy distributions in Section 1.4.2.6, in
which Y; denotes the number of cereal boxes one needs to purchase in order to get at
least one of k different prizes, 2 < k < r, where r isthe total number of different prizes
available. The exact mass function is easily calculated by using expression (1.4.28) for
the survivor function.
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function f = sumbincf (xvec,n,p)
tol=le-7; xl=length(xvec); f=zeros(xl,1);
for loop=l:x1
x=xvec (loop); f(loop)= quadl(@ff,0,pi,to0l,0,n,p.x) / pi;
end

function I=ff(tvec,n,p,x);

q=1-p; I=zeros(size(tvec));

for loop=l:length(tvec)
t=tvec (loop);
cf=exp( sum( n.*log(p.*exp(i*t) + q) ) ); % ** HERE IS THE C.F.\ **
I(loop)=real( exp(-i*t*x) * cf );

end

Program Listing 2.1 Computes the p.m.f. via (1.58) at each ordinate in xvec of a sum of k
independent Bin(n ;, p;) r.v.s,wheren = (n1,...,n;) and p = (p1, ..., px). Observe how the c.f.
is calculated by using logs

0.18

0.14 - 1

0.1 B
0.08 - o b
0.06 - b
0.04 e} o J

0.02 5 o 1

Q
(o]
0 Q I I O g ¢ &

0 5 10 15 20 25 30

Figure 2.2 Mass function of sum of three independent binomial r.v.s

As in Example 6.8, ¥; can be expressed as ¥, = Y__3 G, where G ™ Geo (pj)
with p.mf. (1.4.18), i.e, withg; =1 — p,

-1
fo; (8 pj) = piaf Tna.)(8). pj=

(Note that G is degenerate.) From the results in Problem 1.5(c) and the independence
of the G,
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k=1

My (1) = [ [ Mg, (1) =€ (2.6)
‘ ]1_!) H 1 q; et

and ¢y, (r) = My, (it). The program in Listing 2.2 computes the p.m.f. of a sum of
independent geometric r.v.swith arbitrary p; (andisvery similar to that in Listing 2.1).
The p.m.f. of Y, is then computed by calling this with the specific values of p;
associated with the occupancy problem, as done with the program in Listing 2.3. W

function f=sumgeocf (xvec,p)
tol=le-7; xl=length(xvec); f=zeros(xl,1);
for loop=1l:x1
x=xvec (loop); f(loop)= quadl(@ff,0,pi,tol,0,x,p) / pi;
end

function I=ff(tvec,x,p);

q=1-p; I=zeros(size(tvec)); k=length(p);

for loop=l:length(tvec)
t=tvec (loop);
cf=exp( k*i*t + sum( log( p./(l-q.*exp(i*t)) ) ) ); % THE C.F.\
TI(loop)=real( exp(-i*t*x) * cf );

end

Program Listing 2.2 Computes the p.m.f. via (1.58) at each ordinate in xvec of a sum of k
independent Geo(p;) r.v.s with p.m.f. (1.4.18), where p = (p1,..., pr). Adjust the integration
tolerance tol as needed

function £ = occpmf (xvec,r, k)
=0:(k-1); p=(r-i)/r; f = sumgeocf(xvec,p);

Program Listing2.3 Computes the p.m.f. of the occupancy r.v. Y, by calling the general program
sumgeoct in Listing 2.2

Example 2.9 Similar to Example 1.2 and Problem 1 11, for X ~ Unif (a, b), a < b,
thecf. is

' 1 b . gth _ dita
R e Ry A s

Let X; e Unif (a;, b;) and define S = »""_; X; with support (Z” 14, 25 1b-)
Thecf.isps (1) = ]_[ —19x, (1) and the inversion formulae can be straightforwardly
applied. Problem 2.3 shows that S is symmetric about its mean

els]=> E[x;] = % Za, —I—Zb ,
j=1

j=1

71
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which implies (from the discussion in Section 1.2.3) that the c.f. of S — E[S] is red.

Indeed, for n = 1,
E [eit(Xf(aer)/Z)] _ ef%(aﬁ»b)itE [eitX]
_@th _ dta 2 1
:e—%(a+b)zt. — sin=z(a —b),
it (b—a) t(a—>b) 2
with the general case following easily. [ |

© Example 2.10 Consider the random variable Z = X1 — X5, where X; and X, are
i.i.d. gamma r.v.s with density fx (x;a) =T (@) Ye xa=1 As My(t) = 1 —1)"*
and

M _x)(t) = E[eT9] = Mx(-1),
it follows that the m.g.f. of Z is given by
My(t) = E[e7] = E[¢X17*?]

=Mx(O)Mx(—t) =1-)" A+ =(1-1)".

With ¢z (t) = Mz(it) = (14 +?)"“, Example 1.23 used the inversion formulae to
get the p.d.f. of Z. As ¢ is red, we know that f, is symmetric about zero (see
Section 1.2.3).

iid

Now let X1, Xo ~ Gam(a, b) and S = X1 — X,. Then Mix(¢) = b* (b — )¢, and
asimilar calculation gives M(t) = (1 — ¢2/b?)"“. This could also have been arrived
at directly by observing that S = Z/b, and, thus,

Mis(t) = Mzp(t) = E[€7/%] = E[e#“/P] = Miz(t/b) = (1 - 1%/b%) .

See also Example 7.19. |

2.2 Exact integral expressions for functions of two
continuous random variables

While of great practical and theoretical importance, the use of the m.g.f. in the previous
section was limited to determining just sums and differences of independent r.v.s.
This section derives integral formulae for the density of sums, differences, products,
and quotients of two, possibly dependent, r.v.s. These are al special cases of the
multivariate transformation method detailed in Chapter 1.9, but arise so frequently in
applications that it is worth emphasizing them.

Moreover, while obtaining the m.g.f. or c.f. of a sum of independent r.v.s is easy,
if its form is not recognizable, then calculation of the p.m.f. or p.d.f. of the sum
will involve numeric integration (via the inversion formulae). The integral expressions
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developed in this chapter are far more straightforward to motivate and derive than
those for the inversion formulae, which require use of complex numbers.

In the case of sums, the extension of the formulae presented below to more than two
r.v.s is straightforward, but they are computationaly of little use (see the discussion
in Section 1.6.5, so that approximations would be required. To this end, approximate
expressions, based on Taylor series expansions, for the mean and variance of a general
function of two or more r.v.s is developed in Section 2.3. These could be used, for
example, in conjunction with a normal approximation.

If X and Y arejointly distributed continuousrandom variableswithdensity fx y (x, y),
then the densitiesof S=X+Y,D=X—-Y, P = XY and R = X/Y can be respec-
tively expressed as

fs (s)=/ fxy (x,s—x)dx=/ fxy (s —y,y)dy, (2.7)

fo @) = / For (rax —d) dx = / Frr (d+ . y) dy. (28)
o0 1 o0

fr(p) =/ — fxy (X, 2) dx =/ — fx.y (27)’> dy, (2.9)
,oolxl X 7m>|y| y

o= [ S (e D) ac= [Tl end. | @10
s ¥ r oo

The first of these is just the convolution of X and Y; it was given in (1.8.42) and
(1.9.3), having been derived in two different ways (conditioning and bivariate trans-
formation, respectively). The product formula (2.9) was aso derived using a bivariate
transformation in Example 1.9.2. The expressions for fp and f» could aso be straight-
forwardly derived using these methods, but we show yet another way below. For each
of the four cases S, D, P, and R given above, the arguments in fx y (-, -) are easy
to remember by recalling the derivation of the discrete (and independent) counterparts
in Chapter |1.4. For example, in (2.7), s=x+ (s —x) = (s —y)+y; and in (2.8),
d=x—(x—-d)y=Wd+y) —y.

To prove (2.8), using Z = D and with u = x — y,

Fr()=Pr(Z<2) =//fx.y<x,y>dydx=/ For (6, y) dy d

X—y=z

:/00 _Oofx,y(x,x—u)(—du)dx=/z /00 Sxy (x,x —u)dydu

o0 JZ

so that, from (1.4.1),

d o0
fz (@ = d_ZFZ (z) = / fxy (x,x —z)dx.
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The second formula follows similarly: with u = x — v,

oo y+z
// Sx.y (X,)’)dXdY=/ / fx.y (x,y)dxdy
X—y=z T
[ee} Z
:/ / Sfxy (u+y,y)dudy
—00 —00

z o0
=/ / fxy w+y,y)dydu

and, from (1.4.1),
d o0
fz) = Fz(0) = / fxy @+y,y)dy.

iz —00

If the difference D’ = Y — X is desired, simply replacing d with —d in (2.8) gives

o0 oo
Sfor (d) =/ fxy (x,x+d)dx = / fxy (y—d,y)dy.
The derivation of (2.7), (2.9), and (2.10) are similar. In addition, for R’ =Y/ X,

Ir (r)=/ x| fx.y (x,rx)dr. (211)

—00

The mechanical application of the calculus in the above derivations (or use
of a bivariate Jacobian transformation, introduced in Chapter 1.9) somewhat robs
these formulae of their intuitive appeal: Figure 2.3 graphically illustrates what is
being computed (and informally also why the limiting operations of calculus work).
First recal that, if X is a continuous r.v. with p.d.f. fx and support Sy, then, for
al x € Sy, Pr(X =x) =0, while, for small ¢ >0, Pr(x < X <x +¢)~ fy(x)e.
A smilar statement holds for bivariate rv.s via Pr(x < X <x+¢€, y <Y <
v+ €2) & fx.y(x, y)ere2. Figure 2.3(a) corresponds to the sum S = X + Y depicted
for a constant value S =s. In particular, for any x, the probability of the event
(x <X <x+dx,s <S§ <s+ds) is approximated by the area of the shaded paral-
lelogram times the density fyx y evaluated at x and s — x, i.e, fxy (x,s —x)dx ds.
The probability that S = s is then obtained by ‘summing’ over al possible x, i.e.,

Prs <S <s+ds)~ [/.fx,y(x,s—x)dx}ds,

from which the first integral expression in (2.7) follows. The expression for the differ-
ence D = X — Y is similarly obtained from Figure 2.3(b).

Figure 2.3(c) corresponds to the product P = XY, with the area of the shaded
regions, when treated as rectangles, given by dx times the absolute value of (p + dp)/
x — p/x or dxdp/ |x|. (Observe that the vertical distance between the two curves,



\ -(x < X < x + dx)
Y{S < s5+)

xllx + dx
@

2.2 Exact integral expressions

(d<D <d+d)

(x <= X < x+ dx)

- 4

xl x4+ dx
(b)

N =(p+dp)/x

e y=p/x

A

©

x4+ dx

xX=ry

x=(r+4dr)y

(d)

Figure 2.3 Graphical depiction of (a) the sum, (b) difference, (c) product, and (d) ratio of r.v.s

XadY
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dp/ |x|, decreases as |x| grows.) Integrating out x from the expression
Prx <X <x+dv, p<P<p+dp = fX,Y(x,p/x)lxl_1 dx dp

yields the middle equation in (2.9). Finally, Figure 2.3(d) corresponds to the ratio
R = X/Y, with the area of the shaded region, when treated as a parallelogram, given
by dy times |y| dr.

© Example 2.11 (Example 2.6 cont.) Let X; ' Exp(r),i=1,....,n,and S =37,
X;. First let n = 2. From (2.7),

fs(s) = /oo Fx () fxp(s —x)dx = /S A€M ppe 42070 dy
oo 0

N
= )\1)»26_)‘25/‘ e (1=22)x gy — )Ll)tze—)xzs)L (1 _ e_()“l_)‘Z)S)
0

1— A2

A A
= ey T2 e, (2.12)
)»1 — )»2 )»2 - )\1

This nice structure is indeed preserved in the general case. It can be proven by
induction (see, for example, Ross, 1997, p. 246) that

n
) Aj
Ss(s) = E Cinhi€ ", Cin= l_[ » —]A-' (2.13)
i=1 j#

From this, the c.d.f. is clearly

Fg(s) = /0 fS (1) dr = ZCL” /(; X,-e_xi’ dr = ZCM (1 — e‘“s). (214)
i=1 i=1

The program in Listing 2.4 computes the p.d.f. and c.d.f. at a grid of points for a
given vector of A-values. |

function [f,F] = expsum (xvec,lamvec)
n=length(lamvec); lamvec=reshape(lamvec,1l,n);
for i=1:n
C(i)=1;
for j=1l:n
if i o~=
C(i) = C(i) * lamvec(j)/(lamvec(j)-lamvec(i));
end
end
end
f=zeros(length(xvec),1);
for i=1l:length(xvec)
x=xvec (i) ;

f(i) = sum(C.*lamvec.*exp(-lamvec*x));
F(i) = sum(C.* (1 - exp(-lamvec®*x)));
end

Program Listing 2.4 Computes (2.13) and (2.14)
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© Example2.12 (Example 2.11 cont.) Coelho (1998) derived a tractable expression
for the p.df. of Q ="' ; X;, where X nd Gam (a;, b;) and a; € N. In particular, for
n =2, with A =ay +ay, B=0>b1+ by and by # by, density fo(q; a1, by, az, bo) is
given by

2 ai (A—jfl) _ '
bithg2 Y (DA (Z ﬁq-"l(%i - B)J‘A) elp0 (q).  (2.15)
i=1 =1

It is straightforward to check that, if a1 = ap = 1, then (2.15) reduces to

b b
1 bze—bzq + 72b1e—b1Q) L0,00) (@)

;1,b1,1,b2) =
fo(g: 1, b1, 1, b2) (bl—bz -

as given in (2.12). ]

© Example 2.13 Let X; g Unif (0, 1), i = 1, 2, and consider computing the probabil-
ity that their sum exceeds one. Given that the density of X; is symmetric with expected
value 1/2, we might assume from a symmetry argument that Pr (X; + Xo > 1) = 1/2.
To check,

1 1 1
PriX1+Xo>1 = f/ fx1 (x1) fx, (x2) dxp dxz =/ dxi dxo = >

0 J1-xp
x1+x2>1

A method which implicitly avoids the double integral is to write

1
Pr(X; >1-Xy) :/ Pr(X2>1—X1| X1 =x1) fx; (x1) dxg
0

1
1
= xldx1= =,
/0 2

because, from the uniform distribution function,
PI’(XZ > 1—X1 | X1=x1) = PF(XZ > 1—x1) =1- (1—X1) = X1.

Of course, this is ultimately the same as the previous derivation, i.e.,

1
Pr(X;>1-Xy) :/ Pr(X2>1—X1| X1 =x1) fx, (x1) dxg
0

1 p1 L
= / / Li0,1) (x2) dx2 L0 1) (x1) dx1 = ~.
0 1-x1 2

An alternative way uses the convolution formula (2.7) to first obtain the density of
S = X1 + X», which is interesting in its own right. As the joint density factors (via
independence),

o0

fs(s) = / fxy (x1) fx, (s —xp) dxy = / Lo,1) (x1) Lio,1) (s — x7) dx1.

—00
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The latter indicator functionisO < s —x;1 <1< s — 1 < x1 < s, S0 that both con-
ditions (@) 0 < x1 < land (b) s — 1 < x1 < s must be satisfied. If 0 < s < 1, then the
lower bound of (&) and the upper bound of (b) are binding, while, for 1 <s < 2, the
opposite is true. As there is no overlap between the two cases,

1

fs(s) = /0 Lo (5) dr1 + / g 0)dn =sToy () + 2= Taa (), (216

which is a triangle when plotted. Thus,

2
1
Pr(Xi1+X>,>1 =/ (2—s)ds = >
1
The expression for the density of S may also be obtained graphically. Similar to the
illustration in Figure 2.3(a), and using the fact that fx, x, is just Lo 1) (x1) Lo 1) (x2),

weseethat Pr(s < S < s +ds) for 0 < s < lisgiven by the area of the shaded region
in Figure 2.4(a). This is the difference in the area of the two triangles, or

1 2 1 2 _ 1 2 ~
2(s+ds) 55 _sds+2(ds) ~ s ds.
Similarly, for s > 1 (Figure 2.4(b)), the area of the shaded region is
1 1 1
S (2-5)2-ZQ2-5s—ds)2=(2—s)ds — = (ds)? =~ (2 — 5) ds.
2 2 2
Thus, fs is as given in (2.16). |

o Example214 Let X; “* Parl(h,1), i =12 and define Z = X1X,. From
Section 1.7.1(8) or Table 1.C.4, fx (x; b, 1) = bx~ VT ) (x), so that (2.9) yields

© 1 bl z —(b+1)
fz (@) = / — b, T ’b(x—l) T(1.00) (¥1) I(1.00) (z/x1) dxg

0 |X1|

l —(s+ds—1)

0 5 ) s4+ds
@) (b)

Figure 2.4 Graphica depiction of the sum of two independent standard uniform r.v.s
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and, using the indicator functions to help us avoid silly mistakes,

[1,00) (¥1) [(1.00) (z/Xx1) #0 & 1 < x1 <00, 1 <z/x1 <00
Sl<xi<z<o0

< L) (1) [(1,00) (2)
which gives
t1
fZ () = H(l,oo) (2) bzz—(b-i-l) / x_ dx1 — b2 (Inz) Z_(b+l)ﬂ(l,oo) (2).
1 X1

Alternatively, the c.d.f. of the product is given by
Fz(@)=Pr(Z<z2)=Pr(X1X2<z)=Pr(InX; +InX; <Ingz),

and, from (1.7.65), the distribution of ¥ = InX; is

fr () = fx; )

dx N — . by
E‘ =b(€) "Ml (€) € = be o) ),

an exponential. From Example 2.3, S =InX1 +InX, ~ Gam (2, b), with density
fs(s) = b%se %1 g.00)(s). Thus, Fz (z) = Fs(Inz) and we want

Inz

= dF _ 4 d
f@=gh@=g [ o

Recall Leibniz rule (see Section 1.A.3.4.3), which statesthat, if 1 = [ f (s, 2) ds,
then

- /h(Z)ade(h() VI rew e
— = —as — = —.
2z o 32 2,05 7 9,9 &

Inour case, f (s,z) = fs(s) = b%s€ (9.0 (s), and
d Inz
fz(2) = d_/ fs(s)ds
2 Jo

- /Omzoaer (b? (Inz) e PN I g ) (In2) % —f(0-0
=b%(Inz)z "1 o) (2),
which agrees with the previous derivation. [ ]
Example 2.15 Example 1.9.7 illustrated via a bivariate transformation that the ratio

of a standard normal r.v. to the square root of an independent chi-square r.v. divided
by its degrees of freedom follows a Student’s ¢ distribution. This is also easily shown

79
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using (2.10). Let Z ~ N (0, 1) independent of C ~ x2 and define X = /C/v with
density

2—v/2+1vv/2

fr () = va_le—(w#)/ 2l 0.00) (%)

from Problem 1.7.5. Then

fr@) = / h x| fz (tx) fx (x)dx = K / e exp [—% (rx)z} wtg ()2 g,
_ 0

o0

= K/ x" exp (— %xz (t2 + v)) dx, (2.17)
0
where K := [27/2+1,¥/2] /[/2rT (v/2) ]. Substituting y = x2, dx/dy = y~Y/2/2,

Jr @) = /Oox %e—(%/z)(wﬁ) dx = K /OO y e_y%(””z)}y—l/z dy

0 2

v — o0 V- 7'l
— _/ y zle ‘2 v+[)dy = g/ y%l_le yZ(U+12) dy
0

K _(vril\[1, ] 0V
_Er( : )[E(v—l-t)] ,

as [y e @x'tdx =T (1) 27" (see the gamma p.d.f.). Simplifying, all the powers of
2 cancel, so that

Nl=

[v +t2]—(v+l)/2: v 2

B(3:3)

r (U-‘rl) vv/Z
VT (v/2)

—(v+1)/2

fr @) = [1+122/v]

NI

s

NI=

i.e, T ~rt(v).
Another way of deriving the  is by using the conditioning result (1.8.40), which
states that, for some event E,

Pr(E):/Pr(E | X =x) fx (x)dx.

ForT =27/X,

d d
fT(t)=F}(t)=EPI'<Z<I,/XU2/U)=E/Pr(Z<tX|X=x)fx(x)dx

d d tx
=E/Pf(z<fx)fx(x)dx=a// 2@z fy (1) dx
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and, substituting,
d o0 tx _ 2
fr®= KE/ / e 3 dz - x""te (UX )/de
0 —00
o0 tx

K/ xvfle_(vxz)/zg / e 27 dz dx

0 dr —00

o0

K/ x“‘le_('”cz)/2 : [e‘%(”‘)zx —e . O] dx

0

_k / T e ()0 g
0

from Leibniz' rule. This is the same integral as in the previous derivation. See also
Problem 2.18. |

Example 2.16 Let Xg ~ N (0, 1) independent of Yo ~ Lap (0, 1). For a known vaue
of ¢, 0 < ¢ <1, define

Z=cXo+1—-0)Yo=X+Y,

where X = cXo~ N (0,¢?) and, with k =1—¢, ¥ = kYo~ Lap (0, k). (Note that
Xo+ Yp is just a scale transformation of Z with ¢ = 1/2.) We will refer to this as
the normal—Laplace convolution distribution, and write Z ~ NormLap (¢). It easily
follows that Z is symmetric about E[Z] =0 and V (Z) = 2+ 2(1 — ¢)°.

Because the tails of the Laplace are heavier than those of the normal, the weighted
sum Z alows for a smooth continuum of tail behaviour (constrained, of course, to lie
between the two extremes offered by the normal and Laplace). This property is useful
when modelling data which exhibit tails which are at least somewhat larger than the
normal — this being a quite likely occurrence in practice, a fact observed already at
the end of the nineteenth century and notoriously prominent in recent times with the
enormous availability and variety of data.!

The exact density of Z for ¢ € (0, 1) is obtained from the convolution formula (2.7)
as

A+ B
c(l—c)2«/2717

0 N2
A=[ exp(_%(ZCY>+1iC>dy (2.18)

1See the book by Kotz, Podgorski and Kozubowski (2001) for a detailed account of the theory and
applications of the Laplace distribution. Several distributions exist besides the NormLap which nest the normal
and Laplace, the most common of which being the generalized exponential, popularized in the book of Box
and Tiao (1973, 1992); see Problem 7.16. Haas, Mittnik and Paolella (2006) demonstrate the value of the
NormLap for modelling financial returns data and show it to be superior to the GED and other distributional
models which nest the normal and Laplace. Chapters / and 9 will examine various other aternatives to the
normal and Laplace distributions which are fatter-tailed and, possibly, skewed.

fz(Z)=f fx @=y) fr ydy =

where
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and

Y 1iz=y\*
B_/o exp(—§< " >—1_C>dy, (2.19)

which would need to be numerically evaluated (see Problem 2.8). Alternatively, note

that A can be written as

2 0 2
Z 1 2cy

A=exp]—-— / exp ——<y2—2zy—1_c>}dy

22| J_o { 2c

N

= ex < /Oex 1(22+2 Atd —+02
= exp 22( ) . p 502 ys + 87— Y, s=z4 7
~ex 72 ox 52 /Oex 1/y—s 2 d
=P 2c2 P 2c2) ) o P 2\ ¢ Y
= ex -2 Vore o (=1
= &P 2c2 ¢ (_E)’
where @ (x) is the standard normal c.d.f. at x. Similarly, with ® (x) =1 — ® (x),
2_ 2 . 2
B =exp u 2mwc @ —g , d=z7-— ¢ )
2c2 c 1-c¢

so that f can be written as

1 52— 72 s d>—?V—( d
fz(z)zm<exr){?}d><—z>+exp{ 502 }@(—;)) (2.20)

As function & is efficiently implemented in computing platforms, (2.20) is essentialy
closed-form and can be evaluated extremely fast over agrid of ordinates (particularly so
when using the ‘vectorized' capabilities of Matlab and related software). It isimportant,
however, that ® (x) = 1 — & (x) be calculated as ® (—x) for large x (Problem 2.8).

Plots of fz for ¢ =0.1,0.3,0.5,0.7, and 0.9 are shown in Figure 2.5(a) using a
log scale to help distinguish them. As ¢ moves from 0 to 1 (from Laplace to normal),
the log p.d.f. varies from a triangle to a parabola. The different tail behaviour is made
clear in Figure 2.5(b).

Findlly, the c.d.f. of Z can be expressed as

P =0 (%) + o032l [eo(-2-r)—eo (F-r)]. 2

c C

wheres = z/(1 —¢) and r = ¢/(1 — ¢); and the raw moments are given by

m/2 1
E[Z"] = (1—¢)"m!y il
i=0

}’2 i
. (5) , (2.22)



2.2 Exact integral expressions
10° . . . . . . . 5><10*3
T X
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Figure 2.5 (@) The p.d.f. of the convolution of independent normal and Laplace random variables
using c = 0.1,0.3,0.5,0.7, and 0.9, plotted on alog scale. (b) The same p.d.f.s shown in a segment
of the right tail; the top line corresponds to ¢ = 0.1 (90% Laplace, 10% normal), the next line
from the top corresponds to ¢ = 0.3, etc.

as derived in Problem 2.8. For example, from (2.22), the kurtosis of Z is given by

4 3 c

—=3+——, r= , 2.23

15 1+7r24 Zrt 1-c (223)
which is larger than three (the kurtosis of the normal) for ¢ < 1. |

Example 2.17 (Example 1.8.18 cont.) Let X, Y e N (0, 1) and again consider the
distribution of ratio R = X/Y. From the first equation in (2.10),

fr(r) = %/_Z';—Jexp{—% (x2+<§)2)}dx

1 [ 1(x?
“maly rerl5 (%))

2

where k = r2/ (1+r2) and, with u = % (%), x = +/2ku, dx =k(2ku)_1/2 du,
00 1 2 00
/xexp (X dx:k/ exp{—u} du =k,
0 2\ k 0
so that
NS S
Jr@r o2 g l4?

i.e, R is aCauchy random variable. An aternative way of resolving the integral can
be seen as follows. For S ~ N (0, k) and Z ~ N (0, 1),

83



84

Sums and other functions of several random variables

el (-2 a ) oo ()]
V2rVk
2

E|S],
where E|S| = E ‘«/EZ) = Vk+/2/7 from Example 1.7.3, so that

1 V2nvk k 1 1
fR<r>=mJ_2f¢% 2/m =

7r2 g l4r2

as before. [ |

Example 2.18 (Example 2.17 cont.) From the symmetry of the problem, it should be
clear that R and R’ = Y/ X have the same distribution. This will not be the case in
the more general situation in which X = (X1 X2)' ~ N ((4}), ). The derivation of
the density of R or R’ is straightforward but somewhat tedious; see Hinkley (1969),
Greenberg and Webster (1983, pp. 325—328) and the references therein. Consider the
special case for which ¥ =1, and R’ = X»/X1. Problem 2./ shows that the density
fr(r)is

exp(bz/az_ C> % (SE (1— 20 <—%>> +2a texp (—g)) (224

where a = 1+72, b = pug +rpa, ¢ = u2 + p3 and @ is the standard normal c.d.f.
Figure 2.6 shows the density for u; = 0.1 and u, = 2. If desired, the c.d.f. could be
numerically computed as F (r) = /_’OO fr (¥)dr. |
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0.12

0.1¢

0.08 -

0.06 -

0.04 -

0.02 +
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-20 -15 -10 -5 0 5 10 15 20

Figure 2.6 Density of X»/X1, where X ~ N ([0.1, 2]', I5)



2.3 Approximating the mean and variance

In the previous examples, the integrals were analytically resolved; this will, unfortu-
nately, not be the case for many cases of interest, so that numerical integration methods
will be necessary.

Example 219 Let Z ~ N(0,02) and G ~ Gam (a, ¢) be independent random vari-
ables and foam (g;a,¢) = cT (a) L e g* g o (g)- Therv. S = Z + G arisesin
the econometric analysis of frontier functions (see Greene, 1990). From the convolution
formula (2.7) and their independence,

fs (s)=/ fz.c(s—g, 8 dg

c? © l/s—g 2 1
_ = —cg}g®tdg, (225
UMF(a)/() eXIO{ 2( > )}eXIO{ cghg’ Tdg, (225

which needs to be evaluated numerically at each s. The inversion methods in
Sections 1.2.5 and 1.3 can straightforwardly be applied to the c.f. of S,

@s (t; 0,a,¢) =@ (t; a,c) gz (t; o)

_ ¢ ¢ _} 2.2
= () eo(-z)

from (2.3). Figure 2.7 plots (2.25) for a =4 and three different values of o; in
Figure 2.7(a) ¢ = 1, while in Figure 2.7(b) ¢ = 3. |

0.25 T T T T T T T T T 0.7

0.2}

0.15 |

0.1Ff

0.05 |

(b)

Figure 2.7 Convolution of independent normal and gamma random variables: density (2.25) for
@a=4,c=1,(b)a=4c=3witho =0.25 (solid), 1 (dashed) and 2 (dotted)

2.3 Approximating the mean and variance

Let g (X) := g (x1,x2) be a bivariate continuous function which is defined on an
open neighbourhood of x° = (x?, x9) € R? and whose first and second derivatives
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86 Sums and other functions of several random variables

exist. For convenience, let ¢; (X) = (9g/dx;) (X), §i; (X) = (3%g/dx;0x;) (x) and A; =
(x, - X; ) =12
From (I.A.153), the two-term Taylor series approximation for g (X) is given by

g 0~ g (x°) + Arg1 (x°) + Azgz (x°)

1
S %62 (x°) + ArA2é12 (X0) . (2.26)

1,.
+§A§gu (x°) + 5

Now let X = (X1, X») beabivariater.v. with mean x° = (ux,, ux,). Taking expec-
tations of g (X) gives

E[Aigi (<°)]
E [Aizgii (XO)]
E[AiA;8; (x°)]

or

& ()E[(Xi —ux)] =0 i=12
G (OB [(X; — )] = () V(x0, i=12

E
g () E[(X; = x,) (X; — nx;)] = &5 (x°) Cov (X3, X)),

1 1
E[g 00] ~ g (x) + S11 () V (X0) + S22 (<) V (X2) 2.27)
+ 812 (x%) Cov (X1, X2) .

We refer to (2.27) as the second-order Taylor series approximation of E [g (X)].
AsE[A;g; (x°)] = 0, the first-order approximation just uses the zero-order term, i.e.,
g (x°). For example, let Y be a univariate random variable. While E[1/Y] # 1/E[Y],
we see that it is a zero-order approximation; the second-order term is given below in
(2.34).

To approximate the variance, use of only the zero-order term in (2.27) gives

VigX) =E[(s00 ~E[g 0]’] ~E[(s0 -2 ()°]. @29

From (2.26), g (X) ~ g (x°) + A1g1 (X°) + Azg2 (X°) is the first-order approximation,
and applying this to the r.h.s. of (2.28) gives

E[(g X) - g(XO))Z] ~ E[(A 1(x%) + A2 (X)) 2]

=7 (XO)E[AT] + &2 (X°) E[AZ] + 281 (X°) g2 (xX°) E[A1A2]

V(g () ~ gF (X°) V (Xp) + &3 (<) V (X2) (2.29)
+2¢1 (X°) &2 (x°) Cov (X1, X2) .

Because the approximation for E [g (X)] in (2.27) makes use of the second-order
termsin the Taylor series, we would expect it to be more accurate than the approximate
expression for V (g (X)), which uses only first-order terms.
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The approximations (2.27) and (2.29) are easily extended to the more gen-
eral case with X := (X41,..., X,); the reader should verify that, with x° = E[X] =
(Mxl, cees Mxn).

E[g ()] ~ Zg” V(X>+Z Z gij () Cov (X;, X;)
i=1j=i+1
(2.30)
and
V<g<X)>~Zg, V<X>+ZZ Z g ( x°) Cov (X;, X;). | (2:31)
i=1 j=i+1

Perhaps the most prominent application of the above approximationsisfor g (x, y) =
x/y. With

-1 -2

g1(x,y)=y gu(x,y)=0 gro(x,y)=—
$2(x,y) = —xy 2 g2 (x,y) = 2xy~3

and letting 02 = V (X), 02 = V (Y) and ox,y = Cov (X, ¥), (2.27) and (2.29) reduce
to

E [ﬂ ~ BX <1+ o ox ) (2.32)

MKy MY 155'¢52%

and V(X/Y) ~ Ay 0x+ﬂxlfby UY ZMXI/LY Ox,y, Or

X 2 /52 2 )
v (_) ~ (M_X) ("_>2f Lo “Xfy) , (2.33)
Y Ky Wy My KxMKy

From (2.32) and (2.33), it is easy to derive moment approximations of 1/Y by
setting uxy = 1 and 0)2( =0, i.e, X is the degenerate rv. X =1 and oxy =0. In

particular,
1 1 2 1
E[—} ~—+2 and V(—) ~
Y Hy ny Y

Another popular application is with g (x, y) = xy, in which case

(2.34)

":;-b | "<q|\.)

E[XY]~ uxuy +oxy and V(XY)~ uios+ uiof +2uypuxoxy. | (2.35)
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In stark comparison to the ratio case above, exact results are easy to obtain for the
product, the trick being to use the identity

XY =pxpy + (X —pux) py + (¥ —puy) px + (X — pux) (Y — py) .
Taking expected values of these terms, it follows immediately that
E[XY] = uxpy +Cov(X,Y).

For the variance, define for convenience c;; := E[ (X — ux)' (Y — py)’ |, so that,
after a bit of simplifying,

V(XY) = u302 + n%0f + 2uxpy c11 — ¢4 + 22 + 2pycar + 2uxciz,

provided, of course, that V (XY) exists. Thus, in (2.35), the approximation to the
expected value is exact, while the approximate variance is missing several higher-order
terms. As a special case, if uxy = uy =0, then

V(XY) = o — ¢§y = E[X?Y?] — (E[XY])?.

If X and Y are independent, then c11 = cip =cop =0 and ¢ =V (X)V(Y), s0
that

X1Y = E[XY]=uxuy, V(XY) = ui02 + uiof +oi0?. (2.36)

This implies further that, if X and ¥ have the same mean . and same variance o2,
then

E[XY] =% and V(XY)=02(2u%+0?). (2.37)

© Example 220 LetC ~ y?andY = kY2C~Y2.ThenE[Y?] =kE[C~ ] =k/ (k — 2)
from (1.7.44). Now, with X ~ N (0, 1) independent of C, we know from Example 1.9.7
that

T =— =XY
C/k

is Student’s ¢ with k degrees of freedom. From (2.36) with uy = 0 and 07 = 1, we
seethat E[T] = 0 and

V(T) =V (XY) = uy +0+0y =E[r’] = .—,

showing (1.7.46). |

© Example221 LetX,Y N (e, 02) represent (or approximate) the lengths of pieces
of plywood cut by an employee at a hardware store. Let A = XY be the area of the



2.3 Approximating the mean and variance

rectangle constructed by joining the two piecesat right angles. ComputeE[A] and V (A).
Compare these to the mean and variance of W = X?.

From (1.7.67), E[W] = 02 + 2 and V(W) = 202 (2u? + 0'?), while from (2.37),
E[A] = u? and V (A) = 02 (2u? + 0?), i.e, themeans are close if o2 is small relative
to u, but the variances differ by a factor of 2.2 [ |

The next example gives us a good reason to consider the general expressions (2.30)
and (2.31), and shows an exception to the genera rule that the expectation of a ratio
is not the ratio of expectations.

Example 2.22 Let X; be i.i.d. r.v.s with finite mean, and define S := >}, X; and
R :=X;/S,i=1,...,n. It follows that

1=i:Ri ZE[Xn:R,] ZHE[R]_],

i=1 i=1

i.e, E[R;] =n~L. Note that, if the X; are positive r.v.s (or negative r.v.s), then 0 <
R; < 1, and the expectation exists. Now let the X; be i.i.d. positive r.v.s, and let A;,
i=1...,n, beaset of known constants. The expectation of

DY DY (R
R := =iz = => LR
> ic1 Xi S P

E[R] = Xn:AiE[R[] =nt Xn:,\i = A
i=1 i=1

A very useful special caseis when X; e Xf, which arises in the study of ratios of
quadratic forms. From (1.7.42), E[X;] = 1, so that

Dicihi _ E [Z?:l Ai Xi]
n E [Z:‘l:l Xi] ’
i.e., the expectation of the ratio R is, exceptionally, the ratio of expectations!

Consider the approximations (2.30) and (2.31) applied to g(X) = R, with X; g xZ.
It is easy to verify that

E[R] =

(er'lzl }‘ixi) — Shi
S3 ’

SA; — Z?:]_ A;x,-

g (X) = — 52 . & (X)) =2

2|t is important to realize that A and W have different distributions, even though X and Y arei.i.d. This
distinction was, for example, overlooked in a recent textbook, and was caught by a reviewer of that book,
Faddy (2002), who (along with an otherwise positive review) said the mistake ‘can only be described as a
howler’.
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which (noting that S evaluated at xo = (1, ..., 1) isn) yield g; (Xo) = (A; —1)/n and
Bii (Xo) = 2(& — A;)/n?. Thus, (2.30) with V (X;) = 2 gives

IE[R]%X+”—122(X—A,-):X:]E[R],
=1

showing that (2.30) in this case is exact. For the variance, (2.31) gives V (R) ~
207230 (hi — X)Z. This turns out to be quite close to the exact value, which just
replaces n? by n (n + 2) in the expression, as will be verified in a later chapter on
quadratic forms. [

Complementing the preceding example, if R = U/V, where U (X) and V (X) are
univariatefunctionsof rv.s Xy, ..., X,,thenCov (R, V) =0« E[R] = E[U] /E[V].
Thisfollows simply because

Cov (R, V) =E[RV] — E[R]E[V] = E[U] — E[R] E[V],

as noted by Heijmans (1999). Thiswould rule out theindependenceof U and V: if U and
V are independent with E[U] # 0 and Pr[V > 0] = 1, then E[U/V] = E[U]E[V 1],
and Jensen’s inequality, in particular Example 1.4.27, implies that E[V Y] > 1/E[V],
assuming the expectations exist.

2.4 Problems

When you make the finding yourself — even if you're the last person on Earth to
see the light — you'll never forget it. (Carl Sagan)

The scholar who cherishes the love of comfort is not fit to be deemed a scholar.
(Confucius)

21 Let X; ¥ N (0, 1).

(a) Give the distribution of R = X1/ X>.

(b) Give the distribution of S = R2.

(c) Give the distribution of £ = s(>_7_; X;) + c.
(d) Give the distribution of Z = s(3"7_; X?) +c.
(e) Give the distribution of M = X1/|X>|.

(f) Give the distribution of Y = |M].

(9) Give the distribution of Q = X2/ 3", X2.



2.2.

2.3.

24.

2.5,

2.6.

2.4 Problems

(hy LeeU =>", X2, D=3"  .X?and Z = U/D. Givethedistribution of

n—m Z
Z and B=-——.

G =
1+27

* Let X and S,f be the sample mean and variance of X; g N(@©,1),i =
1,...,n.

(a) Give the distribution of X~ and the p.df. of (n — 1)52.
(b) Give the distribution of A = nX~/S2.
(c) Give the distribution of

_ (n—-D7'A
14+ (m—-DAT
(d) Show that
n N2
V= 7(22"7,1 X;()Z . (2.38)
N2 i=14
(e) Give the distribution of
n N2
H=nV = 7(2";1)(’) .
Yy XF

(f) Make a plot comparing fy to akernel density estimate (see Section 1.7.4.2)
obtained by simulating H using, say, n = 5 and so confirm that fy is correct.
More interestingly, also smulate H but using Cauchy and Student’s ¢ data
with 1 and 2 degrees of freedom instead, and overlay their kernel densities
onto the plot.

% Recall Example 2.9.

(a) Algebraically prove that S is symmetric.

(b) Construct a computer program which computes the p.d.f. and c.d.f. of S.
Plot the p.d.f. and c.d.f. of S = X; + X» + X3, where X1 ~ Unif(-3, 2),
X, ~ Unif(0, 6) and X3 ~ Unif(8, 9) (and they are independent).

% Let S = X/+/3, where X ~ ¢ (3). Compute the density of S viatransformation
and also by analyticaly inverting its c.f., whichis ¢g(t) = (1+1)e™".

% Derive (2.10).
% Derive (2.11) both analytically and using agraph similar to thosein Figure 2.3.

Use this to compute fz and E [R'] for the density fy y in Example 1.11. Then
compute the density of X/Y and its expected value and variance.
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92 Sums and other functions of several random variables

2.7.

2.8.

2.9.

2.10.

2.11.

% % Derive (2.24).

Recall Example 2.16 on the normal —Laplace distribution, i.e., the convolution
of a normal and a Laplace random variable.

(@) % Show why @ (x) = 1 — ® (x) needsto be replaced by ® (—x) for large x.

(b) % Examine what happens to the terms in (2.20) as ¢ — 1. As a particular
case, take ¢ = 0.975 and x = 1, for which (2.20) can no longer be used for
calculation with software using double precision arithmetic.

(c) % One way to avoid this numerical problem is to numerically integrate the
expressionsin (2.18) and (2.19). Construct a program to do this as efficiently
as possible.

(d) % ¥ Derive (2.21) and (2.22).

* LetX; " Par | (b, xo) where fia| (x: b, x0) = b~ VT, ) (x)and s, =
Yo qInX;.

(a) Derive the distribution of S; = InX3.

(b) Using (2.9), derive f7 (z), where Z = X1 X>.

(c) From this, derive fs, (s), where S, =InZ.

(d) Derive the distribution of S3 and guess that of S,,.

(e) Finally, derive the distribution of Z, = []i_; X;.

* Let X, v "% unif 0, 1).
(@) Compute f7 (z), where Z := X — Y.

(b) Compute fy (w), where W :=|Z| = |X — Y|. Towhich family does fy (w)
belong?

(c) Compute f4 (a), where A = (X +7Y) /2.

* % Let X; " Unif (0, 1) and S, = 37, X;. The p.df. of S, is given by

n

— k"t k
fs, () = ZO (Z) (=D* (s ()n — 1)(,S = ), (2.39)
k=

which is most easily determined using a Laplace transform (see Feller, 1971,
p. 436; Resnick, 1992; Kao, 1996, pp. 33—34; Lange, 2003, pp. 33—34).° For
n =1, this reduces to

[ () =I>=0-I(>1)=I0<s<1),

3 Note that Feller’s equation (3.2) contains a mistake. And yes, the relevant page numbers from Kao (1996)
and Lange (2003) do coincide!



2.12.

2.4 Problems

while for n = 2,
2 0 2 1
Ssp (s) = 0 D" —-0I¢s=>0+ 1 D (s -DIs =1

+(§) (12 (s —2)1(s = 2)

=sl(s>0)—-2G6—-DIG=>D+6—-—21(s>2)

s, if 0<s <1,
={ s—2(s—1), if 1<x<2,
s—2(0 -1+ (-2, Iif s =2.
I if 0<s <1,
Tl 2—s, if 1<x<2,

which is a kind of symmetric triangular distribution; see Problem 2 12 below.
(a) Show that (2.39) for n = 3 reduces to

2
) Ii2,3) (s) .

(2.40)

1 3 s
frs ) = 3501 () + (3s _ 2o 5) Tia) (s) +

(b) Derive (2.40) directly by convoluting fs, and fx,.
(c) Compute f4, where A = S3/3.

(d) Program (2.39) and, for several values of n, plot the location—scale transform
of S, such that it has mean zero and variance one. Compare the density
(via overlaid plots and the RPE) to the standard normal density. It appears
that, for n > 12, they coincide considerably. Indeed, the standardized sum
of independent uniform r.v.s was used in the ‘old days as a cheap way
of generating normal r.v.s. Explain why, for any n, the approximation will
break down in the tails.

% % Consider the so-called symmetric triangular distribution, which we will
denote as Symitri (a, b), and is given by the isosceles triangle with base on the
x axis extending from a to b, with midpoint a ¢ = (a + b) /2.

(@) What is i, the value of fx (x) at the mode of the distribution?
(b) Show that

_ h2(x —a), if a<x<ec,
fX(x)_{h—hz(x—c), if c<x<b.

(c) Derive Fyx (x), the c.d.f. of X in terms of x, a and b. Hint: Perhaps one
integral is enough.

(d) Writethedensity fy (y) usingonly oneexpression, whereY ~ Symitri (—d, d).
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2.13.

2.14.

2.15.

2.16.

(e) Cdculate V (Y).

(f) Caculate V (X), where X ~ Symitri (a, b).

(@ Let Uy & Unif (k,k +a), i =1,2, and ¥ ~ Symtri (—a,a), k € R, a e
R.o. Show that My(s) = My,—u,)(s), where Mix(s) is the m.g.f. of random

variable X, i.e., the difference between two i.i.d. uniform r.v.sis symmetric
triangular distributed. Hint: Recall that M(_y)(s) = My(—s).

(h) If X; g Symtri (a,b), i =1,...,n, and Y = max (X;), give the formula
for Pr(Y < y) and evaluate for Pr (Y < “2). Hint: See equation (6.4) for
the c.d.f. of the maximum of independent random variables.

* Let S =YV, X; where N is a geometric random variable with parameter p,
independent of X; BN exp (A).

(a) Derive the m.g.f., density and expected value of S.

(b) Derive E[S] directly using iterated expectations.

* Let fxy (x,y) = fxy &, yia,b) = cx“yLo1) (x) Lo (y) for known a,
b>0.

(a) Cdculate c.

(b) Compute the marginas fx and fy and their expectations.

(c) Compute the conditionals fx|y and fyx, their expectations and the iterated
expectations.

(d) Compute the density of S = X + Y and specializeto thecasesa=b=1
and a = 2,b=3.

% Assume Yi,...,7Y, L (14, 02) independent of Z ~ (0,0%) and let X; =

Yi+Z,i=1...,n

(a) Compare E [X,,] with E[X1].

(b) Compare V (X,,) with V (X1) /n.

(c) Compare E [S2 (X)] with V (X1).

From the joint density

xX+y

1
fxy(x,y) = Wxa_l exp <—T) L0,00) () L(0,00) (¥)

with parameters a, b € R. o, show that the p.d.f. of R = X/Y is

a—1

fr(r) = Lo,00) (r) .

(r+ 1t

(Rohatgi, 1984, p. 472 (14))
Some properties of this density were examined in Example 1.7.2.
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2.17. Let S? be the sample variance of an i.i.d. norma sample. Compare the exact
value of E [S~2] to the approximation of it based on (2.34).

218. % Let (X,Y) ~Ny©,%), = = [},g] define U = X, V = Y/(X2/)1/2 =
Y/1X|. If p =0, then, from Example 2.15, V ~ r1. Derive the p.d.f. of V for
0<p <1, and show that V ~ 1, iff p =0, i.e, that it is aso necessary that,
in the ratio which constructs a Student’s ¢ r.v., the r.v.s in the numerator and
denominator (Z and C, respectively, in Example 2.15) are independent in the
case of one degree of freedom. As mentioned in Chen and Adatia (1997), it can

be shown that this is true in the general case of n degrees of freedom, n € N.

2.19. % The digamma function is given by

Oo[e—_t— e }dt (2.41)

d
w<s)=$lnr(s>=/ T ioe

0

(Andrews, Askey and Roy, 1999, p. 26) with higher-order derivatives denoted

as
v 0 =3 o= 3" ar s = 1y / Ty
©dsn dgntl B o l—et ™’

n=12, ..., dso known as the polygamma function. Numeric methods exist

for their evaluation; see Abramowitz and Stegun (1972, Section 6.3). Mat-
lab version 7 includes a function, psi, to compute ¥ (s), and to call the
Maple engine from Matlab version 7 (via the Symbolic Math Toolbox), use
mfun(’Psi’,n,x).

A result of genera interest (and required when we compute the variance of a
Gumbel r.v.) is that

, © ot 7T2
v (1>—fO S a=T (2.42)
see Andrews, Askey and Roy (1999, p. 51 and 55) for proof.

As convenient numeric methods were not always available for the computation
of the polygamma function, it is of interest to know how one could compute them.
We need only consider s € [1, 2], because, for s outside [1, 2], the recursion
(Abramowitz and Stegun, 1972, egs 6.3.5 and 6.4.6)

v (s +1) =y (s) + (=1 nls~ "D (2.43)

can be used.
This method, when applicable, is also of value for computing functions for
which canned numeric procedures are not available. We consider truncating the
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expansions
> 1
= — -1 S
Y (s) ==y + (s )Zk(kJrs—l)

k=1

s#0,-1,-2, ... (2.44)

Yy () = D" Y s+ Y, s#£0,-1,-2.., n=12..
k=0
(2.45)

(Abramowitz and Stegun, 1972, egs 6.3.16 and 6.4.10), where y is Euler’s con-

stant, and then approximating the tail sum by its continuity corrected integral,
e.g., for (2.45),

N

o dr
™ (5) ~ (=11 p! +k_”_1+/ — |
YO () > (—1"*1n L}zoﬁ s +k) G H)m}

Thisyields, for 1 < s < 2,

Ny 1 B
(n) ~ (—1)1t1 -n—-1_ = 1\
Y™ (s) ~ (-1 [m} CHOT T~ (s+No+3) | nzl

k=0
(2.46)
For (2.44), we get
No
_ _ No+s —0.5
A — —1 klhk+s - T4+In|—————=|. (247
V() A —y + (s ); (k+s )+n‘ No+0.5’ (2.47)

Derive (2.46) and (2.47).



3

The multivariate normal
distribution

Generally, a meaningful multivariate distribution is produced by extending some
special features of a univariate probabilistic model. However, there are several
potential multivariate extensions of a given univariate distribution, due to the
impossibility of obtaining a standard set of criteria that can aways be applied
to produce a unique distribution which could unequivocally be called the muilti-
variate version.

The well-known exception is the multivariate normal.

(Papageorgiou, 1997)

This chapter serves to introduce one of the most important multivariate distri-
butions. Section 3.1 is concerned with the first two moments of vectors of random
variables in general. Then, Section 3.2 introduces the multivariate normal and states
its main properties without proof. These are developed in subsequent sections, along
with other useful aspects of the multivariate normal. Section 3.8 is a review of matrix
algebra.

3.1 Vector expectation and variance

Let X =(X1,...,X,) be an rv. such tha E[X,]=p;, V(X;)=0? and
Cov (X, X;) =o0;;. Then, for function g:R"— R™ expressible as g(X)=
(g1(X), ..., gm (X)), the expected value of vector g (X) is defined by

E[gX)] = (E[g2X)],....E[gn X)]) .

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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with the most prominent case being the elementwise identity function, i.e.,
gxX) = (g1 (X), ..., 8 X)) = (X1, ..., Xp) =X,

so that

EX]:=E[(X1,.... X»)] = (1. ..., ), (3.1

usually denoted my or just w. Although one could analogously define the vector of
variances as, say, d (X) = (2, ..., g2), it is more common to denote by V (X) the
matrix of covariances,

012 012 -+ O
, 0'21 0—22 e O'Zn

VX)) =E[X—m) X=p)=| .~ 7 |, (32)
Onl Op2 - O'nz

which is symmetric and often designated by Xx or just . Note that a particular
element of X is given by

oi; = E[(Xi — i) (X; — 1j)]- (33

© Example 3.1 In Example 1.6.7, the mean, variance, and covariance corresponding to
the elements of amultinomia r.v., X = (X, ..., X;) ~ Multinom (n, p),p = (p1, ...,
pi), were shown to be E[X;] = np;, V(X;) = npiq;, and Cov (X;, X;) = —np;p;,
where ¢; = 1 — p;. Thus, E[X] = np’ and

piqr  —pip2 -+ —P1pPk
—p2p1 p2q2 -+ —Pp2Pk
VX)=n . . -
—PkP1 —PkP2 - Pr4k
from (3.1) and (3.2), respectively. ]

From (3.2), the vector of variances d is seen to be diag (¥). For any matrix A €
R™*" and vector b € R™, it follows from the properties of univariate expected value
that E[AX + b] = Auy + b, while

V(AX +b) = E[((AX +b) — (Apx + b)) (AX + b) — (Apx + b))’]
=E[(AX = px) (AX—px)]
=AV(X) A/,



3.1 Vector expectation and variance

i.e,
V (AX +b) = AZA’. (3.4)
Animportant special caseism = 1;if a= (a1, ap, ..., a,)’ € R" isacolumn vector,
then
V(aX) =aza= ial?v (X)+ Y>> aia; Cov(X;. X;). (3.5)
i=1 i#]

asgivenin (1.6.4). From (3.5), we easily verify that ¥ = V (X) is positive semi-definite.
Let Y, = aX for any vector a € R” and note that

0< V(Y =V(aX)=aVXa
If 0 < V (Yy) for al nonzero a, i.e,ae R"\ O, then ¥ > O, i.e, is positive definite.

Asin the univariate case, it also makes sense to speak of the covariance of two r.v.s
X=(X1,...,X,) and¥Y = (Y1,...,Y,), given by

0X1.Y1 OX1.Y, ~°° OXi.¥u
OX2. Y1 OX2.Y2 " OXp¥y
. . /
Ixy i =Cov (X, Y):=E[(X = px) (Y —py) ] = . . o ,
GXnaYl GXnaYZ e UXn,Kn

an n x m matrix with (i, j)th element ox, y, = Cov (X;,Y;). From symmetry, Cov
(X,Y) =Cov (Y, X). More generaly,

Cov(AX,BY) =E[A (X — uy) (Y — py)' B = AZx yB’,

with important special case

n n

Cov (a’X, b/Y) = Cov Za,’X,‘, ijYj = a’Ex,yb = ZZaibj Cov (Xi, Yj)
i=1 j=1 i=1 j=1
(36)

for vectorsa = (a1, az, ..., a,) € R" andb = (b1, b, ..., b,) € R™, asin(1.6.5). One
could also expressthe variance of the weighted sum of multivariater.v.s, V( Zf.‘zl Aixi),
in terms of weighted covariances of the X;. For two r.v.s, thisis

V(AX +BY +b) =AV(X)A"+ BV (Y)B'+ ACov (X, Y)B +BCov (Y, X)A',

assuming, of course, that the sizes of AX, BY and b are the same.

99



100 The multivariate normal distribution

3.2 Basic properties of the multivariate normal

The joint density of vector Z = (Z1, ... Z,)’, where Z; g N (0, 1) is

n 1 n ,
f2@ =[]tz @)= @r)"exp {—5 Zz?} = (2r)"?e?? (37)
i=1

i=1

and is referred to as the standard (n-variate) multivariate normal and denoted Z ~
N (0, 1,). As the components of Z arei.i.d., it foIIows_ that E[Z] = 0 and, recalling
(33) and (1.5.20), V (Z) = 1,,. If instead, X1, .... X, "® N (u;, 02), then their joint
density is

T P 1 xi— i)

fx(X)—ng(xl’““Oi)_go—i\/ﬂe)(p{ 2( oi )}
1 1 =i\

exp{—EZ(x M) } (38)

© Example 3.2 (Example 1.8.3 cont.) Recalling Example 1.8.3, we see that normality
of the two marginals does not imply joint normality. In fact, as in Pierce and Dykstra
(1969), extending that density to the n-variate case as

1 ol iy T oxp | 122
fx(x)_(zn)n/zexp{ ngi}[lJrn(x,exp{ S })}

i=1

a similar calculation shows that the joint density of then —1rv.sY; = {X\ X;} is
Fr; (V7)) = [T fx ) dxj = Iy + I, where I = 0 and

1 14,

i#]

showing that Y; ~ N,_1 (0, 1), the joint density of » — 1 independent N (0, 1) r.v.s.
This implies that any k-size subset of X has a N, (O, 1) distribution, i.e., all 2" —2
marginals are normally distributed. [ |

Thejoint density (3.8) is till restricted to having independent components. Far more
generdly, Y is an (n-variate) multivariate normal r.v. if its density is given by

1 1
A% (Y)=W@(p{—é((y—ﬂ)/z_l(y—ﬂ))}, (3.9




3.2 Basic properties of the multivariate normal

21

-3 . s s . . 4
@ (b)

Figure 3.1 (a) Contour plot of the bivariate normal density (3.9) with uy = 1 = 0,02 =02 =1
and 012 = 0.6. (b) Scatterplot of 1000 simulated values from that distribution

denoted Y ~ N (i, ), where u = (i1, ..., ) € R* and £ > 0 with (i, j)th ele-
ment o, 0? = 0;;. If the number of components needs to be emphasized, we write

1

Y ~ N, (u, X). The form of (3.9) will be justified in Section 3.3 below.

Example 3.3 The standard bivariate normal distribution has density (3.9), n = 2,
p1 = pz = 0,and o = 02 = 1, with 012 such that X is positive definite, or |o12| < 1.
Figure 3.1(a) illustrates (3.9) for o012 = 0.6 with a contour plot of the density, while
Figure 3.1(b) shows a scatterplot of 1000 simulated values of Y using the method
of simulation discussed below in Section 3.4. The contour plot can be compared to
Figure 1.8.3, which shows a similar, but nonnormal, bivariate density.

Sungur (1990) derived the simple first-order approximation to the standard bivariate
normal p.d.f.

Ty (x, y) 2 ¢ (x)p(y) (1 + o12xy), (3.10)

where ¢ is the univariate standard norma p.d.f. It is clearly exact when X and Y
are independent (012 = 0), and worsens as the absolute correlation between X and
Y increases. Figure 3.2(a) shows approximation (3.10) for o012 = 0.6, which can be
compared with the exact density in Figure 3.1. Figure 3.2(b) uses o012, = —0.2, and
shows that the approximation is reasonable for small |o72]. |

Important facts involving the multivariate normal distribution (3.9) are:

1. The first two moments are

E[Y]=p and V(Y)=%

and parameters u and ¥ completely determine, or characterize, the distribution.
Thus, if X and Y are both multivariate normal with the same mean and variance,
then they have the same distribution.

101



102 The multivariate normal distribution

(b)

Figure 3.2 Contour plot of approximation (3.10) to the standard bivariate normal density for (a)
o0 = 0.6 and (b) o1 = —0.2

2. All 2" — 2 marginals are normally distributed with mean and variance given appro-
priately from u and . For example, Y; ~ N (,u,», al.z) and, for i # j,

o) s %))
~N , ! .
( Y; ) ([ I oij 0F
3. An important specia case is the bivariate normal,
Y; w1 ol p0102
~N , 1 , 311
() -w(l ) [ 7)) om

where, recalling (1.5.26), Corr (Y1, Y2) = p, as shown in Problem 3.9. The density
in the bivariate case is not too unsightly without matrices:

Q

X% —2p%y + y?
N=Kexp{-—-~——"- - 3.12
fYLYZ(X y) p{ 2(1—,02) ( )
where
1 . X — g YT M2
K = 72 X = ) y= .
2m o107 (1 — pz) 01 02

The marginal distributions are ¥; ~ N (w;, 0?), i = 1, 2.

4. 1f Y; and Y; are jointly normally distributed, then they are independent iff Cov
(Yi, Yj) = 0. (This will be proven below.) For the bivariate normal above, Y1 and
Y, are independent iff p = 0. For the general multivariate case, this extends to
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nonoverlapping subsets, say Y; and Y ;, where I is an indexing set:!

Y, LY, iff Cov(Y;,Y)) =:%;;,=0.

Remark: It is essential to emphasize that this result assumes that Y, and Y ;)
are jointly normally distributed. It is not necessarily true that univariate normal
r.v.s whose correlation is zero are independent. To take an example from Melnick
and Tenenbein (1982), let X ~N(0,1) and set Y = X if |X|<c,and Y =—-X
otherwise, where ¢ is such that E[XY] = 0. This leads to the equation

@(c) = Z +cp (o),

the solution of which is 1.53817225445505 to machine precision found using the
Matlab code

a=optimset (’tolx’,le-12); format long
fzero(inline('normecdf(c)-0.75 - c*normpdf(c)’),[1.5 1.6],a)

From symmetry, Y ~ N(O, 1). Clearly, X and Y are not jointly normally distributed,
but they are uncorrelated! Figure 3.3 shows a scatterplot of 200 simulated (X, Y)
points, confirming their massive nonlinear dependence structure, while simulating
1 million pairs and computing their sample covariance yields a value under 1/1000.
Other examples of uncorrelated marginally normal r.v.s such that the joint distribu-
tion is not bivariate normal are given in Kowalski (1973). |

1+

-3 . I . I . )
-3 -2 -1 0 1 2 3

Figure 3.3 Scatterplot of marginally normal but not bivariate normal r.v.s

5. For nonoverlapping subsets Y, and Y(;, of Y, the conditional distribution of
Y | Y is aso normally distributed. The general case is given in (3.22) below;

1Thatis, I = {i1, ..., iy, 1<k<n,ijeN,={1,2,....,n}forj=1,..., k, such that iy # iy, for £ #
m,and J =N, \ I.
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in the bivariate normal case, the conditionals are

Yi| Yo~ N<M1+,00102_1(y2—/t2), 012(1—,02)),

(3.13)
Yo| Y1 ~N (Mz + ,00'201_1(y1 — 1), o (1- :02)) .

6. Let a € R"\ 0 be column vector. The linear combination L = aY ="/ ; a;Y; is
normally distributed with mean E[L] = >"_; a;u; = &p and variance V (L) from
(3.5). More generdly, with A € R™*" a full rank matrix with m < n, the set of
linear combinations

L= (L1, ...,Ly) =AY ~N(An,AZA), (3.14)

using (3.4).
® Example3.4 LetX; SN (0,1),i =1, 2, and consider the joint density of their sum
and difference, Y = (S, D), where S = X1 + X, and D = X1 — Xp. Let A= (1 1)
and X = (X1, X2) ~ N(0, I,), sothat Y = AX. From property 6 above, it follows that
Y ~N (AO,AIA’) orY ~N(,2l5),ie,S~N(@,2),D~N(,2) and S and D are
independent. |

Remark: There is actually more to the previous example than meets the eye. It can be
shown that the converse holds, namely that, if X; and X, areindependent r.v.s such that
their sum and difference are independent, then X, and X, are normally distributed. The
result characterizes the normal distribution and was first shown by Sergei Natanovich
Bernstein in 1941. See Seneta (1982) for a biography of Bernstein and a list of his
publications. The theorem is also detailed in Bryc (1995, Section 5.1), where other
characterizations of the normal distribution are presented. See also Section 3.7 and
Kotz, Balakrishnan and Johnson (2000, Sections 45.7 and 46.5) for further detail on
characterization of the normal distribution. |

© Example 3.5 The bivariate density
fry (o) = Cexpf{—[x%+ y? + 2xy (x + y +x0)]}, (3.15)

given by Castillo and Galambos (1989) has the interesting (but not unique) property
that both conditional distributions are normal but X, Y are obviously not jointly normal.
The code in Listing 3.1 produces the plots in Figure 3.4. |

® Example3.6 Let X and Y be bivariate normal with w1 =u2=0, o1 =02=1
and correlation coefficient p = 0.5. To evaluate Pr (X > Y + 1), observe that, from
fact 6 above and (1.64), X —Y ~N@0O—-0,1+1-2(0.5)=N(0,1), so that Pr
X>Y+1)=1—®(1) ~0.16. ToevauateCorr (X — Y + 1, X + Y — 2), note that

COV(X—Y+1LX+Y-2=E[X-Y)X+Y)]=E[X’|-E[r?)]=0
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xvec=-6:0.1:6; yvec=xvec;
1x=length(xvec); ly=length(yvec); f=zeros(lx,ly);
for xloop=1l:1x, x=xvec (xloop) ;
for yloop=l:ly, y=yvec(yloop);
f(xloop,yloop)=exp (- (x"2+y"2+2*x*y* (x+ty+x*y)));
end
end
contour (xvec,yvec,f), grid
x1=find (xvec==-1); x2=find (xvec==0); x3=find(xvec==1) ;
figure, plot(yvec,f(x1,:), r-",yvec,f(x2,:), g--",yvec,f(x3,:), b-.")

Program Listing 3.1 Generates the plots in Figure 3.4

0.8

0.6

0.4

0.2

n n 1 1 0 L i
-2 -1 0 1 -6 -4 -2

Figure 3.4 Contour plot of the bivariate density (3.15) (left) and three conditionals (right)

and thus the correlation is zero. From facts 4 and 6, we seethat X +Y and X — Y are
independent. See also Example 2.5 and Problem 1.8.1. ]

Example 3.7 We wish to calculate the density of X; | S, where X; Hd N (M,az),
i=1...,n,and S=>7 X;. Let Ly=X,=aX and L, =)} ; X; =aX for
a=(10,...,00 anday = (1,1, ...,1), so that, from property 6,

1

0

L, N M;1 ’ 1 0 0 |
Lo }:i:1lL 11 -1

(15 = ])

with p = n=%2. From property 5, (X1 | S =) ~ N (s/n, 0% (1—n"1)).

1
1
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A direct approach which uses only the fact that sums of norma are nor-
ma is as follows. We know S~ N (nu,no?) and aso that §|X;=x~

N(x+ (¢ —21)p, (n—1)0?). Letting ¢ (x; u, 0%) denote the N (11, o) density eval-
uated at x, Bayes rule implies that fx,s (x | s) is

Fsixy (5 1 %) fxy (%) _ p(six+m—Dp, (n—102) ¢ (x;p, 02
Ss (s) (,b(s;nu,naz)

T @0 (o O~ G+ = D)) e (— 5k - )

«/273-1102 p( 2"1(-’2 (S I’L[,L)2>
1 1 2
= —m exp (— > ((x —k) )) ,

after some simplification, where v = (n — 1) 6%/n and k = sn~1. Thus, X1 | S ~ N
(k, v) as before. [ ]

While the p.d.f. (3.9) is straightforward to evaluate numericaly, the c.d.f. of the
multivariate normal distribution is, in general, not, but simulation can be effectively
used. This is discussed in Section 3.4 below.

3.3 Density and moment generating function

In addition to using the tools of vector m.g.f.s and their characterizing properties
discussed earlier, this section will require some matrix concepts, such as rank, spectral
decomposition and square root. These are briefly outlined in Section 3.8.

Let Z ~N(0,1,) so that f; (z) = (27) /%€ Z%/2. The m.g.f. of Z is

Mz (t) = E[¢'] = (27)~ ”/2/ exp{t'’z—zz/2} dz
Rn
= ﬁ/"o ieXp{IiZi = }de l_[MZ ) = 2,
i1V 00 V21

Of interest are the m.g.f. and density of the generalized |ocation—scale family Y =
a+BZ,aeR" B e R"" suchthat rank (B) = m < n. Observethat u :=E[Y] = a
and, from (3.4), ¥ := V (Y) = BB’ € R™*™, Furthermore,

My(t) = E[¢"Y] = E [exp {t'a+t'BZ}] = ¢ *Mz (B't)
=exp{tn+t' 2t/2}. (3.16)



3.3 Density and moment generating function

To derivethe density of Y, first observethat m = rank (B) = rank (BB') = rank (%),
sothat ¥ > 0and £%2 > 0, where /2 £1/2 = 5 (see Section 3.8 for details on the
construction of £%2). Defining L = £~Y2(Y — u), we have, from (3.16),

M) = E [exp{t' 57/2(Y — w)}] = exp {—t' =72} My (2 7V21)
= eXp{_t/ E—l/zﬂ} exp {t/ 2—1/2"" + %t/ 2_1/2 D 2_1/2t} _ et/t/Z’

so that, from the characterization property of m.g.f.s, L is standard multivariate normal
(of sizem). AsY = pu + YL and 9 =2 (Y — n) /dY = Y2, transforming and
using a basic property of determinants yields

Ky =" fL(E2y — ) (3.17)

— l / -1
—WGXP{—E(V—M) % (Y—IL)}’

which is the multivariate normal density, asin (3.9), Y ~ N (u, X). From My, it is
clear that the distribution is completely determined by w and X, i.e., its mean and
variance—covariance matrix.

Furthermore, given any u € R” and any n x n positive definite matrix X, a random
variable Y can be constructed such that Y ~ N (i, ¥). Thisis easily accomplished by
letting Z ~ N (0, 1,,) and taking Y = u + £¥/2Z. Then E[Y] = n and, recalling (3.4),
V(Y) = X. As the normal is characterized by its mean and variance, it follows that
Y ~N(u, ).

More generally, Problem 16 shows that, if Y ~ N (u, ), then, for appropriately
sized a and B,

X=a+BY~Nw, 2, v=a+Bu, Q2=BIB. (3.18)
If B ism xn and either (i) m <n and rank (B) <m or (ii) m > n, then R is
only positive semi-definite with det () = 0 and, consequently, X does not have an

m-dimensional p.d.f.

Example 3.8 Let Y = (Y, Y2) ~ No (i, £) with Corr (Y1, Y2) = p = 012/0102, SO
that, with Z; = (Y; — ;) /o; and z; = (yi — i) Joi, i =1, 2,

FyYW)=Pr(Y1=<y1, Yo<y))=Pr(Z1<z1, Z2<z22) =Fz(2). (3.19)

To seethat Z = (Z4, Z») is standard bivariate normal, take a and B as
Z1 (Y1 — 1) /o1 —p1/01
[ Z ] [ (Y2 — p2) /o2 } at [ —K2/02 }

-1
0'1 0 Yl
% ]
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108 The multivariate normal distribution
so that (3.18) implies
/ 1 p
Z~Nw,Q), v=a+Bu=0 Q=BXB :|: b1 ]

Observe also that Corr (Yq, Yo) = p = Corr (Z1, Z»). [ |

An important specia case of (3.18) iswhena=0and B=b = (b1,...,b,), SO
that

Y=Y bZ~N(bpo?, o>=bzl,
i=1

and b'p isascalar. Moreover, if £ = diag (o7, ...,07),theno? = Y"1, bZc?, giving

i

. n n n
if X,‘ lﬂg N (,bL,',O'l-Z) , then Zb,’Xi ~N <Zbiﬂis Zbizaiz) .
i=1 i=1

i=1

3.4 Simulation and c.d.f. calculation

Generating a sample of observations from r.v. Z ~ N (0, 1,,) is obviously quite easy:
each of the n components of vector Z isi.i.d. standard univariate normal, for which
simulation methods are well known. As Y = u + £%/2Z follows a N (u, ) distribu-
tion, realizations of Y can be obtained from the computed samples z as pu + £1/?z,
where ©1/2 can be computed via the Cholesky decomposition (see Section 3.8).

For example, to simulate a pair of mean-zero bivariate normal r.v.s with covariance

matrix
I
E_[p 1]’

i.e., with unit variance and correlation p, first generate two i.i.d. standard normal r.v.s,
say z = (z1,z2), and then set y = £¥/2z. The following code accomplishes this in
Matlab for p = 0.6:

rho=0.6; [V,D]=eig([1 rho; rho 1]); C=V*sqrt(D)*V’;
z=randn(2,1); y=C*z;

To generate T redizations of y, the last line above could be repeated T times, or
done ‘dl at once as

T=100; z=randn(2,T); y=C*z;

which is easier, more elegant, and far faster in Matlab.



3.4 Simulation and c.d.f. calculation

Similarly, to generate 7 = 10° pairs of bivariate normal r.v.s with

1 1 012 o12 3 00102
= = s Yy = = S = 05’
# [Mz} [2} [012 022] [001024 P
use

slsqr=3; s2sqr=4; rho=0.5; sigmal2=rho*sqrt(slsqr*s2sqr)
[V,D]l=eig([slsqr sigmal2; sigmal2 s2sqr]); C=V*sqrt(D)*V’;
T=1000000; z=randn(2,T); mu=[1 ; 2]; y= kron(mu,ones(1,T)) + C*z;
mean(y’), cov(y’), corr(y’)

where the last line serves as verification.

With the ability to straightforwardly simulate r.v.s, the c.d.f. Pr(Y <y) can be
calculated by generating a large sample of observations and computing the fraction
which satisfy Y <y. Continuing the previous calculation, the c.d.f. of Y at (1.5, 2.5)
can be approximated by

length( find(y(1,:)<1.5 \& y(2,:)<2.5) ) / length(y)

which, using 7 = 108, yields about three- to four-digit accuracy. The exact answer, to
seven digits, is 0.4459117.

More generally, the probability of any region can be computed. For example, in the
zero-mean, unit-variance bivariate case with correlation p, the probability that both Y3
and Y, are positive (referred to as an orthant probability) can be computed with the
following code over a grid of p-values:

rhovec=-0.99:0.01:0.99; n=1000000; empl=zeros(l,length(rhovec));
for loop=1l:length(rhovec)
rho=rhovec (loop); [V,D]=eig([1l rho; rho 1]);
C=V*sqrt(D)*V’'; z=randn(2,n); y=C*z;
empl (loop)=length( find(y(1,:)>0 & y(2,:)>0) ) / length(y);
end
plot(rhovec,empl)

The resulting plot is shown in Figure 3.5. Note that use of 1 million replica-
tions ensures a very smooth plot. In this case, a closed-form solution for the orthant

0.5
0.45
04t

-1 -0.5 0 0.5 1

Figure 3.5 Orthant probability Pr (Y1 > 0, Y2 > 0) for Y bivariate normal versus correlation p
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110 The multivariate normal distribution

probability is 1/4 + arcsin(p) /2w, as first published by W. Sheppard in 1899. See
Kotz, Baakrishnan and Johnson (2000, p. 265), Stirzaker (2003, p. 387), or the ref-
erences in Fang, Kotz and Ng (1990, p. 53) for details on the derivation. Kotz,
Balakrishnan and Johnson (2000, p. 263) give similar formulae for several other regions
involving integers, e.g., Pr(Yy > 2, Y> > 1) = /1/(87)(1 + p)?. Notice also that, from
(1.5.3),

Pr(Y1 > 0,Y2 > 0) = 1 — Fy,(0) — Fy,(0)
+PY1=0Y2=0=Pr(Y1<0,Y2<0),
which is aso intuitive from the symmetry of the distribution.

The above simulation technique can be used with more complicated regions. To
calculate, say, the region given by Y> > 0 and Y; < Yo, i.e,

[e9) y
/ friy,(x,y) dxdy, (3.20)
0 0

the previous code could be used, but with the fifth line replaced by
empl (loop)=length( find(y(2,:)>0 & y(1,:)>y(2,:)) ) / length(y);

Computing this reveals that the probability is precisely half of the orthant proba-
bility just computed, which follows because this density is symmetric over the line
y1=JY2.

In the bivariate case, numeric integration of the density (3.9) is still afeasible alter-
native to simulation, though hardly any faster. Calling bvnrectangle ([0 0] ", [1
rho; rho 1], 0,8,0,8) using the program in Listing 3.2 will compute (3.20).

function area=bvnrectangle(mu,Sig,xmin,xmax,ymin, ymax)

Siginv=inv(Sig); detSig=det(Sig);
area=dblquad (@bvnpdf,xmin, xmax,ymin, ymax,le-6,@quadl,mu,Siginv,detSig);

function f=bvnpdf(xvec,y,mu,Siginv,detSig)
% multivariate normal pdf at x,y with mean mu and inverse var
cov Siginv
% optionally pass detSig, the determinant of varcov matrix Sig
if nargin<4, detSig=1/det(Siginv); end
for xloop=l:length(xvec)
x=xvec (xloop) ;
if x>y
f(xloop)=0;
else
v=[x;y]; e=(v-mu)’ * Siginv * (v-mu);
f(xloop)=exp(-e/2) / (2*pi) / sqrt(detSig);
end
end

Program Listing 3.2 Integrates a region of the bivariate normal density with mean mu (pass as
column vector) and variance—covariance matrix Sig
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It works by integrating over a rectangle, as required by the Matlab function db1quad,
and setting the density to zero over regions which should not be included.

The evaluation of the bivariate normal c.d.f. arises frequently in practice; notice
from (3.19) that it is sufficient to construct an algorithm for the c.d.f. of the standard
bivariate normal. This could be computed with bivariate integration as in program
bvnrectangle with xmin and ymin taken to be large negative values, e.g., —10.
This is far less efficient than summing enough terms of a convergent series, the most
popular of which is the so-called tetrachoric series, developed by Pearson in 1901
(see Gupta, 1963). The convergence becomes slower as |p| — 1, prompting the work
of Vasicek (1998), who gives a different series expression which converges fast for
large p. The derivation of this method, as well as the formulae for the tetrachoric
series expansion, can be found there. The program in Listing 3.3 implements both
methods based on the recommendation of Vasicek (1998) to use the tetrachoric series
for p2 < 0.5 and the new series otherwise.

function F = bvncdf (xvec,yvec,rho)
F=zeros(length(xvec),length(yvec));
for xloop=l:length(xvec), for yloop=l:length(yvec)
x=xvec (xloop); y=yvec (yloop);
if x==0 && y==0
F(xloop,yloop) = 1/4 + asin(rho)/(2*pi);
elseif y==0
F(xloop,yloop)=mvncdfO (x,rho) ;
elseif x==0
F(xloop,yloop)=mvncdfO (y,rho);
else
F(xloop,yloop)=mvncdf0(x, (rho*x-y)/sqrt(x"2-2*rho*x*y+ty"2)...
*sign(x))+mvnedf0(y, (rho*y-x)/sqrt(x"2-2*rho*x*y+y"2) ...
*sign(y))-0.5*double(x*y<0);
end
end, end

Program Listing 3.3 Computes the standard bivariate normal c.d.f. based on the results and rec-
ommendations in Vasicek (1998), in which all the formulae can be found; continued in Listing 3.4

Remark: Boys (1989) discusses other methods for computing bivariate normal prob-
abilities, while Genz (2004) considers the bivariate and trivariate case for both the
normal and Student’s ¢. For higher dimensions, see Genz (1992), Hajivassiliou, M cFad-
den and Ruud (1996), Vijverberg (2000) and the references therein. Gassmann, Dedk
and Szantai (2002) provide a short survey of competing methods and argue that there
is no single superior method, but rather make recommendations for computation based
on the actual probability, the dimension and the correlation structure. |

3.5 Marginal and conditional normal distributions

Let X ~ N, (u, 2). For 1 < k < n, the m.g.f. of the marginal distribution of the k-size
subset of X, {X;,, ..., X; }, is given by Mx (t) with the n — k elements (1,...,n) \
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112 The multivariate normal distribution

function F=mvncdfO (x,rho)
if rho”2 < 0.5 % Use tetrachoric series

5=0;
if rho~=0
ds=1; k=0;
while abs(dS)>le-12
k=k+1;
dS=1/prod(1l:k-1)/(2*k-1)*(-1)"(k-1)*2"(-k+1)...
*Hermite (2*k-2,x) *rho” (2*k-1);
S=S5+dS;
end
end

F=0.5*normcdf(x) + 1/(sqrt(2*pi)) *normpdf(x)*S;
else % Use Vasicek (1998) series
B=1/(2*pi) *sqrt(l-rho”2) *exp(-.5*(x"2/(1-rho”2)));
A=-1/sqrt(2*pi) *abs(x) *normcdf (-abs(x)/sqrt(l-rho”2))+B;
Q=A; k=0;
while abs(A/Q)>1le-12
k=k+1; B=(2*k-1)"2/(2*k*(2*k+1))*(1-rho”2)*B;
A=-(2*k-1)/(2*k* (2*k+1)) *x "2*A+B; Q=Q+A;

end
if rho>0, F=min(normcdf(x),.5)-Q;
else, F=max (normcdf (x)-.5,0)+Q;
end

end

function H=Hermite (k,x)
H=0;
for i=l:floor(k/2)+1
H=H+prod (1:k)/prod(1:i-1)/prod(1:k-2*(i-1))...
F-1)M(d-1)*2M(-iHD) *x M (k-2%it2)
end

function I=int(xvec,y,rho)
F=zeros(size(xvec)); mu=[0 0]’; si=[1 rho;rho 1];
for loop=l:length(xvec)
x=xvec (loop); I(loop)=mvnpdf([x y]’,mu,si);
end

Program Listing 3.4 Continued from Listing 3.3

(i1, ..., i) Of t set to zero. From the form of Myx(t), namely exp{t’u + %t/Zt}, it
is apparent that the resulting m.g.f. is that of a k-dimensional (multivariate) normal
random variable with the appropriate elements of u and the appropriate rows and
columns of X deleted. For instance, if n = 3 and X = (X1, X», X3)/, then

3 0'12 012 013 I
Mix(t) = exp Ztim +3(nn 2 3)| o 0F o2 12

i=1 013 023 032 13
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and, for the three univariate marginals, My () = exp {/,Lj t+ ajztz/Z}, j=1223
Similarly,

3 2
(o2 O t
M xa)(t2,13) = P D tii +3( 12 13 )( % of ) ( fz >}
i=2

023 O3
= exp {uztz + patz + % (t22022 + 2to13023 + t§a§)} ,

with similar expressions for M (x,, x,)and M x;, x3).
Now suppose that Y = (Y1,...,Y,) ~ N(u, ) is partitioned into two subvec-
/ / / .
torsY = (Y(y), Y{p) , where Y1) = (Y1,....Y,) ad Yoy = (Ypy1,..., ¥s) With
and T partitioned accordingly such that E [Y ]| = p(), V(Y)) = i, i = 1,2, and

. /
Cov (Y(]_), Y(z)) =X, le, u= (le)’ M/(Z)) and
Y= 21]: . .212 , X1 = 2/12.
Xn 1 X

One of the most useful properties of the multivariate normal is that zero correlation
implies independence, i.e., Y (1) and Y ) are independent iff 1> = 0. Recall that the
covariance of two independent r.v.s is always zero, but the opposite need not be true.
In the normal case, however, the form of the m.g.f. shows that it factors iff X1, = 0,

. . /
i.e, with t = (tjy), t()

su 0 t

_ 1 / / 11 Q)

My(t) = exp {t’[L+ 5 ( ty to ) ( 0 Yo ) ( to) )}
= exp {th)ﬂ(l) +ighe + 3 (%Ellt(l) + t’<2)222t<2>)}
= exp |ty + 3t Bt | &P [t ke + 3 Eta
= MY(l)(t(l)) MY(Z)(t(z)) :

If X120 # 0, then such a factorization is clearly not possible. In (1.5.20) we show
that, if X1 and X» are independent random variables, then for functions g1 and g2,

E[g1(X1) g2 (X2)| = E[g1 (XD ]E[g2(X2)]. (3.21)

The converse of this can also be shown (seg, e.g., Gut, 2005, p. 70, and the references
therein). In particular, r.v.s X1 and X, are independent iff (3.21) holds for all bounded,
continuous functions g1, g2. In particular, if the m.g.f. of X; and X, factors into their
respective m.g.f.s, then X, and X, are independent. Thus,

My(t) = My o (t) My, (to) iff Yo LY.
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114 The multivariate normal distribution

The conditional distribution of Y (1) given Y () is considered next. If X5, > 0 (which
istrueif ¥ > 0), then

Yo | Yo =Ye) ~N (M(l) + 2035 (Yo — k). Ziu— 2122521221) . (322

To verify this, definethe p x 1 vector X =Y 1) — gy — Elzzgzl(Y(z) — I(z) and
note that, as a linear combination of the elements of Y, r.v. X is aso normally dis-
tributed with mean zero and variance V (X) = E [XX'] given by

-1
E [{(Ym — i) ~ T¥ys (Yo - M(Z))}
’ ) —1
x {(Yu) —re) — Yo —re) Tz E21}]
=211 — 21222_21221 — 21222_21221 + 21222_2122222_21221

=211 — 231222_21221-

Similarly, (X', Y{,)" is also multivariate normal with covariance term

E [(X -0)(Ye - ﬂ(z))/] =E [(Ya) — R~ Ty (Yo - ﬂ(z))) (Yo - ﬂ<2>)/]
= T2 — D122, =0,

i.e., X and Y 2, are independent and

X 0 c o 1
~N C=%u - STy %o
[Y@)} ([ﬂ(zj ’ [ 0 Z2 ]) HomERe

As
Yo =X+ + 035 (Yo — ke),

for fixed Y 2y = y(2), (i.€, conditional on Y o) = y(2)), Y (1) isnormally distributed with
mean E[X] + pq + lezgzl(y(z) — R)) and variance V (X) = E11 — 212555 5,
which is precisely (3.22).

The reader should verify that (3.22) indeed reduces to (3.13) in the bivariate normal
case.

A special case of great importance iswith p = 1 and, in what has become a standard
notation, ¥ = Y1y and X = Y (2 so that

(Y IX=x)~N(uy +bx—px), o),
where py :=E[Y], px:=E[X], b=Zp%,, ad o¢2:=V()=2y-

21222‘21221. The conditional mean puy + b (X — uy) is referred to as the regression
function of ¥ on X, with b the regression coefficient. Notice that the regression
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function is linear in x and that o? does not depend on x. This latter property is
© Example3.9 Let

referred to as homoscedasticity.
Y1 2
Y=| Y2 |[~Nu, ), pu=|1], X= .
Y3 0

Because det (X) = 2 # 0, Y has a three-dimensiona p.d.f. and is not degenerate.

RN
owr
B OoR

1. The six marginal distributions are given by

(LD D)) L5 1))
BRI

2. To derive the distribution of Y, | (Y1, Y3), first rewrite the density as

Y:

Yi ~N(| *o Y11 X
ko |7 B Z2 |)°

Y3

where p(1y and Xq1 are scalars, with

1
ma | | o X X | _
B2 2 |’ Xn X2

0

Then, from (3.22),

and

oOr w
N e

!
L1

Y2 | (Y1, Y3) ~N (M(l) + 20235 (Yo — k), Zi1— 21222_21221) ;
i.e., substituting and simplifying,
_ -1
E[Y2 | (Y1, Y3) | = n@ + 1225 (Yo — e2)

vetol[ 23] [E))

=y—y3—1
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and
V(Y2 | (Y1,Y3)) = 11 — 1285, S

:3_[10][51]A[é}=z

Yo | (Y1,Y3) ~N(y1—y3—1, 2).

3. Thedistribution of (X1, X»), where X1 = Z?zl Y; and X, = Y; — Y3, isdetermined
by writing

n
X1 | |11 1 _
X_[Xz}_KY’ where K_[l 0 — ] Y=| Yo |,

S0 that

so that X ~ N (K, K=K') or

3.6 Partial correlation

Let Y ~ N, (i, ). As usual, the covariance between two of the univariate random
variablesin Y, say ¥; and Y;, is determined from the (i, j)th entry of . In this section,
we consider the covariance (actually the correlation) of ¥; and Y; when conditioning
on a set of other variablesin Y. This structure has various uses in statistical analysis
involving multivariate normal r.v.s, one of which is the study of autoregressive models
in time series analysis, which we will look at in detail in alater chapter.

by the conditional variance in (3.22), the partial correlation of ¥; and Y;, given Y (3
is defined by

Oijl(p+1,...n) ‘ (3.23)

© Example 3.10 (Example 3.9 cont.) To compute p132, first write

Y-
Y; ~N(| PO Y11 X1z
Y, ne || ¥ X ’

where
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and
n 011 013 012 211
un T |y Y3 = | oa1 o3 oz |=| 1 10
Y1 X ’
Yy o21 023 02 103
S0 that

szll—Elzzzzlzzlz[i ”—[H[ﬂl[l 0]2[513 ”

and

1 3
PEID = e T
In general terms,
C=%2n- 21222_21221

:[011 013}_[012 :|[ o9 ]71[ o1 o3 |

031 033 032

2
_ 011 — 015/022 013 — 012032/022
= 2
031 — 032012/022 033 — 03,/022

and
013 — 012032/022 022013 — 012032
P13(2) = > > = 5 >
\/(011 — 045/022) (033 — 05,/022) \/0220'11 - 0"12\/0"22033 — 03
_ 022013 — 012032
2 2
0. 0.
2 »
022011 (1 - ) o033 |1—
022011 022033
or
o013 01 o3
P 022013 — 012032 /011033 /022011 4/022033
13[(2) = =
2 2 2 2
x/‘722f711°"22‘733\/(1 — 1) (1- r) \/(1 — p1o) (1 - p%)
P13 — P12023 (3.24)

S Ja- k) a-)

Using the previous numbers, p13 = 1/v/2, p12 = 1/+/6 and p3 = 0, so that (3.24)

gives
P13 — p12P23 1/v/2 _ \/§
=z

P13|(2) = =

\/(1 — %) (1 - p) \/(l 3 (1/\/5)2>

as before. [ |
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® Example3.11 LetY = (Y1,...Ys) ~N(0, X) with

1 a & &8
1 2
5 — a2 1 a a
1—a2| a* a 1 a
a® a2 a 1
for avalue of a such that |a| < 1, so that
Y, 1 a® a® a
Y3 1 a®> 1 a a
Yy N (0. ), Q_m a® a 1 da?
Y a a a® 1
Then, with the appropriate partitions for . and €2,
(Y1.Y3, Y4 Y2) ~N(v, C),
where
0 a ayz
v=pa+ Qe (Yo —re)=| 0 |+| a |[[17(2-0) =] ay
0 a a2y2
and
C = Qu — Q1205 Q21
1 4% &8 a
1 1
2 -1 2
=——|d* 1 a |—-—=| a [[U'[a a da*]
_ 2 _ 2
l1-a | a® a 1 1-a a? :|
1 4% &8 a? a® a8
1 2 2 3
= 12 ac 1 a —| a° a‘ a
a i a a 1 a® a® a*
1 [ 1—42 0 0
3
= 1 5 0 1—a* a—a
—a | O a—a® 1-—4d*
10 0
01 4 . (3.25)
0 a a?+1
It follows that
0132 0 014((2 0
P13(2) = __Be___ _Z_ny, P12 = 12 _ NeEw =0,
VO1I@ 932 \/ 011/(2) 044)(2) ta
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and

P34(2) = FH@ = -
@ = = :
2
\/ oss) omn V1T

which are results we will make use of when studying the partial autocorrelation function
for time series analysis. [ |

3.7 Joint distribution of X and S?2 for i.i.d. normal samples

An interesting and very useful property of the normal distribution already alluded to
at the end of Section 1.8.2.5 is the independence of the sample mean and variance for
an i.i.d. sample. That is, the statistics (functions of the data) X, = X =n"1Y" | X;

and S2(X)=S2=mn—-D Y0 (X — Y)Z are independent, i.e.,

it X;""N(u.0?), then X LS2.

Thisis most easily demonstrated by showing the stronger result that X L (X; — X)
forall i or, as X and X; — X are both jointly normally distributed, Cov (X, X; — X) =
0. In particular, with V (X) = o?/n following as a special case of (1.6.4) or (3.5) and
using (3.6),

n 2
Cov (X, X; - X) = Cov(X. X;) -V (X) =n Y Cov(x,, X;) - = =0,
n
j=1

asCov (X;, X;) =O0fori # j and o2 for i = j. Because S? can be expressed in terms
of afunction strictly of the X; — X, it follows that X L 2.

Interestingly enough, the converse also holds: if X1,..., X, arei..d, n > 2, and
X L §?, then the X; are normally distributed. For proof, see Bryc (1995, Section 7.4)
and the references therein. It can also be shown that, for n > 3, if X ~ N(u, 0?/n)
and (n — 1)S?/0? ~ x2 |, then X; SN (14, 02); see Abadir and Magnus (2003).

It is important to realize that the {X; — X } are not independent; for i # j,

02

COV(X,‘ _Y, Xj —Y) = COV(X[, Xj) — 2COV(Y, Xl) +V(Y) = —,
n

That this covariance is negative is intuitive: asthe X; — X are deviations from their
mean, a positive X; — X implies the existence of at least one negative X; — X. Asn
grows, the covariance weakens.
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120 The multivariate normal distribution

Remark: Notice that Cov (X, X; — X ) = 0 holds even without the normality assump-
tion, but to conclude independence of X and S2 does require normality. It turns out,
however, that the i.i.d. assumption can be relaxed, albeit in a very restricted way: if
the X; are equicorrelated normal, then X L $? till holds, i.e., when X ~N,, (11, )

for
02 po'z e ,0(72
po’z 0‘2 PRI po‘z 2 2
Y= . . . . =pcd,+ 1 —p)o-l,, (3.26)
p02 p02 o2

where J,, is the n x n matrix of ones, o2 > 0, and correlation p is such that £ > 0.
Example 1.6.1 discussed when such a model might be redlistic, and Problem 1.8 shows
that =1/ (n — 1) < p < lisnecessary in order for X > 0. To show independence, first

note that
X)=n ZZZCOV (Xi, X;) = n=2((n* — n) pa? + no?) (3.27)
i=1 j=1
and
Cov (X, X;) = 1200vxx) nt((n—1) po®+o?)
j=1

giving Cov (X, X; — X) = Cov (X, X;) — V(X ) = 0. This result can be extended to
the context of the linear regression model; see Knautz and Trenkler (1993), Bhatti
(1995), and the references therein. |

With independence established, the joint density of X and S? can be factored.
Clearly,

X ~N (p,, az/n) (3.28)

in the i.i.d. case and, from (3.27) in the equicorrelated case, X ~ N (u, V(X)). The
density fs2 inthei.i.d. caseis derived next; f2 in the equicorrelated or more general
cases is considerably more complicated and is dealt with in a future chapter dedicated
to the distribution of (ratios of) quadratic forms.

with x; <N (1, 02), recall from (2.4) that Y°"; (X; — p)? /o? ~ x2. Define

n n v 2
A=Y 02X -’ B:=02) (xi-X)’, C:= (i;;) :
i=1

i=1
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S0 that

Wehave A ~ x2andC ~ xZandnotethat B L C because(X; — X ) L X. Therefore,

1 \"/2? 1 1/2
(1 — 2t> = Mi4(t) = Mp(t) Mc(r) = Mip() (1 = 2;) ,

implying that Mip(r) = (1 —2¢)~"~Y/2 and, hence, B ~ x2 ,. In terms of S2, B =
(n—1)5%/02,i.e, S ~02x2 ,/(n — 1), ascaled chi-square random variable, or

(n—1)52
i (3.29)

Let Z= (X — )/ (o/4/n) ~N(O, 1). From the above results and Example 2.15,
the random variable

o Z (X —u)/(o/n) _X—nu
\/B/ (n—1) \/0722?:1 (Xi _Y)Z/(n -1 Sn/\/ﬁ

~tp-1. | (330)

i.e, T follows a Student’s ¢ distribution with n — 1 degrees of freedom. Observe that
its distribution does not depend on o.

The density of S = +/S2 could be derived by transformation, from which we could,
among other things, investigate the extent to which S is biased for o (meaning that
E[S] # o). That it is not unbiased follows because the square root is not a linear
function. We know from (1.4.36) that the expected value of S can be obtained directly
without having to transform. This gives

o [(n — 2 o
ELS] :]E[\/ﬁ] ZE[\/n—l : 0?5 :| B mE[UUZ]’ (331
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where U = (n — 1)S%/02 ~ x2 . From Example |.7.5,

_ _ V2 T(3)
E[S] = Ko, K_m”n_gl), (3.32)

so that an unbiased estimate of o would be given by \/ﬁ/K. Plotting K revealsthat S
is downward biased for o, i.e., K < 1for n > 2. In fact, the direction of the bias could
have been determined without calculation using Jensen’s inequality (Section 1.4.4.3)
and the fact that x'/2 is a concave function.

3.8 Matrix algebra

Many who have never had the occasion to discover more about mathematics
confuse it with arithmetic and consider it a dry and arid science. In redlity,
however, it is a science which demands the greatest imagination.

(Sonia Kovalevsky)

Some tools from matrix algebra are repeated here, athough it is certainly not
intended for a first exposure to the subject. We assume that the reader is familiar
with vector and matrix notation, transposition, symmetric matrices, matrix addition
and multiplication, diagonal matrices, computation of determinant and matrix inverses,
rank, span, and solutions of systems of linear equations. See the books mentioned in
Section I.A.O for an introduction.

If Alisann x n symmetric real matrix, then A is said to be positive definite, denoted
A >0, if XAx > Oforal x e R"\ 0. If XAx > 0 for al x € R", then A is said to be
positive semi-definite, denoted A > 0.

If A isasquare matrix, then its trace, tr(A), is the sum of its diagonal elements. A
useful fact is that, for B an n x m matrix C an m x n matrix,

tr(BC) = tr(CB). (3.33)
Now let B and C be n x n matrices. The determinant of the product is
det(BC) = det(B) det(C) = det(CB). (3.34)

Let A > 0 bearea, symmetric n x n matrix. The principal minors of order k, 1 <
k < n, are determinants of al the k x k matrices obtained by deleting the same n — k
rows and columns of A > 0, and the leading principal minor of order k, 1 <k < n,
is the principal minor obtained by deleting the first £ rows and columns of A > 0. A
useful result is that, if A > 0, i.e,, A is positive definite, then all the leading principal
minors are positive (see Grayhill, 1983, p. 397). (In fact, more generaly, if A > 0,
then al principal minors are positive.)

For matrix A € R**", there are at most » distinct roots of the characteristic equation
AL, — A] = 0, and these values are referred to as the eigenvalues of A, the set of which
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is denoted by Eig(A). If two or more roots coincide, then we say that the eigenvalues
have multiplicities. Each matrix A € R"*" has exactly n eigenvalues, counting mul-
tiplicities. For example, the identity matrix |,, has one unique eigenvalue (unity), but
has n eigenvalues, counting multiplicities. Denote the n eigenvalues, counting multi-
plicities, of matrix A as Ay, ..., A,. Vector x is a (column) eigenvector of eigenvalue
A if it satisfies Ax = Ax. Eigenvectors are usually normalized to have norm one, i.e.,
x'x = 1. Of great importance is the fact that eigenvalues of a symmetric matrix are
real. If, in addition, A > 0, then all its eigenvalues are positive. This follows because
Ax = Ax = X'Ax = Ax'x and both X’Ax and x'x are positive.

The square matrix U with columnsug, .. ., u, isorthogonal if U'U = I. It isstraight-
forward to check? that UU' =1 and U’ = UL,

As a specia case of Schur’s decomposition theorem, if A is an n x n symmet-
ric matrix, then there exist an orthogonal matrix U and a diagonal matrix D =
diag(A1, ..., A,) such that A = UDU'. We refer to this as the spectral decomposition.
It implies that AU =UD or Au; = \u;, i =1,...,n,i.e, U; is an eigenvector of A
corresponding to eigenvalue A;. The theorem is easy to verify if the n eigenvalues have
no multiplicities, i.e., they are mutually distinct. Let A; be an eigenvalue of A associ-
ated with normed eigenvector u;, so Au; = X;u;. Then, for i # j, asu’Au; isascalar
and A is symmetric, u;Au; = UAu;, but u;Au; = A;uiu; and U AU; = A;U%U;, e,
AiUiuj = Ajuiu;. Thusuu; = O because A; # 4, i.e., the eigenvectors are orthogonal
to one another and U = (uy Uz ...u,) is an orthogona matrix.

Let the n x n matrix A have spectral decomposition UDU’ (where D = diag
(A, ..., Ay) and A; are the eigenvalues of A). Then, from (3.33),

tr(A) = tr (UDU') = tr (U'UD) = tr (D) = Zx
Similarly, from (3.34),
det (A) = det (UDU') = det (U'UD) = det (D) = HA,,

recalling that the determinant of a diagonal matrix is the product of the diagona
elements. Thus, if A is not full rank, i.e., is singular, then |A| = 0, implying that at
least one eigenvalue is zero.

2|f the u; are orthonormal, then it is obviousthat U = (uy U - - -u,) satisfies U'U = |, but not immediately
clear that UU’ = |. We offer two simple proofs of this.
First proof: U'U = | = det(U’) det(U) = det(U’'U) = det(l) = 1 = det(U) % 0 = JU~L. Then

U=U(Uu?)=Uuut=1ut=u"

and in particular, UU' = 1.

Second proof: This uses some basic matrix tools which will arise when studying the linear model. Begin by
premultiplying U'U = | by U and postmultiplying by U’ to get UU'UU’ = UU’, which shows that UU’ is
idempotent. Next, UU’ is clearly symmetric (recal that (AB)' = B’A’). Lastly, the well-known fact that, in
general, rank (A) = rank (AA") and that U is obviously full rank implies that rank (UU") = n. Thus, UU' isa
full rank projection matrix, which means it is the identity matrix. (The latter follows because I,, — UU’ must
be a rank zero projection matrix yielding the orthogonal complement.)
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124 The multivariate normal distribution

For n x n matrix A > 0 with spectral decomposition A = UDU’, the Cholesky
decomposition of A, denoted A2, is a matrix such that A = AY2AY2 |t can be
computed as AY2 = UDY?U’, where D" := diag (A}, ..., A) for r € R_o, and for

r=1/2, Ail/z is the nonnegative square root of A;. Indeed,
Al/ZAl/Z — UDl/Zu/ UDl/Zu/ — UDl/ZDl/Zu/ — UDU/

Notice that, if A > 0, then AY2 > 0.

If A > 0, thenmin();) > 0and r can be any real number. In particular, for r = —1,
A~ = UD~U'. The notation A~%2 refers to the inverse of A2,

Therank of m x n matrix A isthe number of linearly independent columns, whichis
equivalent to the number of linearly independent rows. Clearly, rank(A) < min(m, n);
if rank(A) = min(m, n), then A is said to be full rank. It can be shown that

rank (A) = rank (A") = rank (AA") = rank (A’A)

and, for conformable matrices A, B and C, if B and C are full rank, then rank (A) =
rank (BAC).

Let » be the number of nonzero eigenvalues of A, counting multiplicities. Then
r < rank (A), with equality holding when A is symmetric.

If Alisanm x n matrix and B isan n x m matrix, n > m, then the nonzero eigen-
values of AB and BA are the same, and BA will have at least n — m zeros (see Abadir
and Magnus, 2005, p. 167, for proof). For n x n symmetric matrices A and B, all
Eig(AB) are red if either A or B is positive semi-definite. To see this, let A > 0 so
that it admits a Cholesky decomposition A2, Then Eig(AB) = Eig(AY2BAY?), but
the latter matrix is symmetric, so its eigenvalues are real. See Graybill (1983, Thm.
12.2.11) for another proof.

3.9 Problems

Take a chance! All life is a chance. The man who goes the furthest is generally
the one who is willing to do and dare. The ‘sure thing' boat never gets far from
shore. (Dale Carnegie)

Courage is the first of human qualities because it is the quality that guarantees
al the others. (Sir Winston Churchill)

3.1 Let X and Y be bivariate normally distributed and define D =X —-Y, S =
X + Y. Compute Cov (D, S) and derive the condition for which D and S are
independent.

3.2. Let X ~ N (i, 0?), i.e, anormal r.v. with location x and scale o and let ¥ ~
N (u, 1), i.e, location u, scale one. We know that E[X] = . Also, E[oY] =
oE[Y] =on. But oY isjust arescaling of Y, so that the mean should be the
same as that of Y, namely . Which is correct? Is there a conflict here?



3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.9 Problems

Compute Pr (X1 > X>), where

SR}

*k Let X ~N(u, %), where p = (i1, ..., u,) and ¥ > 0. Derive the dis-

tribution of X conditional on X = m. Simplify for X; e N (u, 1). Hint: Use

(3.22).

* % Let U, TN (0,02). Let {X,} be a sequence of random variables such
that, at time 7, X, is observed, where ¢ is an integer referring to a constant
increment of time, e.g., seconds, days, years. Sequence {X,} is referred to as a
time series. Assume there exist constants ¢ € R and a € (—1, 1) such that, for
alreZz,

Xt =C+aX,_1+Ut. (335)

(a) Conditional on thetimer — 1, i.e, that X;_1 = x;_1, what is the distribution
of X,?

(b) (Independent of the previous question.) Assume that X, has an uncondi-
tional expectation, i.e., that E[X,] = u for all ¢ with |u| < co. Compute .
Similarly, assume v = V(X,) for all . Compute v.

(c) Substitute X,_1 = ¢+ aX,_» + U,_; into (3.35) and simplify. Continue with
X:_2, X;_3, €tc. Use your result to compute the unconditional mean and
variance.

(d) Now set ¢ =0 in (3.35). Also let {Y,} be another time series, given by
Y, = bY,_1 + U,. (Notice that X, and Y, both involve U,.) Using your results
in part (c), compute E[X,Y;] and specify when it exists.

Show that, if Y ~ N (u, ), then X :=a+BY ~ N (v, Q), where v =a+ Bu
and  =BXB'.

Let Y ~ N (u, X) with X positive semi-definite and det (X) = 0. Construct a
nonzero location—scale transform of Y which is identically zero.

% Calculate the eigenvalues of the equicorrelated matrix (3.26) to show that it
is positive definite when

1

———— <p<1l
n

% Let X, Y have ajoint bivariate normal distribution

X M1 o? 00102
~N(u,X), wherepu = , X = 1 .
(Y ) %) # [Mz] [wm o3
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126 The multivariate normal distribution

From the general p.d.f. expression for the multivariate normal distribution,

1 1
() = WE‘XP{—E ((y—y,)’):_l(y—u))},

with ¥ = (x — p1) /o1 and § = (y — p2) /o2, fx.y (x, ) isgiven by
1 1 — !
o exp{—— ( x_Ml >
2no10 (1 — p?) 2\ y—m2

-1
X[af ,Of27102i| (x—m>
pO102 05 Y — M2
1 2 — 20%5 4 52
_ e - 0 y2 1
27TO‘10‘2(1—p2) 2(1_'0)

asin (3.12).
(@ Let U =(X — 1) Jopand V = (X — up) /oo. Show that

2 2
uc —2puv +v

———eXpy—
2 (1— p2)"? { 2(1-p?)

(b) % % Show that the m.g.f. of (U, V) is
1.5 2
My.v(s, 1) = exp > (s° + 2pst +1°)
and that
_ 155 2,2
My y(s, 1) = exp > [ols + 2po102st + o5t ] + s + ot t . (3.36)

(c) Show that p = Corr (X, Y). Hint: One way uses (3.36) and a result from
(1.20), namely

32My y(s, 1)

E[XY] = .
[xY] dsot P

The calculations are trivia but tedious; the use of a symbolic mathematics
software package is recommended, and gives the answer almost immedi-
ately.

(d) Show that X and Z =Y — po2X /o7 are independent.
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Convergence concepts

If you need to use asymptotic arguments, do not forget to let the number of
observations tend to infinity. (Lucien Le Cam, 1990)

Many readers will have taken an introductory course in statistics, and encountered
some ‘rules of thumb’, such aswhen the normal distribution can be used to approximate
calculations involving the random variable X ~ Bin(n, p). The basic idea was that, as
n grows, (and for p not too far from 0.5), the c.d.f. of X can be approximated by
that of a normal distribution with the same mean and variance as X. This is a specia
case of one of many so-called central limit theorems, which are fundamental results of
great theoretical importance in probability theory. In addition to helping mathematically
explain why the variation in so many natural phenomenafollows the ‘bell curve’, these
results have great practical value in statistical inference.

The above example is just one notion of convergence which involved the sum of
appropriately standardized (in this case, i.i.d. Bernoulli) r.v.s. Another type of con-
vergence which the reader has seen is that, in the limit as the degrees of freedom
parameter increases, the distribution of a Student’s ¢ random variable ‘approaches
that of a normal. Yet another type of convergence we have already encountered (in
Section 1.1.3) is that convergence of m.g.f.simplies convergence in distribution. These
concepts will be detailed in this chapter.

Before discussing the central limit theorem and convergence of r.v.s and m.g.f.s,
we examine some basic inequalities involving r.v.s, and some rudimentary notions
involving convergence of sequences of sets. Our goa with the chapter as a whole
is to emphasize and provide intuition for the basic concepts which are adequate for
following the presentation in application-driven textbooks and research papers such as
in applied statistics and econometrics. It is aso to help prepare for a more advanced
course in probability, in which these topics are of supreme importance, discussed in
far greater detail, and with much more mathematical depth.

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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4.1 Inequalities for random variables

Typically, in order for a particular inequality to hold, it is necessary that certain (abso-
lute) moments of the r.v.s are finite. As such, it is convenient (and standard) to let

L, ={rvs X :E[X]|] < oo} (4.2

We have already encountered some inequalities for r.v.s in earlier chapters. One
was Jensen’s inequality (1.4.53), which states that, for any r.v. X € L1, i.e., with finite
mean,

E[g(X)] = g(E[X]), if g() isconvex,
E[g (X)] < g@E[X]), if g() is concave,

recalling that a function f is concave on [a, b] if,
Vx,y €la,b] and Vs € [0, 1] witht =1—s, f(sx +1ty) >sf(x)+1f(y). (4.2

In particular, a differentiable function f is concave on an interval if its derivative f’
is decreasing on that interval; a twice-differential function f is concave on an interval
if /7 <0 on that interval.

Another was the Cauchy—Schwarz inequality (1.5.22), which states that, for any two
rv.sU,V € L, (i.e, with finite variance),

E[lUV|] < +,/E[U?]|E[V?]. (4.3)

A basic, but useful, inequality involving expectation isthe following. Let U, V € L,
for r > 0. Then

E[lU+ VI <E[(UI+ VD] <2 (EB[JUI']+E[IVI]). (4.4)
Proof : For a, b € R, and using the triangle inequality (1.A.6),
la+b|" < (lal + |b])" < (2max(|al, |b]))"
=2"max (|al", |b|") < 2"(la|" + |b]").

Because this holds for any a, b € R, it aso holds for all possible realizations of
rv.s U and V, so replacing a with U, b with V, and taking expectations (which is
inequality preserving; see Section 1.4.4.2) yields (4.4). [ |

The bound in (4.4) can be sharpened (i.e., reduced) to

1 ifO<r<1,

-1, it r > 1. (4-5)

E[lU+ V] <¢ E[UI']+E[IVI]), o= {

See Gut (2005, p. 127) for proof. [ |
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The next three inequalities are most easily stated using the following useful bit of
notation:

the k-norm of r.v. X is defined to be | X ||, = (E[|X|"])l/k for k > 1.

We will write || X ||, as E[|X|¥]¥* without the extra parentheses.
Holder's inequality (after Otto Holder, 1859-1937), generaizes the Cauchy—
Schwarz inequality (4.3) to

IUVIL < IUIpIVIg,  pog>1 plt+qgt=1, (4.6)
forrvsUeL,andV e L,.

Proof : Taking derivatives confirms that the function Inx is concave for x € (0, o0)
so that, for a, b € (0, 00) and A € [0, 1], (4.2) and the strict monotonicity of exp(-)

imply
ra+ A —1)b>abt 4.7)

For p.g>1and pt+gt=1leta=|UIP/E[|UI"] and b=|V|? /E[|V|]
so that (4.7) implies

1/p 1/q
1 |uf)” 1 jvpe \U1” Vi
= + = > . (4.8)
pE[IUIP]  qE[IVI?] ~ \E[IUI"] E[1v|7]
The result then follows by taking expectations of (4.8), noting that the expected
value of the I.h.s. is unity, and using the inequality-preserving nature of expectation.ll

Using (4.6), it is easy to prove Lyapunov's inequality (after Aleksandr Lyapunov,
1857-1918) which states that
1X1 < 1Xls, l<r<s, (4.9)

if X € Ly. See Problem 4 2 for proof.
Forrv.sU,V e Lj, thetriangleinequality statesthat ||[U + V|| < |[U|| + ||V, i.e,

E[IU + VIl =E[JU] +E[IV]]. (4.10)
Proof : This follows from (I.A.6) and the properties of the expectation operator. B

Minkowski’s inequality (after Hermann Minkowski, 1864—1909) generalizes the
triangle inequality to!

U+ Vi, =TI, +1VIp, p=1 (4.11)

forrvsU,V eL,.

1 Lyapunov’s inequality (4.9) can be applied to give |U + V|| < |U + V|, for p > 1, so that Minkowski's
inequality is sometimes stated as [|U + V|| < U, + IV l,, p > 1, though this is a weaker statement.
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132 Convergence concepts

Proof: AsE[|U|?] and E[|V|] are finite, (4.4) impliesthat E [|U + V|”] < oo and,
thus, that |[U + V||, < oo.
Next, from the triangle inequality (4.10),
E[IU+VIP]=E[U+VIPHU + V] <E[IU+ V" U]
+E[JU + VIPHv].

Then, withg = p/ (p — 1) sothat p~1 4+ ¢! = 1, Holder’ sinequality (4.6) implies,
substituting (p —1)g =pand 1/g =1—-1/p,

E[U + vt < 10+ vie ], 1w, =E[(u + viey T o,
—E[jU+ VI’ o,
and, similarly, E[[U + VP2 |V[] <E[IU + V[P |VIl,. Thus
E[lU+VIPl<E[U+VIPT™ (101, +1VIL) .
and (4.11) follows by dividing by E [|U + v|7]* "7, m
The next two inequalities, named after two highly influential Russian mathematicians
(Markov and Chebyshev), are quite simple, yet very useful.

Markov's inequality (after Andrey Markov, 1856—1922) states that if X € L, for
some r > 0, then, for al a > 0,

o E[|X/']
(X >a) < ——d (4.12)

ar

The most common specia case, also referred to as Markov’ sinequality, isif X € L1
is nonnegative, then for all a > 0,

Pr(X > a) < @. (4.13)

Proof: For (4.13), using the notation from (1.4.31) for discrete and continuous r.v.s,
o a oo
E[X]:/ xdFX=/ Xde+f XdFX
0 0 a

z/ xdFXZ/ adeza/ dFy =aPr(X > a).

The general case is no harder: Asin Gut (2005, p. 119), let g : R-o— R>o be a
nondecreasing function such that E[g(|X|)] < oc. Then

E[¢(1XD] = E[g(XDI(IX| > a)] > g@E[I(X| > a)] = g(a) Pr(IX| > a).
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The result follows by taking g(x) = x”, which, for x > 0 and r > 0, satisfies the
constraints on g. [

Example 4.1 By using (4.13), Problem 4.3 verifies Chernoff’s inequality (after Her-
man Chernoff, b. 1923) for random variable X and ¢ > 0,

Pr(X=c<infE [¢X9]. (4.14)
1>
From this, it is easy to show the Chernoff bound
Pr(X,>c) < imgexp (n IogM<£> — tc) , (4.15)
> n

where X, :=n"13""_ | X;, M is the moment generating function of each of the X;,
and the X; arei.i.d. r.v.s. This bound is particularly useful in the tail of the distribution,
i.e, c> E[X,]. SeeProblems4.3-45 and 4.17. |

Chebyshev' s inequality (after Pafnuty Chebyshev, 1821-1894) states that, for X €
L, with mean . and variance o', for any b > 0,

N

Pr(IX =l = b) < 2. (4.16)

Proof 1: Apply (4.13) to the nonnegative r.v. (X — )2 and a = b? to get

E[(X —w)?] o2

PI’(|X—,u| Eb) :Pr((X_M)ZEbZ) < % = 2
Proof 2: Let E ={|X — u| > b} and I =1(E), so that E[I] = Pr(E). Observe that
I < |X — u|?/b% = 02 /b? (check both cases, that E occurs, and E does not occur), o
taking expectations of both sides (and recalling that expectation preserves inequalities,
see Section 1.4.4.2) yields (4.16). |

Example 4.2 Let X € L, withV(X) = 0. AsV(X) isfinite, u = E[X] exists, aswas
shown in Section 1.4.4.2. It seems intuitive that V(X) = 0 impliesPr(X = ) = 1. To
prove this, for n > 1, Chebyshev's inequality (4.16) implies Pr (| X — u| > n~1) =0,
and taking limits of both sides yields

0= limPr(|X —pl>nY)= Pr(nILrgo{|X —ul > n—l}) — Pr(X # p),

n— o0

where the exchange of lim and Pr is justified in (1.2.23). [ |

Example 43 Let X € L, with E[X] = and V(X) = o2. For some a > 0, as
(X—pu>a}={X—ul>a}l,ie,Pr(X —u>a) <Pr(|X — u| > a), Chebyshev’'s
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inequality (4.16) implies Pr(X — i > a) < Pr(X — u > a) < 0?/a®. However, this
bound can be sharpened to

2 o2

PriX>pupu+a) < PriX<upu—a)=< (4.17)

o
O-2+a2’ O-2+a2’

which is known as the one-sided Chebyshev inequality, or Cantelli’s inequality (Gut,
2005, p. 154). To see this, first let « = 0, so that E[X] = O, or

—a = / (x —a)dFy > / (¢ = ) —c0.a)(x) dFx = E[(X — a)](—c0.a)(X)]

or, multiplying by —1, sguaring, and applying (the squares of both sides of) the
Cauchy—Schwarz inequality (4.3),

a? < (E[(@ — X)) (X)) < E[(a — X)2]E[I2_, ,,(X)].
As E[]If_oo’a)(X)] = E[[(—o0.a)(X)] = Fx(a) and, expanding and evaluating each
term, E[(a — X)?] = a® + 02, we get a® < (a® + 0 Fx(a) Or

2

Pr(X >a) < (4.18)

a’+ o2

Now assume u # 0. Observe that X — u and u — X have mean zero, so that both
statements in (4.17) follow from (4.18). |

Chebyshev's order inequality states that, for discrete r.v. X and nondecreasing real
functions f and g,

E[f(X)]E[¢(X)] < E[f(X)g(X)]. (4.19)

Proof : Following Steele (2004, p. 76), let the support of X be x3, ..., x, with x1 <
xp<---<x,andPr(X=x;)=p;,i =1, ...,n, so that we need to show

(Z S (x) Pk) (Zg (xx) Pk) < Z S ) g (k) pr-
k=1 k=1 k=1

Note that, as f and g are nondecreasing, 0 < {f(xx) — f(x;)}H{g(xr) — g(x;)} for
ayl<j<nandl<k=<n,or

F g (x;)+ F () g < f(x)g(x;)+ f () g (). (4.20)



4.1 Inequalities for random variables

Being probabilities, 0 < p;, so multiplying by p; px and summing over both j and
k yields, for the I.h.s. of inequality (4.20),

ZZ[f(xk)g(xj)+f(xj)g(xk)]Pij ZZZZf(xk)g(xj)Pjpk

j=1k=1 j=1k=1
=2 {Zf(xj)pj} {Zf(xk)pk} '
j=1 k=1

(4.21)

Doing the samefor ther.h.s. gives2 > "} _; f (xx)g(xx) px, fromwhich (4.19) follows.
[ |

. . . ind -
In the following, we use the abbreviated notation X; - (O, o-iz) to indicate that the
X; are independent r.v.sin L,, each with mean zero and variance aiz < 00.

For X, (0.0?) and neN, let S, =", X, so that E[S,] =0, V(s,) =
>, 2. Then Chebyshev's inequality (4.16) implies Pr (|S,| > a) < V(S,)/a?, i.e,

1 n
PrXi+-+ X, >a) < ;Zoﬁ.
i=1

However, it turns out that this bound applies to the larger set

n

Aa,n ZJL=J1{|SJ|2£1}:{1|’2?;(”|SJ|ZLI}, (422)

instead of just {|S,| > a}, which is the statement of Kolmogorov's inequality (after
Andrey Kolmogorov, 1903—-1987). Let X; nd (O, ol.z), S = Z{zl X; and A, , asin
(4.22). Forany a > 0and n € N,

Pr (Aa,n) = a_lz Oiz (4'23)
i=1

and, if there exists a ¢ such that Pr(|X;| < ¢) = 1 for each k, then

2
Pr(Aa,,,) -1 (c+a)

>1- ———, (4.24)
> i=10;

sometimes referred to as the ‘other’ Kolmogorov inequality (Gut, 2005, p. 123).
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Proof: Leta and n be fixed. To prove (4.23), let §; ; = Zf.‘:j X; (sothat S; = S1;),
and let N be the smallest value of i such that S? > a2, and if SJZ <a? j=1,...,n,
then let N = n. With this definition of N, it is easy to verify that the two events
{max; §2 > a®} and {S}, > a?} areequivalent, so that, from Markov’sinequality (4.13),

B[s3]

a2

Pr(m]axSJZ > az) = Pr(S,z\, > az) <

This is not (4.23), but we will see that E[S%] < E[SZ] = V(S,) = >I_, 02, thus
proving (4.23). To confirm E[S2] < E[S?], observe that E[S? | N =n] = E[S7 |
N =n]and, fori=1,2,...,n—1, write

E[S2 | N =i] = E[(S; + Siz1)? | N =]
=E[S?| N =i] + 2B[S:Sis1, | N =]+ E[s%, | N =i].
We have
E[SiSis1n | N = i]=E[S; | N = i]E[Sis1n | N =i] = E[S; | N = i|E[S;41.] = O,

because the occurrence or nonoccurrence of event {N =i} contains no information
about X;y1,...,X,, so that, conditiona on N =i, S; and S;+1, are independent.
Thus,

E[S2| N =i] > E[S?| N =i] =E[S? | N =],

i.e, for al values of N, E[S?| N] > E[S% | N], and taking expectations and using
the law of the iterated expectation (1.8.31), E[S?] > E[S% ].

The proof of (4.24) is similar, and can be found in Karr (1993, p. 184) and Gut
(2005, p. 123). n

4.2 Convergence of sequences of sets

Let Q denote the sample space of a random experiment, i.e., the set of al possible
outcomes, and let {A, € 2, n € N} be an infinite sequence A1, Ay, ... of subsets of
Q, which we abbreviate to {A,}. Recall that the union and intersection of {A,} are
given by

Ja={wo:wea, forsomeneN}, (A, ={w:weA,fordlneN},
n=1 n=1

respectively. The sequence {A,} is monotone increasing if A; C A, C ---, monotone
decreasing if A1 D A, D ---, and monotone if it is either monotone increasing or
monotone decreasing.



4.2 Convergence of sequences of sets

Section 1.2.3.1 presented the basic properties of probability spaces, two of which
we repeat here. First, for sets A, B C €,

ACB = Pr(A) <Pr(B). (4.25)

Second, for the sequence of sets {A,},

Pr< An> <Y Pr(Ay, (4.26)
n=1 n=1

which is Bool€'s inequality, or the property of countable subadditivity. Another useful
and easily verified fact is that

ACB <& B C A (4.27)
or, when combined with (4.25),
ACB = Pr(B°) <Pr(A°). (4.28)

We will also make use of the the continuity property of Pr(-) for a sequence of
monotone events, as given in (1.2.23), i.e, if A1, A, ... is a monotone sequence of
events, then

lim Pr(4,) = Pr (JLTO A,,). (4.29)

Recall from (1.A.1) that, if {A,} isamonotone increasing sequence, then lim,,_, o, A,
= A:=J,2, A,. Thisis commonly written as A, 1 A. Similarly, from (I.A.2), if the
A; are monotone decreasing, then lim, .o, A, = A ;= ﬂ;"zl A, writtenas A, | A.

The question arises as to the limits of sets which are not monotone. Let {A,} be
an arbitrary (not necessarily monotone) sequence of sets. Analogous to the limit of a
deterministic sequence of real numbers (see the beginning of Section 1.A.2.4), the limit
supremum (or limit superior) of {A,}, and the limit infimum (or limit inferior) of A,
are denoted and defined as

o0 o0 oo o0
At =limsupA; = () JAn . Ac=liminfa; = ) Ax - (4.30)
i—00 k=1n=k e k=1n=k

To better interpret what A* contains, observe that, for an w € @, if w € A*, then
w € |2, A, for every k. In other words, for any &, no matter how large, there exists an
n >k withw € A,. Thismeansthat w € A, for infinitely many values of n. Likewise,
if w e Q belongsto A,, then it belongs to ﬂ;’l":k A, for some k, i.e, there exists a k
such that w € A, for al n > k. Thus, definitions (4.30) are equivalent to

A* ={w: w e A, for infinitely many n € N}, (4.31)
A, ={w:we A, for dl but finitely many n € N},
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and are thus sometimes abbreviated as A* = {A,, i.0.} and A, = {A,, ult.}, wherei.o.
stands for ‘infinitely often’ and ult. stands for ‘ultimately’.

As a definition, the sequence {A,} convergesto A, written A, — A, iff A = A* =
A, 1€,

A, — A iff A=IlimsupA, =IliminfA,. (4.32)

© Example 4.4 For events {A,}, (I.A.3) gives De Morgan's laws as
00 ¢ 00 00 ¢ %)
<UA,,) =(4; and (ﬂAn> =4
n=1 n=1 n=1 n=1

With By = (U, An, these imply Bf = (0,2, AS and, thus,

(A% = (ﬂUAn) = (ﬂBk) =JBi =) 4 (4.33)
k=1n=k k=1 k=1 k=1n=k
oo o0
and, similarly, (A,) = () U AS. [
=1n=k
© Example 45 For {A,} an arbitrary sequence of sets, and with By :=J,2, Ay, k =
1,2,..., {By} isamonotone decreasing sequence of events, so that
Uar =8t Be=[JA =4
n=k k=1 k=1n=k
That is, as k — oo, (-, Ax | A*, so that, from (4.29),
Pr(4*) = lim Pr (L_Jk An) . (4.34)

Similarly, with By := (1,2, A, a monotone increasing sequence of events,
o0 o0 oo o0
NAv=8rUB=J[) 4 =4
n=k k=1 k=1n=k
i.e,ask — oo, (e, An 1 Ay, and
oo
Pr(A,) = lim Pr (Q A,,) , (4.35)

which are results we use below. [ |
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© Example4.6 Let {A,} be monotone increasing and let U = ;2 A,. Because the
A, are monotone increasing, U = | J;-, A, for any k € N, so that

Likewise, for each k € N, Ay = ()2, Ay, S0 that

Thus, A* = A, = U, and, from definition (4.32), A, — U, which is (1.A.1). Sim-
ilarly, let {A,} be monotone decreasing and let C = ()7_; A,. Because the A, are
monotone decreasing, C = (,—, A, for any k € N, so that

[:'j ['j c=c

Likewise, for each k € N, Ay = |~ A,, SO that

o o0 o
AU = 4=
k=1n=k k=1

and A, = A* = C, which is (.A.2). n

||D8

© Example4.7 Let {A,} be a sequence of events which is not necessarily monotone.
We wish to show that

Pr(A,) <liminf, Pr(4,) and limsup, Pr(A,) < Pr(A%). (4.36)

For the former, let B, = ﬂff;k A,. As B, C Ay for each k, (4.25) implies that
Pr(Br) < Pr(Ay) for each k, and, as B, is a monotone increasing sequence, B 1
Uy Bk, and UgZ 1 B = Ureq My An = liminf, A,. Then, from (4.35),

Pr(liminf Ay) = klim Pr(By) < liminfPr(Ay),

where the last inequality follows from the following facts. Recall from analysis that (i)
if sequences b, and a; are such that b, < a; for al k, then lim_ o b < limg_ o0 ax,
and (ii) while lim;_, o, ax may not exist, liminf, a; always does, so that lim;_, o, by <
liminf,_ o ax. The second inequality in (4.36) is similar: let By = U,‘f:k Ag, SO A C
By and By | limsup, A,. Then, from (4.34) and the aforementioned facts on rea
sequences, Pr (limsup A,,) = lim_ » Pr (B;) > limsupPr (Ay). [ |
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We can now show the fundamental result which extends the convergence result
for monotone sequences. Let {A,} be a sequence of events which is not necessarily
monotone. We wish to show that

if A, — A, then lim Pr(A,) exists, and lim Pr(A,) = Pr(A).

n—oo

First recall some facts from Section 1.A.2.4 on analysis of real sequences. If s,
is a deterministic sequence of real numbers, then U = limsups, and L = liminfs,
exist, and lims, exists iff U = L, in which case lims, = U = L. From (1.A.84), for
any ¢ > 0,3 Ny € Nsuchthat,V n > Ny, s, < U + €. Likewise, 3 N, € N such that,
foralln > N;,s, > L —e¢. Thus, forall n > max(Ny, N;),L — € <s, < U + ¢, and
ase > Oisarbitrary, it must be the case that L < U. In particular, if A, is a sequence
of events, and s, = Pr(A,), then liminf, Pr(A,) <limsup, Pr(A,). Now, from this
and (4.36),

Pr(liminf, A,) < liminf, Pr(A,) <limsup, Pr(A,) < Pr(limsup,, An). (4.37)

From the assumption that A, — A and definition (4.32), we know that A = lim,, A,
= liminf, A, =limsup, A,, so that (4.37) implies

Pr(A) <liminf, Pr(A,) <limsup, Pr(A,) < Pr(A),

i.e., p :=liminf, Pr(A,) = limsup, Pr(A,). Thus, lim, Pr (A,) existsandlim, Pr (A,)
= p. Again from (4.37), we have Pr (A) < p < Pr(A), or lim,Pr(A,) = Pr(A), as
was to be shown.

The two standard Borel—Cantelli lemmas, named after work of Emile Borel and
Francesco Cantelli around 1909, are also fundamental results. They are as follows.
First, for a sequence {A,} of arbitrary events,

> Pr(A) <00 = Pr(4,i0)=0. (4.38)
n=1

Second, for a sequence {A,} of independent events,

Y Pr(4) =00 = Pr(4,i0)=1 (4.39)
n=1

To prove (4.38), use (4.34), (4.26) and the Cauchy criterion for convergent sums
(1.A.86) to get

Pr(4, i.0) = lim Pr (U A,,) < lim > Pr(a,) =0.
o0 —)OOn:k

n=k
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To prove (4.39), use (4.33) and (4.35) to get

[e¢]

Pr(A, i.o.):l—Pr(UﬁA;;) :1—k|Lr20Pr(ﬁA;>.

k=1n=k n=k

Asthe A, are independent, so are the events A, (see Section 1.3.2), so, continuing,

Pr(A, i.0) =1— kILrQOID(Pr(A;) =1- k'il?oﬂ [1-Pran ]

Asl—x <e™* forx>072

Pr(A, i.0) > 1—kll)ngoexp{—;Pr(An)} =1-0=1,

because Y72 Pr(A,) = oo implies that, for any k e N, >"°°, Pr(4,) = oo.

By imposing independence, the two lemmas can be combined to give a so-called
zero—one law: for a sequence {A,} of independent events, Pr(A, i.0.) =0 when
> o2 Pr(A,) is finite, and equals one otherwise. This, implies, for example, that if
one shows Pr(A,, i.0.) < 1, then Pr(A4, i.0.) = 0.

As an example of the first lemma, let X,, be a sequence of r.v.s with Pr(X, =
0) =n~2, n > 1 Then, from (I.A.88) (see aso Example 1.26), > °°, Pr(X, = 0) =
72/6 < oo, S0 that, from (4.31) and the first lemma, the probability of event {X, = O}
occurring for infinitely many » is zero.

A famous illustration of the second lemma is the infinite monkey theorem, which
states that a monkey typing at random (each keystroke is independent of the others) on
atypewriter keyboard for an infinite time will, with probability one, type the collected
works of William Shakespeare. Limiting the goal to Hamlet, the intuition is that, if
there are k keys on the keyboard and a sequence of s letters and punctuation in the
desired text, then with n monkeys working independently of one another on their
own typewriters, the probability of not a single monkey typing Hamlet is (1 — k)",
which, in the limit asn — oo, is zero. For the lemma, let p = Pr(A,), where A,, isthe
event that the nth monkey succeeds. As ) 72 Pr(A,) = > o2, p = oo, (4.39) states
that infinity many monkeys will accomplish Hamlet! Further discussion of this, and
an interesting digression of the relevance of this lemma to the so-called Bible Code
(finding hidden messages in ancient religious books), as well as much more detail on
the lemmas, can be found in Gut (2005, Section 2.18).

2To seethis, with f(x) = e andg(x) =1—x, f(0)=¢g©0) =1, and g’ (x) < f’ (x) because
x>060>xsl>e o -l<-e oK <f (.

This is similar to the result shown in Section 1.A.2.2.3 (just below Example |.A.12) that, for x > 0,
In(1+x) < x.
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4.3 Convergence of sequences of random variables

Recall from Section 1.4.1.1 that, for the general probability space {2, A, Pr(-)}, where
the o-field A is the class of subsets of R which can be assigned a probability, the
function X : Q@ — R is a random variable (relative to the collection of measurable
events A) iff, for every x e R, {w € Q| X (w) < x} € A. The random variable X
induces the probability space {R, B, Pr(-)}, where B is the Borel o-field, generated by
the collection of intervals (a, b], a, b € R.

There are severa different notions of convergence when it comes to random vari-
ables, and some imply one or more of the others. Of critical importance before
commencing is to understand the difference between two random variables, say X
and Y, ‘being close’ (meaning that, when both are observed, their values coincide with
probability one) and their distributions being close. Let X and Y be r.v.s defined on
the same probability space {R, B, Pr(-)}. Asin (1.17), if Pr(X € A) = Pr(Y € A) for
al A e B,then X and Y are said to be equal in distribution, written X 2Ly If the set
{w: X(w) # Y(w)} isan event in B having probability zero (termed a null event), then
X and Y are said to be equal almost surely or almost surely equal, written X = Y. To
emphasize the difference, let X and Y bei.i.d. standard normal. They then have exactly
the same distribution, but, as they are independent, they are equal with probability zero.

4.3.1 Convergence in probability

The sequence of (univariate) random variables {X,} is said to converge in probability
to ther.v. X iff, for dl € > 0,

lim Pr{we Q:1X,(w) — X(w)| > €}) =0, (4.40)

n—oo
and we write X, £ X. More commonly, this is written without reference to w as

lim Pr(|X, — X| >¢) =0 or, equivaently, lim Pr(|X, —X| <e¢) =1,
n—0o0 n—0o0
(4.41)

for al € > 0. This can also be expressed by saying X, £ Xiff, foral e > 0and s > 0,
there exists N € N such that Pr(|X,, — X| > €¢) < § for dl n > N. In the following,

we will write ‘Assume X, 2 X’ to mean ‘Let {X,} be a sequence of r.v.s which
converges in probability to X'.

Remark: Another common notation for convergence in probability besides X, -5 X,
particularly in time series analysis and econometrics, is plim X,, = X (read: the proba-
bility limit of X,, is X), which was introduced into the literature by the influential paper
of Mann and Wald (1943). |

It is often the case in applications that X is degenerate, i.e., a constant, as in the
next example.
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® Example 4.8 (Weak law of large numbers (WLLN) for uncorrelated r.v.s with same,
finite, first and second moments) Let {X,} be a sequence of uncorrelated r.v.sin Ly,
each with mean 1 and variance o', and let X, = n=1Y""_, X;, the average of the first

n elements of the sequence. The WLLN states that X, LS w. To prove this, as X,
has mean . and variance az/n,_it follows immediately from Chebyshev’s inequality
(4.16) that, for any € > 0, Pr(|X, — u| > €) < 02/ (n€?), so that, in the limit, from

definition (4.41), X, > L. [

Remark: In the previous example, it was required that the variance of the X, was
finite. This assumption can be relaxed, but then it is necessary to impose that {X,}
bei.i.d. r.v.s. In particular, if {X,,} is a sequence of i.i.d. r.v.sin L1 with expectation

w, then X,, > . For proof, see Bierens (2004, p. 140) or Rohatgi and Saleh (2001,
p. 278). Finally, the existence of the first moment can be relaxed as well; see Resnick
(1999, Section 7.2). [ |

© Example4.9 Letc,k € R and assume X, = X. If ¢ = 0, then it is immediate from
(4.41) that (cX, + k) 2 ¢X + k, while for ¢ # 0, observe that, for any € > 0,

lim Pr(|(cX, + k) — (cX + k)| > ¢) = lim Pr(|X, — X| > ¢/|c) =0,
n—o0 n—oo

so that, for any ¢, k € R, (cX, + k) > cX + k. [

© Example4.10 Assume X, % alet ACR,and let ¢ : A — R beafunction continu-

ousat point a witha € A. Wewish to confirmthat g (X,,) LS g (a). Recall the definition
of continuity from Section 1.A.2.1: the function g is continuous at « if, for a given
€ > 0, there exists § > 0 (with § being a function of a and ¢) such that, if |[x —a| < §
and x € A, then |g (x) — g (a)| < €. The contrapositive of this is: if g is continuous
a a, then, for a given € > 0, there exists § > 0 such that, if |g (x) — g (a)|] > € then
{|x —a| > 8}. Thisimplies that (recalling that r.v. X, is a function of w € ),

@8 Xy (@) —g @] =€} Clo:]X, () —al =8} (4.42)
From (4.25), this implies that, for a given € > 0, there exists § > 0 such that
Prilg (Xn) —g(a)| = €} = Pr{|X, —al = 4}.

The r.h.s. probability tends to zero for al §, including the one corresponding to the
choice of ¢, so that lim, o Pr{lg (X,) —g(a)| =€} =0,i.e, g(X,) > g@. N

© Example4.11 In Example 4.10, we would like to be able to replace a with X, i.e,

to be able to assume that X, £ X, where X is a (possibly nondegenerate) random
variable, thus generalizing the result in Example 4.9 to the nonlinear case:

X, 2 X, ge® = gX)>gX). (4.43)
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The problem is that, unlike a, X (w) varies according to w. This is not a problem
if g is uniformly continuous: the function ¢ : A — R is uniformly continuous on
A C R if, given € >0, 3§ > 0 such that, for al x,y € A such that |x — y| < §,
lg (x) — g ()] < €. Also, a continuous, real-valued function on a closed and bounded
interval is uniformly continuous (see Stoll, 2001, p. 146).

To prove (4.43), as in Gut (2005, p. 245), for g € C° (that is, g is continuous but
not necessarily uniform continuous), and given € > 0 and n > 0, choose L € R such
that Pr (] X| > L) < n/2 (note that, because Fy (—oo) = 0and Fy (c0) = 1, L exists).
Then g is uniformly continuous on [—L, L], and, for S := {w: |X(w)| < L}, (4.42)
now reads

{weS:ilg Xy (@) —g X (W) =el Clo: X, (@ — X (w)] > 35}. (4.44)
Then, from (4.44) and (4.25),

Prilg (X,) —g (X)) =€) =Pr({lg (X,) —g (X)[ = e} N{|X] < L}
+Pr{lg (X») —g (X)| = e} N{|X] > L})
=Pr(X, - X[ =8 +Pr(X|>1L). (4.45)

As X, % X, 3N e N such that, for any § (in particular, the one corresponding to
the chosen ), for dl n > N, Pr(|X,, — X| > 8) < n/2. Thus, for the chosen ¢ and 7,
continuing (4.45),

1

2 =

Prg(X,) —g(X)| =€) =Pr(|X, —X|=68)+Pr(X|>L) < g+

thus verifying (4.43). |

©® Example4.12 AssumeX, 2 X,Y, > Y,ande > 0. Letdy = X, — X, dy = Y, —
Y,S,=X,+7Y, and S = X 4 Y. From the triangle inequality,

{1Sn = S| > €} = {ldx +dy| > €} C {ldx| + |dy| > €} =: C. (4.46)

With A = {|dx| > €/2}, B = {|dy| > €/2}, Figure 4.1 confirms that C c {A U B}
(Problem 4.11 shows this algebraically) in which case (4.25) implies

Pr(|S, — S| >¢€) <Pr(C) <Pr(AU B) <Pr(A) + Pr(B) — 0,

S0 that

X, 2x, 7,2y = Xx,+v,3x+v (4.47)
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/ |dx| + |dY| =¢ X

el2 . C el2 |

el2 & el2 B
dy dy

Figure 4.1 Graphicaly verifies that C C {A U B}, where C is the region above the line |dx| +
|dy| = € (Ieft), B is the region indicated by horizontal lines, and A is the region indicated by
vertical lines

Combining (4.47) and the result of Example 4.9, we see that convergence in prob-
ability is closed under linear transformations, i.e., if X, = X and ¥, = Y, then, for
constantsa, b € R, a X, + bY, £ aX +bY. More generaly, from (4.43), if X, = x,
Y, 2 Y, and g, h € C°, then g(X,) + h(Y,) - g(X) + g(Y). For example,

XY, =2 =Y — =X, Y, =X =Y — (X Y)s = XY,
ie,if X, 2> Xxadv, > v, then X, Y, > XY. [

The concept of convergence in probability is easily extended to sequences of mul-
tivariate r.v.s. In particular, the sequence {X,} of k-dimensional r.v.s converges in
probability to k-dimensiona r.v. X iff

lim Pr(|X, — X| > €) =0, (4.48)
n—oo

and we write X, 2 X. Letting X,; denote the jth marginal random variable in the
vector X, and X ; denote the jth element of vector X, Problem 4.8 verifies that

Xp 52X & X, 5 X, j=12... k (4.49)

4.3.2 Almost sure convergence

Sequence {X,} is said to converge almost surely to r.v. X iff

Pr (a) L lim X, (@) = X (a))) =1, (4.50)
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and we write lim, .. X, = X as. or X, = X. Observe how this definition differs
from (4.40) for convergence in probability (more on this below).

Remark: Other expressions for amost sure convergence are convergence with proba-
bility one and convergence almost everywhere. |

Almost sure convergence is similar to pointwise convergence of functions (recall
Section 1.A.2.4.4); however, it does not impose the condition that lim,_, o X, (w) =
X (w) for all w € 2, but rather only on a set of w with probability one. In particular,
X, &3 X iff there exists a null event E € A (often termed the exception set) with
Pr(E) =0 and for al w € E€, lim,_, o X, (w) = X (w). Observe that the definition
alows E to be empty.

Example 413 Let w be a random number drawn from the probability space
{2, A, Pr(-)} with Q =10, 1], A the Borel o-field given by the collection of inter-
vasla, b]l,a < b,a,b € [0, 1], and Pr(-) to be uniform, i.e., for event A = [a, b] € A,
Pr(A) = b — a. (In short, let w be a uniformly distributed r.v. on the interva [0, 1].)
Let X, (w) = nI[[o,l/,,] (w) and let E = {0} be the exception set, with Pr (E) = 0. For
we E“=(0,1],lim, o X, (w) — 0, but as X,, (0) = n, lim,_, o X, (w) - 0 for all
w € Q. Thus, the sequence {X,} converges aimost surely to zero. See Resnick (1999,
p. 168) for further discussion and a less trivial example. [ |

Example 4.14 We wish to confirm that (i) X in (4.50) is unique up to a set of
measure zero, (ii) almost sure convergence is preserved under addition, and (iii) almost
sure convergence is preserved under continuous transformation. We use the notation
N({Z,}, Z) to denote the exception set with respect to sequence {Z,} and random
variable Z, i.e, N{Z,}, Z) = {w : lim, o Z,(w) # Z(w)}.

(i) Assume X, &3 X and X, &3 Y. We wish to show that Pr(X = Y) = 1. Let
Nx = N({X,},X)and Ny = N({X,,}, Y), with Pr(Nx) = Pr(Ny) = 0. Choose an w €
(Nx U Ny)¢, so that, using the triangle inequality and taking the limit as n — oo,
definition (4.50) implies

X () — Y(0)| < [X(0) — Xp(0)] + [Xn(w) — Y(w)| = 0.
Thus, (Nx U Ny)¢ C {o: X(w) = Y(w)}, and using (4.28) then gives
Pr(X #Y) < Pr(Nx UNy) < Pr(Nx) + Pr(Ny) =0,
orPr(X=Y)=1
(i) Now assume X, &3 X and ¥, 3 Y. To show that X, + ¥, 3 X + Y, let Ny =
N({X,}, X) and Ny = N({Y,},Y). Then, for al w € (Nx U Ny)¢,
Xn(@) + Yy(w) = (Xn + Yu)(@) = (X + ¥)(0) = X(0) + Y(0).

As Pr(Nx U Ny) < Pr(Nx) + Pr(Ny) =0, X, + ¥, & X + Y.
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(iif) We wish to show that
if X, 2 X and g e then g(X,) & g(X). (4.51)
For g € C°, similar to (4.44),
{w:g Xy (@) » g (X ()} Clo: X, (@ » X ()},
which, from (4.27), is equivalent to
{o: X, (@) = X (o)} Clo:gX, (@) > gX (@)},

and as the first set has probability one, so must the second, thus proving (4.51). Alter-
natively, let Ny = N({X,}, X) and o ¢ N, so that

Jim g(Xn(@) = g( lim X, () = g(X (),

from the continuity of g; seeaso (I.A.12). Thisistruefor al w ¢ Nx and Pr(N) = 0,
which establishes almost sure convergence. |

To help exemplify the difference between almost sure convergence and convergence

in probability, we use a statement equivalent to (4.50). Sequence X,, =3 X iff, for every
e >0,

lim Pr(U {|X,, - X| > e}) = lim Pr<SUp|X,, - X| > e) =0, (4.52)
m—00 Pt m— 00 n>m

or, equivaently,
mII_)mOOPr<’QL{|X”—X| 56}) =1 (4.53)
Using (4.34) with A, = | X, — X| > €, (4.52) states that
X, 5 x o Hmﬂ:HmH(UAO:Q (4.54)

while (4.35) implies that

X, 2 X & Pr(4,) = lim M(ﬂA;):l.

n=m

Informally speaking, the latter statement, for example, says that, with probability
one, an w occurs such that, for any € > 0, |X,, — X| < ¢ for al n sufficiently large. A
detailed proof of (4.52) can be found in Gut (2005, Section 5.1.2).
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Based on (4.52), almost sure convergence can also be expressed by saying X, <5 X
iff Ve > 0 and V8 € (0, 1), 3N € N such that, Vm > N, Pr (), {|X, — X| <€) <
1— 6. This is easily used to show that X, &3 X implies X, = X as follows. Let
X, ' X and define A, :={|X, — X| > €}. Clearly, for dl n e N, A, c U2, A
Using (4.25) on, and taking limits of, the latter expression, and using (4.52), we have

n—oQ

o0
lim Pr(|X, — X| > ) = lim Pr(A,) < lim Pr <U Ak> =0,

k=n

X, 5x = Xx,5x (4.55)

Remark:
(a) A converse of (4.55) exists: if {X,} is a monotone sequence of r.v.s, then X, S
X = X, & X. See Gut (2005, p. 213) for proof.

(b) There is an even stronger form of convergence called complete convergence, X, =
X. Problem 410 shows that it implies almost sure convergence. |

© Example 415 To see that the converse of (4.55) does not hold in general, as in
Gut (1995, p. 156), let {X,, n € N} be a sequence of independent r.v.s such that
Pr(X, =1 =1—n"tand Pr(X, =n) = n1. Then, for every ¢ > 0,

i ; 1
limPr(|X, — 1 >¢) = lim Pr(X, =n) = lim — =0,
n—oo

n—o0 n—oo n

so that X,, = 1. Now choose an € > 0, § € (0, 1), and n € N. In light of (4.53) and
using the continuity property (4.29) and the independence of the X,, with A, :=

{1X — 1] <€},
o) N N
Pr( ﬂ Am):Pr(NIl_)moo ﬂ Am)lel_)mooPr( ﬂ Am>
m=n+1 m=n+1 m=n+1
N N
Jim [T Prea = lim T Prex, =1)
m=n-+1 m=n+1
. 1 N-1 .
= lim — nEs = lim l:O;ﬁl,
' Nooon-+1n+2 N N—oo N
so that X, & 1. [ |

© Example 4.16 (Example 4.15 cont.) Now let {X,,, n > 1} be a sequence of r.v.s, not
necessarily independent, such that Pr(X, =1) =1—n"¢ and Pr(X,, =n) =n"¢ for
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a > 1. Combining the first Borel—Cantelli lemma (4.38) (using A, = |X,, — 1] > €)
with (4.54) and the convergence result in Example |.A.34,

ZPr(A)_Z—a<oo = Pr(4,i0)=0 < X,%1
n=1

Observe that this holds for any « > 1, and aso the independence of the X, is not
required. If we assume independence, and take « € (0, 1], then the second Borel—

Cantelli lemma (4.39) can similarly be used to prove that X, % 1, thus generalizing
the result in Example 4.15. |

Example 4.17 (Strong law of large numbers (SLLN)) Let {X,} be a sequence of
ii.d. rv.sin Ly with expected value 1 and K = E[X7], and let S, = >/_, X; and
X, =r1S,. The SLLN states that X,, = . To prove this, first take 1 = 0. As in
Karr (1993, Section 5.5.1) and Ross (2006, Section 8.4), from the multinomial theorem
(1.1.34), expanding S# yields terms

4 4 - nj - 4 AR - 2y2
to B (LI (5 5 e
o i=1 i=1

(n1,...,n):n; >0, i=1 j=i+1
ni+--+ny=4

where the second sum is over all ( ) pa|rs of (i, j) subscripts such that i # j, and the
additional terms are of the form X3XJ, X XXy and X; X ; X; X,, where all subscripts
are different. The independence a&umption and zero mean of the {X,} imply that the
expected values of these terms are al zero. Thus, from the i.i.d. assumption,

E[S]=rE[X7]+ (‘21) (;)E [X2X3] = rK +3r (r — 1) (E[X3])°.
From (1.4.46), (E[X2])’ <E[x}] =K, O E[S}] <rK +3r(r — D) K <rK +
3r2K and
54 1 3
5] <x[2+2]

Since Y7, r~* isaconvergent series for « > 1 (see Section |.A.2.4) and since, for
the sequence {Y,,} of nonnegativer.v.sin Ly, E[> 2, Y, ] = > oo, E[Y,] (see Fristedt
and Gray, 1997, p. 50, or Resnick, 1999, p. 131), we have, with S so defined,

e8] 4 o0 S4
E[S] = [Z —2} =Y E [7‘} <o
=1 r=1
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Then

r—0Q r

4
]E[S]<oo:>Pr(S<oo)=1:>Pr<|im <&> = ):1
1

@Pr(lim?,:O): & X, %o,

r—00

where the first implication follows from the fact that, for nonnegative r.v. S, E[S] <
oo = Pr(S < oo) = 1 (which isintuitively seen by considering its contrapositive, and
proven in, for example, Gut, 2005, p. 52), and the second implication follows from
properties of convergence series (see Section 1.A.2.4). For genera 1 € R, apply the

proof to {X, — u} to see that X, =5 p. [

Remark: As with the WLLN, the SLLN holds if just the first moment exists: if {X,}

is a sequence of i.i.d. r.v.sin Li with expectation 1, then X,, £ 1. The proof when
assuming {X,} arei.i.d. and in L, is instructive and still straightforward; see Jacod
and Protter (2000, p. 169). The genera proof is more advanced and can be found in
virtually all advanced probability textbooks. [ |

4.3.3 Convergence in r-mean

So far, convergence in probability and almost sure convergence have involved state-
ments of probability. Convergence in r-mean involves expectations and is common in
the literature on time series analysis.

The sequence {X,} in L, is said to convergein r-mean to X € L, iff

lim E[ X, — X|"] =0. (4.56)

n—oo

In this case, we write X, Ly X, aternative popular notation being X, E Xor just
X, > X.

Remark: Convergence in r-mean is also referred to as convergence in L,. A com-
mon case is when » = 2, in which case one speaks of mean sgquare convergence or

. . . . q.m.
convergence in quadratlc mean and sometimes writes X, — X. [ |

Problem 4.9 shows that: (i) r.v. X in (4.56) is unique up to a set of measure zero,
ie,if X, > Xand X, > Y, thenPr(X = Y) = 1; (ii) if X, > X and ¥, = Y, then
Xy +Y, > X+7Y.

© Example 418 With {X,} ani.i.d. sequence in L, with E[X,,] = u and V(X)) = o2,
and X =n~1S,, S, =Y.', X;, recall that the WLLN and SLLN in Examples 4.8 and



4.3 Convergence of sequences of random variables

417 state that X, = pand X, &5 4, respectively, with the latter implying the former
from (4.55). Now observe that

2
lim E[[X, - u[*] = lim v(X,) = lim © =0,

n—0oo n—0oo n—-oo n
— Ly
so that X = p. [ |
Example 4.19 Directly from Markov’s inequality (4.13), for any ¢ > 0,

Pr1x, — x|z o = 2= Xl
from which it follows that X, g X=X, 2 x.

If X, 2 X, the Cauchy—Schwarz inequality (4.3) with U = |X,, — X|and V =1
gives E[1X, — X[] < /E[IX, — X|2], so that X, 3 X = X, > X. Recall that,
if function f is Riemann integrable over [a,b], then |fabf| < f: | £|. Thus,
|E[X, — X]| <E[IX, — XI], implying X, " x = E[X,] — E[X]. Similarly, writ-
ing E[X2] = E[(X, — X)?] + E[X?] + 2E[X (X, — X)], (4.3) implies

E[X (X, — X)] < [E[X(X, - )]| < E[IX(X, — X)[] < /E[X2]E[(X, - )?]

and taking limits, we see that X, 2 X = E[X?] — E[X?]. [ |

The results from the previous example might suggest that

5x = x,2x r>o0 (4.57)
Ly Ly
X, =>X = X,>X, s>r>1, (4.58)
and
X, %X = E[XI]—E[XI], r>o0. (4.59)

These are true, and the first result (4.57) follows directly from Markov’s inequal-
ity (4.12). The second result (4.58) follows easily from Lyapunov’s inequality (4.9),
i.e, [|X|l, < |IX|s, recalling that the r-norm of r.v. X is ||X|, = E[|X|"]¥", r > 1.

To prove the third result (4.59), first take » > 1. Recall that Minkowski’s inequal-
ity (4.11) is U + V|, < IUll, + IV|,. Then with U = X,, — X and V = X, thisis
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1 Xnll- < 1X, — Xl + 11X, and with U =X, and V = X — X,,, we get || X], <
X, — XIl, + I X, |-, and combining,

’ ”Xn”r - ”X”r | = ”Xn - X”r

As X, Ly X, ther.h.s. converges to zero in the limit, showing that || X, ||, — | X],, or
E[1X.I"] = E[1XI"].

For r € (0, 1], inequaity (4.5) with U =X, — X and V = X gives E[|X,|"] —
E[1X|"] <E[|X, — X|"]. Using U = X,, and V = X — X,, then leads to

E[1XI"] — E[IX.I"]| < E[IX — X.I"],

showing the result.
The next two examples are standard for showing that X, DX - X, Ly X.

© Example 420 Recall Example 4.13, in which @ is a uniform r.v. on [0, 1] and
Xy (@) = nl[g1/,] (w) converges almost surely to zero. Then, for al n € N,

E[|X, — 0] = E[X,] =nPr0 < < 1/n) = 1,

so that {X,} does not converge in L;. Note that, if instead X, (w) = \/EH[OJ/”] (),
then {X,} still converges almost surely to zero, and E[X,] = n~Y?, which in the limit

is zero, so that X, -5 0. However, E[|X, — 0/?] = E[X?] = 1, so that {X,} does not
converge in Lo. [ |

© Example 421 As in Example 4.16, let {X,} be a sequence of r.v.s with Pr(X, =
D=1—-n*and Pr(X, =n) =n"%fora > 0. Then

— 1)
E[|Xn - 1|r:| =0 Pr(Xn = 1) + |I’l - 1|r Pr(Xn = }’l) = (n ) s

nOt

and, with ¢, = lim,_ o E[|X,, — 1], ¢, = 0forr <a, ¢, = 1forr =, and ¢, = 0o

for r > «, showing that X, Y lforr<a. If a> 1, then X, =3 1, but does not
converge in r-mean for any r > a. |

Examples demonstrating that X, > X » X, 25 X and X,, 2 X = X, “¥ X can
be found in Resnick (1999, p. 182) and Gut (2005, p. 211). Observe that amost sure
convergence and r-mean convergence cannot be ranked in terms of which is stronger
(i.e.,, one implies the other), unless further conditions are imposed (see Gut, 2005,
p. 221).

© Example 4.22 To show that

x,3x v,3y = x,v,3xy (4.60)
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use the triangle inequality (4.10) and the Cauchy—Schwarz inequality (4.3) twice to
write

E[1X,Y, — XY|] = E[|X,Y, — X,Y + X,,Y — XY|]
< E[IX,Yy — XY ||+ E[|X,Y — XY]]

= \/ E[X2|E[(Y, — Y)?] + \/E[YZ]E[(X,, - x)2].

The first term goes to zero in the limit because Y, il Y and because, from Ex-
ample 4.19, X, 2 xo E[X?] — E[X?]. The second term converges to zero in the
limit becauseX,l% X. [ |

4.3.4 Convergence in distribution

For agiven c.d.f. F, let C(F) = {x : F(x) is continuous at x}. The sequence {X,,} is
said to converge in distribution to X iff

ILrgo FX,, (x) = Fx(x) Vx e C(Fy), (461)

and we write X, 4 x. Convergencein distribution is the weakest form of convergence.

Remark: In somewhat older texts, convergence in distribution may be referred to as
convergence in law or weak convergence. [ |

Similar to the other types of convergence, if X, 4 x , then X is unique. For suppose

that X, > X and X,, <> Y. Then, for an x € C(Fy) N C(Fy), the triangle inequality
(4.10) implies that

[Fx(x) — Fy(x)| < |Fx(x) — Fx,(x)| + |Fx,(x) — Fy(x)],

and in the limit, the r.h.s. goes to zero. It can also be shown that Fx(x) = Fy(x) for
al x € R; see Gut (2005, p. 208).

The next two examples verify, respectively, that X, 4 X Xn b X and X, >
X=X, x.

Example 4.23 Let {X,} be a sequence of discrete r.v.s such that Pr(X, =0) =
1—n"tandPr(X, =n) =n"t sothat Fy,(x) = (1 —n" o (x) + I, 00 (x). Then
lim, .o Fx,(x) = Fx(x) a all points of continuity of F,, where Fx(x) = [0, (x),
and Fy isthec.d.f. of ther.v. X which is degenerate at zero, i.e., Pr(X = 0) = 1. Then,
for al k € N, E[X*] = 0 but E[X%] = n*~*, so that, for r > 0, E[|X,|"] - E[|X|"],
and thus, from (4.59), X,, does not converge in r-mean to X. [ ]
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© Example 4.24 To show that X, LGS '@=N X, 4 X, let F,, and F denote the c.d.f.s
of X, and X respectively, and let x be a point of continuity of F. Asin Fristedt and
Gray (1997, p. 249), let § > 0 and event B = {|X, — X| < §}. We can split Fy, (x)
into the two digoint events
Pr(X, <x)=Pr({X, <x}NB)+Pr({X, < x}NB°),
and observe (draw a line) that
{(X, <x}NB C {X<x+4+38NB C {X <x+6}
and, trivialy, {X, < x}N B¢ C B°. Thus,
Pr(X, <x) <Pr(X <x+38) +Pr(B).

For any € > 0, choose a8 > 0 such that F(x +68) — F(x —§) < ¢/2, and choose
N e N such that, for n > N, Pr(B°) = Pr(|X,, — X| > §) < €/2. Then

Pr(X, <x) <Pr(X <x+36)+Pr(B9
<[F(x)+€/2] +¢€/2.
Similarly,

Fx)=Pr(X <x) <Pr(X+8§<x) <Pr(X <x—98)+¢/2
<Pr(X, <x)+Pr(|X, — X| > 8) +¢/2
< [Fax) +€/2] +€/2.

As ¢ > 0 is arbitrary, we have shown that

,2x = Xx,%x (4.62)

A converse of (4.62) exists if the limiting random variable is degenerate: if {X,} is
aseguence of r.v.sand X isadegenerater.v. with Pr(X = ¢) = 1 for somec € R, then

X”—d>X=>X,l—p>X. To prove this, for any € > 0, asc+ € € C(Fx) = {x : x # c},
we have

Pr(IX, —c|>¢e)=1—-Pr(c—e <X, <c+e¢)
=1-Fx,(c+e)+ Fx,(c—€)—Pr(X, =c—¢)
<1-Fx,(c+e€)+ Fx,(c—¢)
—-1-14+0=0,

so that lim,_. o Pr(|X,, — c¢| > ¢) = 0.
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Another converse of significant theoretical importance exists; see Fristedt and Gray
(1997, p. 250) or Gut (2005, p. 258). [ |

Similar to (4.48) for convergence in probability, the concept of convergence in
distribution is easily extended in a natural way to sequences of multivariate r.v.s. the
sequence {X,} of k-dimensional r.v.s, with distribution functions Fx,, converges in
distribution to the k-dimensional r.v. X with distribution Fx if

lim Fx,(X) = Fx(X) VX € C(Fx). (4.63)

n—oQ

and we write X, 4 X.
Some further important results regarding convergence in distribution are as follows.

LIfFXx, % X, v, %y, XLy (X isindependent of Y), and X,, L Y, for al n, then
d
X,+Y,— X+Y.

2. Suppose X, > X.If h € C%a, b] with a, b € C(Fx), then E[A(X,)] — E[h(X)].
3. Suppose X,, > X. If h e ¢° and bounded, then E[A(X,)] — E[A(X)].

4. (Continuous mapping theorem) Suppose X, 4 X If g € (P, then g(X,) 4 g(X).

5. (Scheffé€ s lemma) Suppose that X, X1, X», ... are continuous r.v.s with respective
p.d.f.s fx, fx;. fx,, ..., and such that fx, — fx for ‘amost al’ x (for al x € R

except possibly on a set of measure zero). Then X, 4 x.
6. (Slutsky’s theorem) Suppose X, “4 X and Y, 5 a for somea € R. Then
X, +7, % X+a, (4.64)
X, Vo5 X-a, and X./Y, % X/a, a=#0. (4.65)

7. (Continuity theorem for c.f.) For r.v.s X, X1, Xo, ... with respective characteristic
functions ¢x, ¢x,, ¢x,, - - -,

lim ex, ) =ex@®)Vt < X, 2 X. (4.66)

Moreover, if the c.f.s of the X, converge, for all r € R, to some function ¢ which
is continuous at zero, then there exists an r.v. X with c.f. ¢ such that X, <4 x.

8. (Continuity theorem for m.g.f.) Let X,, be a sequence of r.v.s such that the corre-

sponding m.g.f.s M (r) exist for |7| < h, for someh >0, and al n e N. If X is
an r.v. whose m.g.f. Mix(¢) exists for |t| < hy < h for some hy > 0, then

lim My (f) = Mx() for [t| <h1 = X, = X. (4.67)
n—0o0
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9. (Cramér—Wold device) Let X and {X,,} be k-dimensiona r.v.s. Then
X, 4 X o tX,5tX, VteR: (4.69)

Proofs of these results can be found in Gut (2005) on pp. 247, 222, 223, 246, 227,
249, 238, 242, and 246, respectively. Some examples of the use of (4.67) were given
in Section 1.1.3.
© Example425 Let X; *'N@22), i=12..., with §,=Y"_,X; and Q, =
Y X2 Then E[S,] = nE[X1] = 2n and E[Q,] = nE[X?] = n(2? + 2) = 6n. From
the SLLN applied to both the numerator and denominator of S,/ Q,, and using Slutsky’s
theorem (4.65),
S, S, /n im, o S,/n 1

lim — = lim = = = -
n—oo Q, n—o0 Q,/n lim,_ o On/n 3

Now let X; " N(0, 1). With K, = 37, X4 B[Q,] = nE[X?] = n and E[K,] =
nE[X7] = 3n, asimilar application of the SLLN and Slutsky’s theorem gives

lim 2 1Moo Qu/m _ 1

Finally, again with X; "% N0, 1), 1im,_,cc 0n/n = 1 and

S M Su/A 4
lim — = —"—"""=N(0, 1),
G = T onn — VO D

as S,//n ~ N(0, 1), which implies, trivially, that S,//7 %> Z ~ N(O, 1). m

© Example 426 Recall the construction of a Student’s ¢ random variable in Exam-
ple1.9.7: if G ~ N (0, 1) independent of C, ~ x2, then T,, := G//C,/n ~ t,. From
result (ii) of Example 2.3, C, 4 Y1 Xi, where X; e X12, so that the WLLN implies
that C,/n 5> E[X1] = 1. Next, the result of Example 4.10 implies that /C,/n =
V1 = 1. Thus, applying Slutsky’ s theorem (4.65) to T' and using the fact that, trivially,

G % N(0, 1), we see that that 7, <> N (0, 1). m
All the relationships discussed above (or in the problems bel ow) between the various

methods of convergence are embodied in the following diagram, for a sequence {X,,}
and constant ¢ € R.

e X=c, X, ind as P XéC d
X, 5 X = X, 5x| = |Xx,5X% X, > X
= =

)
O=S>r

A
A
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4.4 The central limit theorem

Although this may seem a paradox, all exact science is dominated by the idea

of approximation. (Bertrand Russell)

Recaling Example 1.9 in Section 1.1.3 and the fact that, for B; e Ber (p),
> 1B ~Bin(n,p), we can conclude that, as n-—>o0, > ;B 4
N (np,np(1— p)). Similarly, Example 1.10 and result (i) of Example 2.3 imply

that, it X; " Exp (1), then, as n — oo, 31y Xi <> N (n/, n/22). This is interest-
ing, for it says that, properly standardized, the sums of i.i.d. Bernoulli and the sums
of i.i.d. exponential r.v.s converge to the same distribution. This fact behoves us to
search for other r.v.s, or, better yet, necessary conditions in general, for which this
holds. It turns out that it works for any i.i.d. r.v.s X; with mean n and finite variance
o?. This fascinating limiting result is so theoretically important and central to much
applied work that it is referred to as the central limit theorem (CLT), a term coined
by George Polya in 1920.

A common application of the CLT, usualy adequately emphasized in introductory
statistics courses, is that, for certain r.v.s, such as binomial, Poisson, and negative bino-
mial, the c.d.f. at x can be approximated by ® ((x — ) /o), where . and o2 are the
mean and variance, respectively. Thisis put to good use when constructing confidence
intervals and tests of hypotheses. With modern computing power and more recent the-
oretical developments, the distribution of, say, a test statistic can often be accurately
approximated without appeal to asymptotic arguments. Nevertheless, the use of asymp-
totics is ubiquitous in virtually all branches of statistical data analysis (not to mention
probability theory), and so a basic understanding of its magjor concepts is crucial.

Arguably more useful is that the i.i.d. assumption in the CLT can be relaxed to a
certain extent. The ability to alow for certain forms of covariance between the X;
is vauable for, among other things, the analysis of time series and other stochastic
processes which evolve in space or time. Being able to relax the identical assumption

in the CLT implies, for example, that the distribution of >"_; X; for X; nd Bin (n;, p;)

ory ! .Y fory; nd NBin (r;, p;) can be approximated, or even > ", X; + Y ", ¥;,
etc. All that is required is the mean and variance of the components in the sum. This
justifies the normal approximation entertained in Problem 1.6.7.

One of the most fundamental applications of the CLT makes use of the fact that
the distribution of the components need not be known, but only that they have finite
variance. In many statistical models, the error term is assumed to be the accumulation
of al other factors of possible influence that are not explicitly taken into account. As
an example, the change in the closing price P, on day ¢ of a heavily traded stock
consists of the buying and selling actions of thousands of market participants, many
of them acting independently, but certainly not all with identical ‘trading inclinations'.
Ironically in this example, empirical evidence shows that, even with the very large
number of components that contribute to the change in the price of the financial asset,
the daily returns, (P;y1 — P;) /P;, do not follow a norma distribution! There are,
however, other limit theorems which can better accommodate this phenomenon — but
we are getting ahead of ourselves (see Chapter 8 for more information).
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We now outline the usual proof assuming that the m.g.f. of the X; exist. Let X; e

(1, 0?), ie, {X;} is a sequence of i.i.d. r.v.s with common mean . and variance
o?, and let Z; = (X; — ) /o with common m.g.f. M4(r), which exists for ¢ in a
neighbourhood of zero. Let S, = n=Y23"_, Z; = nY?Z,, where Z, =n=13""_| Z;.
Asthe Z; are dlso i.i.d. Mg, (1) = (Mz(tn~2))", and, from (1.3),

00 / 3

_ _ t W We t

1/2 1/2 2! 3~ ...
Zo | ) =1+u 1/2+2n+3!n3/2+ )
k=

where ) = M(’Z‘) (t)‘ o with ug=1, wu;=E[Z]=0, and u,),=V(Z)+
1=
(E[z:]D?=1. As

k ko \"
an+i+i)=&
n—o00 n npP

for p > 1,

2 n 2
. _ . _1/2 n _ . t_ . _ t_
Jim Vs 0 = fim (on )" = fim (14 5+ ) =eo(5).
Then, assuming the characterizing property of m.g.f.s, as discussed in Section 1.1.3,
the result follows. (Problem 4 15 shows another method of proof.)
Summarizing,

i X
if X; ~ (u,0?%), then == N (0, 1 4.69
i (. 0?) U\/_—> 0,1). (4.69)

This can also be expressed informally as Y"/_; X; 4N (np,no?) asn — oo, but
with the understanding that (4.69) is the correct statement.

Although for many applications of interest, the CLT ‘kicksin’ quickly, i.e., it approx-
imates quite accurately the random variable of interest, there are situations for which
this will not be the case, particularly in the tails of the distribution. This is illustrated
in the following example.

© Example 4.27 Consider the sum of i.i.d. Student’s ¢ r.v.s with 3 degrees of freedom.
As the m.g.f. of each component does not exist, the previous proof does not apply,

but a similar analysis can be applied to the c.f. Let X; i t3, each with E[X] = 0,
V(X)=3/(3—2) =3 andcf.

ox (1) = (L+ |t/3]) exp (- [1+/3)])

(see Johnson, Kotz and Balakrishnan, 1994, p. 367), which is real because X is sym-
metric. The cf. of the standardized sum S = S (n) = (3n) Y237, X, is then
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pst) = (L+1t/1/n)" exp(—nt\/1/n), t>0, (4.70)

or, with m = n=/2,

-2 ! 1, 13 1, 3
log gs (1) = m “log (1 + tm) =t gtm = tm +0(m%, >0,
which, for constant ¢, approaches —r?/2 as n — oo, which is the log of the c.f. of a
standard normal random variable. A similar result holds for # < 0.

The density of S can be computed by applying (1.59) to (4.70); Figure 4.2 shows the
density in the right tail region for n = 1,3,5,7,9, 11, 40 and 100. As n increases,
the density indeed decreases in the tails, abeit extremely slowly. Even for n = 100
the density in the tails is far closer to a 3 than a normal density, which is 2.1 x 10~3?
at x = 12. See also Problem 4.19.

Nevertheless, the density where most of the mass lies is quite close to the normal
for much smaller values of n. Figure 4.3 shows, for n = 5, 10, 20 and 100, the true
density (dashed) and the standard normal (solid) along with a histogram (truncated at
—6 and 6) based on 30000 simulated replications. [ |

x 1075

0 , , , i . —
12 13 14 15 16 17 18 19 20

Figure 4.2 Density for scaled sums of 7(3) r.v.s; the solid lines from top to bottom correspond
ton=1,3,5 7,9, 11, 40 and 100

Example 4.28 To illustrate a random variable which does not converge to a normal,
consider Banach’s matchbox problem from Example 1.4.13. For given N, the p.m.f. of

rv. K is
2N —k\ [1\?V K
fx (k; N)=( N )(5) , (4.71)

and interest centres on what happens as N — oo. As K is not a sum of N r.v.s, the
CLT is not applicable and the limiting form of the density is not obvious. Plots of the
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160 Convergence concepts

Figure 4.3 True density of S(n) (dashed) and standard normal (solid) for n =5 (top left), 10
(top right), 20 (bottom left) and 100 (bottom right). Histograms based on 30000 simulated values
of S(n)

mass function reveal that its shape resembles that of a half bell curve, particularly as N
grows. To illustrate, Figure 4.4 shows part of the exact mass function (solid lines) for
N =50and N = 500 overlaid with the density of the scaled folded normal distribution

2

22

-1

gx;e)=c }H(sz), c>0. (4.72)

-
_exp
T

The choice of ¢ used in the plots is that obtained by equating E [X] = c4/2/7 with
E [K], where the latter was given in Problem 1.4.13. For large N, ¢ ~ +/2N — /7/2
or ¢ ~ +/2N. In addition, E [X?] = ¢2.

The absolute relative error of the density approximation, ARE = (E — A) /E, where
E denotes the exact and A the approximate density (4.72), appears to take the same
shapefor all N. Figure 4.5 shows ARE for N-values 50, 500, 5000 and 50 000. It takes
on a‘W’ shape for lower values of k and then continues to increase ‘without bound’
(for N =50, max(ARE) = 107, for N = 500, max(ARE) = 10%). (An explanation
for the poor accuracy as k grows will be given below.)
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Figure 4.4 The mass function f; (solid) and approximate density g (x; ¢) (dashed) for N = 50
(left) and N = 500 (right)
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Figure 4.5 The absolute relative error of the density approximation for N = 50 (top left), N =
500 (top right), N = 5000 (bottom left) and N = 50000 (bottom right)

To see that the density g (x; ¢) is indeed the limiting form of (4.71) as N — oo,
begin with Stirling’s formula, which yields

(2N) N 22N
N)  JaN’
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so that
1
Pr(K =0) » —.
VN7
For k = 2, using (1.4.22),

N-1 N-1 1
PrK=1)~—7——.
N_§ Nm

Pr(k =2) = -
2

Then, similar to a method to show the CLT for binomial random variables (see

Feller, 1968), expand the log of NN 1}2 in a Taylor series and drop the higher-order

terms to obtain

N-1Y\ N-1/2 1/2
IW(N—VJ_"“E(N—1>_ |90+N_E>

_ i1 1a 2+ 11
~ |2N-1 2\2N-1 - 2N-1

or

ik m2= (L) Lap( 1)
- _4/N7-[ P 2N -1 _«/Ny-[ P 2N '

Similarly for k = 3, from (1.4.22),

N -2 N-2 N-1 1
Pr(K =3 —PrK—Z
( ) = ( ) = N—-1N-1/2./Nn

and, with

1 11 12
=9 en(-57 ) eo(-57)

L o i:' 1 eXp( 3)
= — —_— 1 = — _— .
VN7 2N = VNm 2N
The form for general k is now straightforward: with the first factor in (1.4.22)
expressible as
N -1 1 k-1

2
S SN e S
N _k+l T oN_—i+1



it follows that

4.5 Problems
o 1+1 k—1 1 % N 1k

I\ TN k1) T 2N =«
and

(4.73)

is established. As a check,

r

2 q © 1
e 4y dk =/
VN 0

- 1
dy = n~Y2r (—) =1
vy 2

IE[K]%/O kg(k)dk:Z\/g and E[K?]~2N,

sothat,as N — o0, V(K) ~ 2N —4N/n = (2—4/7) N, asin (1.4.60).

de — 1 /O" e’
2JNw J/x I Jo
Also, using this approximation,

Finally, note that the second approximation in (4.73) breaks down for k relatively
results in Figure 4.5.

large, so that the density approximation will fail in the right tail. This explains the

4.5 Problems

[ |
Most of the important things in the world have been accomplished by people
who have kept on trying when there seemed to be no help at al.
(Déale Carnegie)
Experienceis ahard teacher because she gives the test first, the lesson afterwards.
(Vernon Law)
4.1. Show that

4.2. Using Holder's inequality, prove Lyapunov’s inequality.
4.3. % Veify (4.14) and (4.15).
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4.4. % With X; ~ Ber (p), show Pr(X, > ¢) < exp(nK (c)), p < c < 1, where
K()=dlng+clnp—clnc—dInd
withg:=1—pandd:=1—c.

4.5. Find the Chernoff bound when X; "¢ poi (2), and specify for which values of
¢ the bound is valid.

4.6. % Assume X, > X and X, > Y. Show that (i) Pr(X = Y) = 1 and (ii) as
n,m— 00, X, — X, 2 0. Hint: Use aresult in Example 4.12.

4.7. Show that, for a set of nonnegativer.v.s Yy, ..., Y, for any € > 0,

k k
P Y vize) =Y Pr(r=7). (4.74)
j=1 j=1

4.8. % Show (4.49), i.e, with X, = (X1, Xu2, ..., X)), n=21,2,..., and X =
(X1, X2, ..., Xi), Xy B X & X, B X5, =12,k

Hint: Recall from (1.A.9) that the norm of vector z = (z1, ..., z») € R™is||z|| =
‘/z% + -+ z2. It is easy to verify (as was done in the proof of (1.A.140), that,
for vector z = (z1, ..., zn) € R,

lzil = llzll < lzal + -+ lzml, i=1,....m.

4.9. % First, show that, if {X,} converges in r-mean, then the limiting random
variable is unique, i.e., assume X, — X and X,, — ¥ and show that Pr(X =
Y) = 1. Hint: Use (4.4). Second, show that, if X, — X and Y, — Y, then X,, +
Y, > X+7Y.

4.10. % Asin Gut (2005, p. 203), the sequence {X,} is said to converge completely
torv. X (i.e, X, = X) iff, for al € > 0,

> Pr(X, — X| > €) < oo (4.75)

n=1
Prove that, for {X,} with the X,, not necessarily independent,
X, 55X = X, 5x (4.76)

Prove aso, for constant ¢ and X,, independent r.v.s, that

c.c.

X, 5S¢ o X,%c¢  if the X, areindependent. (4.77)

Why isit not possible to extend (4.77) to X,, =5 X instead of using a degenerate
random variable?
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4.11. In Example 4.12, with A = {|dx| > €/2}, B = {|dy| > €/2}, and C = {|dx| +
|dy| > €}, show agebraicaly that C implies A U B.

4.12. Rec;all the construction of an F(nq, ny) random variable in Example 1.9.8: if
Xi Irrlq X”i' then Fnl.nz = (Xl/nl) / (Xz/}’lz) ~ F(}’l]_, }’lz). Show that, as np —
OO,

d 2
nlEll,nz - an‘

4.13. % % Let X1, X5, ..., bei.i.d. Bernoulli random variables with
p=P(X;=0=1-Pr(X; =1,

i > landlet L1, Ly, ... denote the respective lengths of the first run, second run,
etc. As an example, for the sequence 1110110010--+, L1 =3, Lo =1, L3 = 2,
L,=2, Ls =1, etc. It follows that the L; arei.i.d. random variables.

(@) Assume p = 1/2. What is the distribution of L1?
(b) Calculate the distribution of L, forany p, 0 < p < 1.

(c) It is of interest to find the distribution of the number of runs, K, in the
first n observed values of X. First argue why the relation Pr(K > m) =
Pr(>_/; L; < n) isvalid. Then approximate Pr (K > 55) using the central
limit theorem with n» = 100 and p = 1/2.

(d) Let M, denote the maximum length of the runsin the first n observed values
of X. An expression for the c.d.f. of M, is straightforward if we condition
on the number of runs. For example, assume that there are exactly 50 runs
and compute Pr (M, < 6) for p = 1/2.3

4.14. Y A coin with probability p of ‘heads will be tossed n times. We want the
smallest valuen suchthat Pr(|p — p| < €1) > 1 — ¢, for somee; > Oand €2 >
0. In terms of the c.d.f. of the binomial, F (x; n, p), and the standard normal,
® (x), give (possibly implicit) expressions for n:

(a) using the CLT without continuity correction;
(b) using the CLT with continuity correction;

(c) exactly.

4.15. Recall the proof of the CLT. An aternative proof uses Kg, (t) = InM, (¢) and
shows that lim,_, o Kg, () = 12/2. Use this method to derive the CLT. Hint:
Apply I"Hopital’s rule twice. (Tardiff, 1981)

3 Notice that this calculation does not use n. With more work, one could compute the c.d.f. of M, via
(1.8.16), i.e., as a sum of conditiona (on the number of runs) probabilities, weighted by the probability of a
total number of runs, as given in Section 1.6.3. The latter requires, however, knowing (i.e., conditioning on)
the total number of successes and failures. This, in turn, could also be used to compute the c.d.f. of M, viaa
nested use of (1.8.16), so that only specification of n and p is required.
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4.16.

4.17.

4.18.

4.19.

% From the CLT, a binomia random variable X with n trials and success
probability p can be asymptotically expressed as Y ~ N (np, npq), g =1 — p.
For finite samples, the ‘continuity correction’
Pr(X <x)~Pr(Y <x+0.5), (4.78)
Pr(X>x)~Pr(Y >x—-05) (4.79)

can be applied.
Let X ~ Bin(20, 0.05).

(a) Calculatethe percentage error of approximating Pr (X > 3) using the Poisson
and the normal approximation, the latter both with and without continuity
correction.

(b) Using a computer, calculate the optimal continuity correction value v =

v (n, p) such that
3+v—1)
1-0( —
( v/0.95

is as accurate as possible.

% Augment Problem 4.16 using the usual Chebyshev inequality, the one-sided
Chebyshev inequality, and Chernoff’s bound. Optionally apply the saddlepoint
approximation developed later in Example 5.4.

% A bank employee is responsible for making sacks of coins, n coins per sack.
However, in each sack, she puts m fake coins, m < n, and gives the rest to
charity. Her boss suspects something and checks a single random coin from
each of n bags. Let X, be the number of fake coins found.

(@) What isPr (X, =0)?What isit asn — c0?

(b) What is the p.d.f. and expected value of X,?

(c) BEvauate Pr (X, = E[X,]) form =1land m = 2.
(d) Calculate the limiting values as n — oo in part (C).

(e) In part (c), using Stirling’'s approximation, find n such that Pr (X, = m) is
closeto = 0.05, for m = [{5], where [a] denotes the integer portion of a.

(f) Repeat part (€) using both the Poisson and Stirling approximations together.

In Example 4.27, X; U and S = S (n) = (3n) 12 S, Xi. We would like
to use simulation to confirm the appearance of the p.d.f. of S. For n =40 and a
grid of x-values between 2.5 and 4.5, simulate 20000 realizations of S and plot
their kernel density, overlaid with the true density computed by inverting the c.f.,
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35

4.5 Problems

Figure 4.6 Kernel density of 20000 simulations of S (solid curve), true density of S (dashed)

and standard normal density (dash-dotted)

and the standard normal distribution. The resulting plot should look something
that in Figure 4.6, showing that the calculation of the true density of S isindeed
accurate, and that S, even with n = 40, till has much fatter tails than the normal

distribution.
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Saddlepoint approximations

Any sufficiently advanced technology is indistinguishable from magic.
(Arthur C. Clarke)

For many situations occurring in statistics, the distribution of a random variable X
arising from a function of other random variables, or as a test statistic or parameter
estimate, is either unknown or is algebraically intractable. Recalling the central limit
theorem, if X can be represented as a sum of n (usually independent) r.v.s with
finite variance, then, as n increases, the normal distribution is a valid candidate for
approximating fx and Fy.

The normal approximation tend to be adequate near the mean of X, but typically
breaks down as one moves into the tails. To see this, consider the following two
examples. Let X ~ 7 (v), the Student’s ¢ distribution with v > 2 degrees of free-
dom. Recalling its variance from (1.7.46), its c.d.f. can be approximated by that of
Y ~N (O, v/ (v —2)). Figure 5.1(a) shows the RPE of the approximation for v = 6; it
is zero at the mean, while it increases without bound as |x| increases.

Now let X ~ x2 (v), achi-squarer.v. with v > 0 degrees of freedom. Its distribution
is approximated by that of ¥ ~ N (v, 2v). Figure 5.1(b) shows the associated c.d.f.
percentage error for v = 6. As Y is not symmetric, the error is not zero at the mean.
Also, because of the truncated true left tail, the percentage error will blow up as x
moves towards zero. It also increases without bound as x increases.

Another illustration of the inaccuracy of the normal approximation was given in
Problem 1.6.7, where interest centred on the sum of three independent negative bino-
mial random variables with different success probabilities. The exact p.m.f. was cal-
culated by straightforward application of the convolution formula, but, in general, as
the number of components in the sum increases, the computation becomes slower and
slower. The method of approximation developed in this chapter is applicable to this
case (see Example 5.3 and Problem 5.4), and, like the normal approximation, does not
become any more complicated as the number of negative binomial components in the
sum increases, but — as will be seen — is vastly more accurate.

Severa resultsin this chapter will be stated without proof. In addition to the origina
articles we mention, several surveys, textbook chapters, and monographs on the subject

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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4 3 =2 -1 0o 1 2 3 4 2 4 6 8 10 12 14
@ (b)

Figure 5.1 Relative percentage error, defined as 100 (Approx — True) / min (True, 1 — True),
() for the normal approximation to the r (6) c.d.f., (b) for x2(6)

are available, including Barndorff-Nielsen and Cox (1989), Field and Ronchetti (1990),
Jensen (1995), Reid (1988, 1996, 1997), Kolassa (1997), Pace and Salvan (1997), and
Butler (2007).

We begin with a detailed exposition of the univariate case in Section 5.1, cover
some aspects of the multivariate case in Section 5.2, and provide an introduction to
the hypergeometric functions 1 F; and 2 F1 in Section 5.3, which are needed in several
exercises and later chapters.

5.1 Univariate

5.1.1 Density saddlepoint approximation

A modern mathematical proof is not very different from a modern machine, or
a modern test setup: the simple fundamenta principles are hidden and amost
invisible under a mass of technical details. (Hermann Weyl)

With the above quote in mind, we provide only a simple, informal derivation of the
density saddlepoint approximation, and refer the reader to the aforementioned texts,
particularly Butler (2007), for more formal derivations and much deeper insight into
the nature and quality of the approximation.

The basis of this method is to overcome the inadequacy of the normal approximation
in the tails by ‘tilting’ the random variable of interest in such a way that the normal
approximation is evaluated at a point near the mean. Let X be a r.v. with p.d.f. or
p.m.f. fx and m.g.f. My existing in a neighbourhood U around zero. From (1.9), the
mean and variance of X can be expressed as K (0) and K(0), respectively, where
Kx(s) = InMix(s) isthe c.gf. of X at s € U. If Ty is an r.v. having density

e” fx (x)

fr, (x;8) = M)

(5.1)
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for somes € U, then T; isreferred to as an exponentially tilted random variable. Notice
that its density integrates to one. Its m.g.f. and c.g.f. are easily seen to be

Mix(t + s)

M7=

Kr,(t) = Kx(t +5) — Kx(s),

so that E[7,] = K7(0) = K{(s) and V (T) = K{(s). Let so € U. Now consider using
the normal distribution to approximate the true distribution of 7;; it must have mean
xo := K (so) and variance vo := K{(so), and is thus given by x — ¢ (x; xo, vo), where
¢ is the normal p.d.f. Use of (5.1) then yields an approximation for fy as

1
X = ¢ (x; x0, vo) Mix(sg) €0 = exp { ~ 20 (x — xo)z} Mx(so) € °0*.

2w Vo

The accuracy of this approximation to fy, for a fixed x, depends crucialy on the

choice of sg. We know that, in general, the normal approximation to the distribution

of anr.v. X is accurate near the mean of X, but degrades in the tails. As such, we are

motivated to choose an sg such that x is close to the mean of the tilted distribution. In
particular, we would like to find a value § such that

K}(5) = x, (5.2)

for which it can be shown that a unique solution exists when § is restricted to U, the
convergence strip of the m.g.f. of X. The normal density approximation to the tilted
r.v. with mean x at the point x is then ¢ (x; K(5) , K4(5)), and the approximation for
fx simplifies to

~ 1
fx (¥) = ————— e (Kx(®) — x5}, x =K. (5.3)

V2 KY(5)

Approximation fx is referred to as the (first-order) saddlepoint approximation
(s.p.a) to fx, wheres = § (x) isthe solution to the saddlepoint equation and is referred
to as the saddlepoint at x. It is valid for all values of x in the interior of the support
of X; for example, if X follows a gamma distribution, then the s.p.a. is valid only for
x > 0, and if X ~ Bin(n, p), then the s.p.a. isvaidforx =1,2,...,n — 1

It isimportant to emphasize the af orementioned fact that there always exists a unique
root to the saddlepoint equation when s is restricted to the convergence strip of the
m.g.f. of X. Numerically speaking, for avariety of practical problemsin which thes.p.a
has been implemented, only very close to the borders of the support of X do numerical
problems arise in solving the saddlepoint equation. Of course, no problems arise if a
closed-form expression for s is obtainable, as occurs in some simple examples below
and in the important context of the noncentral distributions detailed in Chapter 10.

The saddlepoint method of approximation is attributed to Daniels (1954), though,
via its similarity to the Laplace method of approximation, there is evidence that the
idea can be traced back to Georg Bernhard Riemann (see the discussion and references
in Kass, 1988, p. 235; and also Tierney, 1988).
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We now illustrate the application of (5.3) using some simple examples for which
exact results are available.

© Example5.1 LetX ~ Gam(a,b)with fx = bx"1e g ) (x) /T (a) and m.g.f.
Mx(s) = (3%) (see Example 1.5). It is easy to verify that the tilted r.v. T is also
gamma distributed, though we do not need to calculate it explicitly. We require the
solution to the saddlepoint equation x = K{(5) = a/ (b — §), which is available as the
closed-form expression s = b — a/x, valid for x > 0 (which corresponds to the interior
of the support of X). Substituting this into (5.3) and simplifying yields

a—a+1/2eﬂ
N 2r
Approximation fy has exactly the same kernel as fy; both constant terms contain

term b“; and, recalling that Stirling’'s approximation to n! is (27)Y? n"+1/2e~" we see
that

fx (x) = b° x4 000y (1) . (5.4)

a—a+l/2€a 1
V2r  T@

where ~ means that the ratio of the |.h.s. and the r.h.s. converges to one as a — oc.

Thus, the saddlepoint approximation to the gamma density will be extremely accu-
rate for al x and values of a not too small. As a increases, the relative accuracy
increases. This is quite plausible, recalling that X = ) ", E; ~ Gam(a, b), where
E; BN Exp (b); as a increases, the accuracy of the normal approximation to X viathe
CLT increases. |

The s.p.a. (5.3) will not, in general, integrate to one, although it will usually not be
far off. It will often be possible to renormalize it, i.e.,

fx (x)

T =

(5.5)

which is a proper density. In Example 5.1, the renormalized density ?X is exactly
equal to fx.

© Example5.2 Let X; nd Gam (a;, b;),i = 1,2, and Q = X1 + X,. If the q; are inte-
ger values, then (2.15) can be used. Otherwise, the convolution formula (2.7), or

q
folq) = /0 iy () f, (@ — ),

can be used to exactly evaluate the p.d.f., although this will be relatively slow, as it
involves numeric integration for each point of the density. For the s.p.a., the m.g.f. is

by \“ [ b \*® .
Mop(t) = My, (t) Mx,(t) = <b1 — t> <b2 — t> , teU:=(—oo0,mn(by, b)),
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and straightforward computation yields

ap ar
K,(t) = ——
Q() bl—t+b2—l

ai as
+ .
(b1—1% (b —1)?

and Kpj() =

The saddlepoint equation is, for afixed ¢, K, (1) = g, or t?A +tB + C = 0, where

A=gq,
B = (a1 + a2) — q(b1 + b2),
C = bibaq — (az2by + a1b?).

The two solutions are ( — B ++/B? — 4AC)/ (2A), denoted 7 and 1., both of
which are real.! For a given set of parameter values ¢, a1, b1, az, b, only one of the
two roots ¢_ and ¢, can be in U, the convergence strip of Q, because we know that,
in general, there exists a unique solution to the saddlepoint equation which lies in
U.If by =by=:b, then it is easy to verify that r, = b ¢ U, so that 7~ must be the
root. Computation with severa sets of parameter values suggests that ¢ is aways the
correct root (the reader is invited to prove this algebraicaly), so that

~ 1
— _B_JB2_
= oA ( B B 4AC>,
and the s.p.a. for £y is expressible in closed form. |

Example 5.3 (Example 2.8 cont.) We return to the occupancy distribution, whereby
Y, is the number of cereal boxes to purchase in order to get at least one of k different
prizes, 2 < k <r, and r is the total number of different prizes available. From the

decomposition ¥; = Y¥23 G;, with G; " Geo (p;), the c.f. is imple, and was inverted
in Example 2.8 to get the p.m.f. of Y;.

We now consider the saddlepoint approximation. From the m.g.f. (2.6), the c.g.f. is
easily seen to be

k=1

k—1
Kyk([) =kt —i—Zlnpi — Zln(l—qie’) s
i=0

i=0

1 That both roots are real follows because if both were complex, the saddlepoint would not exist. Another
way of seeing thisis as follows. Let

D := B? —4AC = ¢% (b — b1)* + q (=2) (b2 — b1) (a2 — ay) + (a1 + a2)?

= ag®+Bq+y
with @ > 0, so that D could be negative when ¢ lies between the two roots of D, or, as g > 0, when

0<q<(—,3+\/ﬂ2—4ay>/(2a).

But, as 2 — 4oy = —16a1ay (by — b1)? < 0, we see that both roots of D are complex, i.e., that D > 0.
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174 Saddlepoint approximations

from which the saddlepoint equation is

k-1 7€

K)/fk(f):k‘f‘;m =y,
which needs to be solved numerically in general. Convergence of the m.g.f. requires
1—g;€ > 0foreachi or 1 —max(g;e') > 0 or

t < —In(max(g;)) = —In@—min(p;)).

Next, a ssimple computation reveals that
k-1

" qié
Ky@® =) ———,
T ;, (1—g;€)?

so that (5.3) is straightforward to calculate for ordinates in the interior of the sup-
port,i.e, y=k+1,k+2,.... The program in Listing 5.1 computes the s.p.a., and
Figure 5.2 shows the exact and s.p.a. p.m.f. for k = r = 20, and the RPE, given by
100 x (sp.a. — exact) /exact. Figure 5.3 issimilar, but with k = 15. In both cases, the
s.p.a. is highly accurate over the whole (interior of the) support.

function pdf = occupancyspa(yvec,r,k)
ivec=0:(k-1); pvec=(r-ivec)/r; yl=length(yvec); pdf=zeros(yl,1);
for loop=l:yl
y=yvec (loop); shat = occspe(y,pvec); qet=(l-pvec)*exp(shat);
Ks=k*shat+sum(log(pvec)) - sum(log(l-get));
Kpp = sum(qet./(1l-qet).”"2);
pdf(loop) = exp(Ks-y*shat) / sqrt(2*pi*Kpp);
end

function spe=occspel(y,pvec)

q=l-pvec; opt=optimset(’'Display’, 'none’, ' TolX’',le-6);
uplim = -log(max(q)); lolim = -lel;

spe=fzero(@speeq, [1o1lim,0.9999*uplim] ,opt,q,y);

function dd=speeq(t,q,y)
k=length(q); et=exp(t); kp = ktet*sum(q./(l-q*et)); dd = y-kp;

Program Listing 5.1 Computes the p.m.f. sp.a. of ¥; for a vector of values of y (yvec). The
lower limit for the saddlepoint, 1011im, was arbitrarily chosen (and isreally —oo), and might need
to be changed for other k and r

Remarks:
(a) The degenerate case k = 1 corresponds to pg = 1, or Y1 = 1, and the saddlepoint
solution 1
=In—X1——
y1—p)

is not valid. But Y3 = 1 is not in the interior of the support, where the saddlepoint is
not defined.
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Figure 5.3 Same as Figure 5.2, but with r = 20 and k = 15

(b) The accuracy of the sp.a. in this example can be increased without much more
work: (5.10) below gives a higher-order s.p.a. expansion, which the reader is encour-

aged to use and compare.
(c) Kuonen (2000) has also looked at the use of the s.p.a. in this context, where further
|

detail can be found.
5.1.2 Saddlepoint approximation to the c.d.f.

The approximate c.d.f. of the r.v. X could be obtained by numerically integrating f
or f. However, in a celebrated paper, Lugannani and Rice (1980) derived a simple
expression for the s.p.a. to the c.d.f. of X, given by

N 1 1
FX(X_)=®(@)+¢(@){E—§}, x £E[X], (56)
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where Fy (x~) = Pr(X < x) (strict inequality), ® and ¢ are the c.d.f. and p.d f. of the
standard normal distribution respectively,

W = sgn (§) v/25x — 2K x(5), (5.73)
and
- S KY(S), if x is continuous,
u= . _ DR (5.7b)
(1—e7) JKLG), if x isdiscrete.
Remarks:

(a) It isimportant to keep in mind that (5.6) is an approximation to Pr(X < x) and not
Fx(x) = Pr(X < x). Thisis, of course, only relevant when X is discrete. There are
other expressions for the c.d.f. approximation in the discrete case, and these exhibit
different accuracies depending on the distribution of X and choice of x; see Butler
(2007) for a very detailed and accessible discussion.

(b) If x = E[X], then K{(0) = E[X] and § = O is the saddlepoint for E[X]. Thus, at
the mean, Kx(0) = 0, so that @& = O, rendering F in (5.6) useless. This singularity is
removable, however, and can be shown to be

K/(0)
672K }(0)%/?

For practical use, it is numerically wiser to use linear interpolation based on the
sp.a to E[X] £ ¢, where € is chosen small enough to ensure high accuracy, but large
enough to ensure numerical stability of (5.7) and (5.6).

(c) Approximation (5.6) could be used in conjunction with Example 5.1 to deliver
an accurate approximation to the incomplete gamma function y (x, a), discussed in
Section 1.1.5. |

Fx (E[X]) = % + (5.8)

© Example54 (Binomia sp.a) Let X ~ Bin(n, p), so that, with ¢ = 1 — p, Mx(s)
= (q + pe’)", as was shown in Problem 1 4. With

d S
Kx(s) = & INMy(s) = npm,

we get the closed-form solution for § as
§=|n(’“—”’ ) =|n(ﬂ>,
np — xp mp

Kx(8) =n(nn+Ing —Inm) and Kj(s) =np€'q (q + pev)fz,

wherem = n — x. Also,
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so that Ky(5) = xm/n. The s.p.a. density (5.3) simplifies to

. 1 xq
= —— X In Ing —Inm) —In{ —
O = o p{"( noring =inm (mp>x}
n
= ( )px 1-p", (5.9)
X
where the hatted quantity is Stirling’s formula applied to each factorial, i.e,,
Ijt\! \ /27Te—nnn+1/2
(mlﬁ N 2me (=) (p — x)"_x+1/2 /2 e—x xx+1/2
nn+1/2

- V271 (n — x)" 52 yxt1/2

It is quite remarkable that the form of (5.9) is so close to the true mass function.

For the c.d.f., with
N X P
=In(——)—In{ £—
s=in(55) ()

and using the fact that In(-) is monotonic,

N X p X
sgn(s) = sgn - =sgn<——p),
n—x 1l-p n
because
— 1- 1
a < P <:>n x> p<:>ﬁ>—<:>£<p.
n—x 1l—p X )4 X p n

Then i = (x — np) /nxm/ (xgn) and

W = sgn (f — p) «/E\/x (Ing—Inp+Inx —Inm) —n(Ing +Inn — Inm)
n
so that (5.6) is readily computable.

Remark: Of course, the value of this example is not in offering an approximation
to the p.m.f. or c.d.f. of a binomially distributed random variable, for which readily
computed exact expressions exist (athough the c.d.f. approximation will indeed be
much faster than an exact calculation for large ), but rather to further demonstrate the
mechanics of the saddlepoint procedure and the high accuracy of the approximation,
asis evident from (5.9). Moreover, this hints at the possible high accuracy of the s.p.a.
when working with sums of independent binomial r.v.s, which involve only a simple
generalization of the above results (though the saddlepoint is no longer available as a
closed-form solution). The reader is encouraged to investigate this case, and compare
the accuracy to the exact results obtained viac.f. inversion developed in Example 2.7.1
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178 Saddlepoint approximations

Expression (5.3) is the leading term in an asymptotic expansion; the second-order
approximation is given by (see Daniels, 1987)

f@=Ffw <1+ % - 2%25) , (5.10)
where
. KY6)
O
Similarly,

o= P ool (B 5e) g Ra s
F(x)=F (x) d)(w){u (8 24/<3) u 2ﬁ2+w } (5.11)

for x # E[X]. As with the first-order approximation (5.6), linear interpolation around

x = E[X] is most effective for obtaining the continuity point of the approximation at
the mean of X.

We next present several examples in which an exact solution would be more chal-
lenging and/or computationally more intensive than the saddlepoint approximation.

© Example55 (Differences of Poisson means) Let X; e Poi (A1), i=1,...,m
independent of ¥; " Poi (12),i = 1. ... np. From (1.ii), My,(s) = exp (k1 (€' — 1)),

from which it follows that the m.g.f. of X — Y is
My_y(s) = exp (n1r1 (€7 — 1)) exp (nohz (€772 — 1)),

implying K5 _—(s) = 21€"/"t — hoe™*/"2, with higher-order derivatives easily derived.
For n1 = ny = n, aclosed-form solution to x = K/Y—?(s) is

(x +/x2 4+ 4)\1)\2>
s=nln .

271
For ny = ny = 1, the exact density of X — Y was given in (1.6.35). |
© Example 5.6 (D_i_fferenc&s of Bernoulli means) Let X; Hd Ber(p1),i=1,...,n1,

independent of Y; Hd Ber (p2),i =1,...,n2 Then

My_7(s) = (g1 + p1€/")"™ (g2 + poe~*/"2)"
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with
K. ()= P& pe
X=r 1—p1+ pr&/m 11— py+ pres/n2
and
K (5 = €Ay pae /72 (1= py)
X-Y -

ni(1—p1+ Ple‘/"l)z na(1—p2+ Pze—s/nz)z.

In this case, the saddlepoint equation does not have a closed-form solution, but is
readily computed numerically. |

Example 5.7  (Saddlepoint approximation to sum of normal and gamma) As in
Example 2.19, let Z ~ N (0, 0%) independent of G ~ Gam (a, ¢), for o,a,c € R.o,
and let X = Z + G. We wish to derive the s.p.a. to fx(x) for x > 0. The m.g.f. of X
is given by

a
2.2
Mix(s; o,a,c)z( ) eI o< <e,

cC—S
which easily leads to
Ki(s; 0,a,¢) = caTs + o2,
implying that the saddlepoint § is given by the single real root of the quadratic
0?5 — (ozc —I—x)s 4+ (x¢—a) =0, suchthats <c.
Both roots are given by

o%c+x++/C
202 ’
Clearly, C > 0, and +/C > o?c — x. From the constraint s < ¢, this rules out use
of s;, i.e, §=s_ = (0% +x —+/C)/202, and the saddlepoint equation gives rise
to a closed-form solution. Higher-order derivatives of Kx(s) are easily obtained; in
particular, K¥(s) =a (s — )%+ o2 [ |

S4 = C = (azc — x)2 + 402a.

5.1.3 Detailed illustration: the normal-Laplace sum

Recall Example 2.16 in which Z ~ NormLap(c), i.e, Z =X +Y, whereby X ~
N (0, c2) independent of ¥ ~ Lap (0, k), k =1—¢, 0 < ¢ < 1. To compute the s.p.a
of fz, note that the m.g.f. of X is exp (c2s2/2), while the m.gf. of Y is

My(s) =E[e"] = / eY."Z_]}ce—\y/k\dy

1% sesum 1 [ vestn
= TR0 dy + —f e (/0 dy
%) % Jo

179



180 Saddlepoint approximations

11 1 1

T 2sk+1 2sk—1
1

T 1 %2

provided sk > —1and sk < 1, i.e, |s| < 1/k. It follows that
Kxyy(s) = %czs2 —1In (1 - szkz) , sl < 1/k,
so that, for 0 < ¢ < 1, the solution to the saddlepoint equation
2sk?
1—s2%k2~ °
involves finding the single real root of the cubic
s3¢2%k? — s%k%z — s (2k2 + 62) +z=0

K(s) = ¢s +

which satisfies |s| < 1/k. There are three cases of interest:

o Ifc=1,thenZ~N(,1) and § = z.

(5.12)

(5.13)

(5.14)

e If c=0, then Z~Lap(0,1) and K, (s) =2s/(1—s?). For =0, § =0 is the

only solution to the saddlepoint equation, while for z # 0, the two roots are s+ =
—(1++v1+2?)/z. Ass; < —1, thevalid solutionis§ = s_ when z # Oand ¢ = 0.

e For 0 < c < 1, (5.14) needs to be solved. One way is, for each value of z, to use
Matlab's roots command to compute the three roots and then decide which one
is correct. The following piece of code shows how this might be done:

shat = roots([(c*k)"2,-x*k"2,-(2*k"2+c"2) ,x]) " ;

sl=shat(1l); s2=shat(2); s3=shat(3);

booll = ( abs(imag(sl)) < le-8 ) & ( abs(real(sl1))<1/k );
bool2 = ( abs(imag(s2)) < 1le-8 ) & ( abs(real(s2))<1/k );
bool3 = ( abs(imag(s3)) < 1le-8 ) & ( abs(real(s3))<1/k );
bs=booll+bool2+bool3;

if (bs>1), disp([’Multiple roots for x=',int2str(x)]), end
if (bs==0), disp([’No roots for x=’,int2str(x)]), end
s=booll.*real(sl) + bool2.*real(s2) + bool3.*real(s3);

This is inefficient for two reasons. Firstly, the fact that the solution of a cubic
can be expressed algebraically means that we could avoid the general polynomial
root calculation, thus saving some time, and, more importantly, also compute the
vector of §-values corresponding to the vector of z-values ‘in one shot’ using the
vector-calculation capabilities of Matlab (thus securing an enormous time saving).

Secondly, trial and error demonstrates that, of the three roots, the desired saddlepoint
is always the same one, so that the boolean checking in the above code segment can
also be avoided, thus saving even more time and programming complexity.? This is

2This can, in fact, be proven. The method will be discussed in the context of the noncentral distributions

in Chapter 10.
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another example where the saddlepoint takes on a closed-form solution which can
be ‘vectorized', so that the p.d.f. sp.a. calculation is ‘practically instantaneous .3

This is implemented in Listing 5.2. The code for the saddlepoint is based on the
notation of Abramowitz and Stegun (1972, p. 17), as the solution to the cubic

53 + a2s2 + ais + ap.

function [pdf,cdf]=normlapvec(x,c,acclevel)

% uses s.p.a. to compute pdf (and cdf if nargout>l) of mixture of

% c*normal plus (l-c)*laplace, 0<=c<=1 at x, which can be a vector.
% Set acclevel to 2 to use the higher order s.p.a.

if nargin<3, acclevel=2; end

if ¢==0 % pure Laplace
pdf=exp(-abs(xvec))/2; return

elseif c¢==1 % pure normal
pdf=normpdf (xvec); return

end

bl = [0.98288003175962; -0.00098815145737; 0.04020574131157;
0.01053174029526; 0.00580768773849; 0.67360537495647;
-0.96740007771465] ;

k=1-c; X2 = [1 ¢ c"2 c™3 c’4 c”5]; X1=[X2 c"6];

if c<=0.65, kon=X1*bl;

elseif ¢<=0.85, kon=X2*b2;

elseif ¢<=0.946, kon=X2*b3;

else kon=1;

end % 3rd regression gives 1 at 0.946

a2 = (-x*k"2)./(c*k)"2; al = -(2*k"2+c”2)/(c*k)"2; a0 = x./(c*k)"2;
q = al/3 -a2.”2/9; r = (al.*a2-3*a0)/6 - a2.”3/27; m = q."3 + r."2;
sl = (r+sqrt(m)).”(1/3); s2 = (r-sqrt(m))."(1/3);

sps = sl+s2; sms = sl-s2; z3 = -sps/2 - a2/3 - sqrt(-3).*sms/2;

% z1 = sps - a2/3; z2 = -sps/2 - a2/3 + sqrt(-3).*sms/2;

s = z3;

K=0.5*s.72.*c”2 - log(l-s.”2.*k."2);
Kpp=c.”2+2*k."2 * (s.”2*k."2+1) ./ (1-s5.72*k."2)."2;
pdf = exp(K - s.*x)./sqrt(2*pi*Kpp);

b2=[19.321676; -127.31933; 351.36036; -481.0206; 326.6766; -88.0728];
b3=[15.020794; -73.994190; 156.20436; -164.87816; 87.016516; -18.36932];

Program Listing 5.2 Computes the first-order and renormalized second-order s.p.a. to the p.d.f.

and c.d.f. of the normal—Laplace weighted sum; continued in Listing 5.3

The first-order s.p.a. density is then given by (5.3), with

k241
KJ(s) = ¢ + 2k2S7+2.
(l — szkz)

3 With 10000 data points, about 0.1 second is required on a 1 GHz Pentium machine.
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if acclevel==2
K3 = 4*s.*k."4 .* (3+s.72.*k."2) ./ (1-s.72.*k."2)."3;
K& = 12*k. "4 . * (1+6*s.72.*k."2+s. 4. *k."4) ./ (1-s.72.%k."2) . 4;
kap3= K3./(Kpp) ."(3/2); kap4=K4./(Kpp)."(4/2);
pdf = pdf .* (1 + kap4/8 - 5*(kap3.”2)/24);
pdf = pdf / kon;

else
pdf = pdf;
% No correction done. The constant of integration
% drops to about 0.85 as ¢ -»> O.

end

if nargout>1l

bad=find (abs(s)<le-8); cdf(bad)=0.5;
good=find (abs(s)>=1e-8);
x=x(good); s=s(good); K=K(good); Kpp=Kpp(good);
w=sign(s).*sqrt(2*(s.*x-K)); u=s.*sqrt(Kpp):
npdf=normpdf (w) ;
if acclevel==2

kap3=kap3 (good); kap4=kapi(good);

01 = -npdf.*((kap4/8-5*kap3.”2/24)./u .

- 1./u.”3 - kap3/2./u.”2 + 1./w."3);

else

01=0;
end
cdf (good)=normecdf (w) + npdf.*(1./w - 1./u) + 01;

bad=find (abs(x)<0.02); % some polishing near the mean.

if any(bad)
xx=[-0.02 0 0.02];
[garb,cdf02]=normlapvec(0.02,c,acclevel);
yy=[1-cdf02 0.5 cdf02];
cdf(bad) = interpl(xx’,yy’' ,x(bad));

end

end

Program Listing 5.3 Continuation of the program in Listing 5.2
The second-order approximation entails use of (5.10), where

3+ 522 1+ 65s2k2 + s%k*
Ks) = dskd S5 K gy = el O A
(1 — szkz) (1 — s2k2)

Near the mean of Z (which is obviously zero), the c.d.f. approximations (5.6) and
(5.11) cannot be used. Of course, (5.8) could be used to approximate the c.d.f. at z = O,
but there is no need, as the true value is clearly 1/2. However, numeric problems with
(5.6) and (5.11) will occur for values of z close to zero. One straightforward way
to circumvent this is simply to set the c.d.f. to 1/2 if Z ~ 0, which we take to be
when |5| < 1078, Alternatively (and better), for |z| < 0.02, the c.d.f. is approximated
by linear interpolation, based on the s.p.a. c.d.f. values at —0.02, 0, and 0.02. This is
implemented at the end of the program.

Because the sp.a is exact for the normal, we would expect the accuracy of f
to increase as ¢ — 1. One way of seeing this is to examine the values of I; (¢) =
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f f7 (z; ¢) dz. These were computed for several ¢ and are shown as the circles in
Figure 5.4. Indeed, as ¢ moves away from one, I; (¢) deviates considerably from unity.
A simplefunction in ¢ could be fitted to the curve and used to obtain the correct integrat-
ing constant. However, given that K and K' are easily calculated, the second-order
approximation could be used instead. The crosses in Figure 5.4 show I, (¢) based on
(5.10); they are indeed much closer to one. Using afiner grid of values, piecewise poly-
nomials in ¢ were fitted to I (c) via least squares. The results are implemented in the
program given in Listing 5.2. The difference between unity and the integrated density
using this method is quite small and is shown in Figure 5.5.
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Figure 5.4 Numerically computed integral of f, based on the first-order (circles) and second-
order (crosses) s.p.a. as a function of ¢

x 1075

0 0.2 0.4 0.6 0.8 1

Figure 5.5 The constant of integration minus one of the second-order s.p.a. normalized with a
piecewise polynomial approximation, as a function of ¢

4This discrepancy implies an integration accuracy which is higher than the accuracy of the s.p.a. itself and
so would seem unnecessary. It turns out to be helpful when numerically maximizing the likelihood function

associated with the model Z; Hd NormLap(c).
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It isillustrative to compare the accuracy of the first- and second-order s.p.a.s after
both have been appropriately normalized. Figure 5.6(a) shows the percentage error of
the normalized first- and second-order saddlepoint approximations of f for ¢ = 0.3. It
is clear that the second-order density is vastly more accurate. Figure 5.6(b) is similar,
but uses ¢ = 0.05; as ¢ moves towards zero, even the renormalized second-order s.p.a.
suffers near the mean.
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@ (b)

Figure 5.6 Percentage error of normalized first-order sp.a. of f7 (z) (solid) and normalized
second-order s.p.a. of fz (z) (dashed) as a function of z, for (d) ¢ = 0.3 and (b) ¢ = 0.05

5.2 Multivariate

The p.m.f. or p.d.f. saddlepoint approximation (5.3) generalizes naturally to the muilti-
variate case. For a d-dimensional random vector X having joint c.g.f. K with gradient
K’ and Hessian K”, the approximation is given by

0 = 2m) K" 3|72 exp (K(®) — §X) (5.15)

where the multivariate saddlepoint satisfies K'(5) = x for §in the convergence region
of the m.g.f. of X. Saddlepoint c.d.f. approximations for the general multivariate setting
are less straightforward, and we restrict ourselves to the bivariate case. Section 5.2.1
illustrates the s.p.a. for the conditional distribution X | Y, Section 5.2.2 details the c.d.f.
approximation in the continuous bivariate case, and Section 5.2.3 shows a method for
approximating the margina distribution.

5.2.1 Conditional distributions
Let K (s, ) denote the joint c.g.f. for continuous random variables X and Y, assumed
convergent over S, an open neighbourhood of (0, 0). The gradient of K is K'(s, t) =

K (s,1), K] (s,1)), where

! 8 / 8
K, (s, 1) := gK(s, ), K, (s1):= EK(S, 1),
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and

1 . K;/s (s, 1) K;/t (s, 1) 1 _ 92

K" (s, t) := [ K (s.) K (5. 1) ] . K (s, 1) = QK(S, t), etc, (5.16)
is the Hessian.

Let X be the interior of the convex hull® of the joint support of (X, Y). Skovgaard
(1987) derived a double-saddiepoint approximation for the conditional c.d.f. of X at
x givenY =y, for (x, y) € X. In this case, the gradient is a one-to-one mapping from
the convergence strip S onto X. As the name implies, there are two saddlepoints to
compute when using this approximation. The first is the unique pre-image of (x, y) in
S, denoted (5, 7), computed as the solutions to

K. (5,)=x, K (57) =y (5.17)

This is the numerator saddlepoint in the approximation. The second saddlepoint
is found by fixing s =0 and solving K (0, 7) = y for the unique value of 7o in
{t : (O,r) € §}. This is the denominator saddlepoint. The c.d.f. approximation is then
given by

PriX<x|Y=y)~d@W)+¢@ {w*—ial}, §+£0, (5.18)
where
b = SN () V2[5 + Fy — K (3.1) — foy + K (0. 7). (5.19)
i =5|K'G.D)] /K (0. 7o). (5.20)
Remarks:

(a) Because of the name ‘double-saddlepoint approximation’, the Lugannani—Rice
c.d.f. approximation (5.6) is sometimes referred to as the ‘single-saddlepoint approxi-
mation’.

(b) To see that w makes sense, note that

sup [sx +ry —K(s,1)] (5.21)
(s,1)eS

occursat (5,7), as (5.17) isitscritical value. Also, the supremum (5.21) must be greater
than the constrained supremum over {(0, t) € S}, which occurs at 7p. Thus, the term
inside the square root is positive. The term « is also well defined because K” (s, r) is
positive definite for al (s,7) € S.

(c) Expression (5.18) is not meaningful when s = 0. In this case, Skovgaard (1987)
has shown that the singularity of (5.18) is removable and its value is defined by
continuity. [ |

Example 5.8 AsinExample1.11, let fx y (x,y) = € 710 00) () L(x,o0) (). The con-
ditional distribution is easily seen to be fxy (x; y) = y L, (x), i.€, uniform on

5Recall that a set S is convex if, for every pair of points P, Q € S, the entire line segment P Q is also in
S. The convex hull of aset S is the smallest convex set that contains S.
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(0, y), with c.df. Fyyy (x; y) = (x/y) Lo,y (x) + H[),’oo) (x). From (1.22) and using s
and r instead of 11 and 1,

K@, )=—Inl—-s—-0)—In(l—-1), s+t<1 1<1,

s0 that
1 1
K/, ) = K/ ) = )
s (521) 1—s—1¢ 0 (5, 1) 1—s—t+l—t
and
. [ G+t-D2 (s+t-1
K(S’t)_[(s—i-t—l)z t-D2+Gs+t-12 |

with detK” = (t — 1)™2(s +¢ — 1)~? > 0. From (5.17), the numerator saddlepoint
solves K}, (5,7) = x and K], (5, 7) = y, which gives

. 2x —y -~ x—y+1

§=— < ="
x(y—x) x =y

and the denominator saddlepoint solves K| (0, 7o) = y, or io = 1 — 2/y. The reader is
encouraged to verify that K” (5, 7) simplifies to

" ([~ x2 x? % 2 2
K (s,f): 2 (y—x)2+x2 , detK"=x“(y —x)° >0,

while w and & simplify to

2x —y
S

With x = 0.8 and y = 1, (5.18) returns 0.7970, which compares well with the true
c.d.f. value of 0.8. Figure 5.7 shows the relative absolute percentage error of (5.18)
for y = 1. [ |

W=sgn(2x — y)vV2y/—=In(x) = In(y —x) — 2In(2/y), i =+~2

An example of an important and far less trivial application of the conditional s.p.a
will be given in a chapter on ratios of quadratic forms in normal variables in a forth-
coming book.

5.2.2 Bivariate c.d.f. approximation

Wang (1990) shows that a saddlepoint approximation to the c.d.f. of X = (X, Y) at
X = (x, y) isgiven by

Fx(X) = Do(X1, J1. ) + P (Wo)ii + (0)iig + fidio, (5.22)

where

X1 = sgn(io),/ 2(foy — K(0, 7p)), wo = sgn(f)\/Z(K(§, 0) — K, 1) +1y),
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0 0.2 0.4 0.6 0.8 1

Figure 5.7 The relative absolute percentage error of the conditional c.d.f. approximation (5.18)
of X| (Y =1

P IK”(3,0)|
wo IZO ’ N Kl/f, (E, t~) ’
w and the saddlepoints (5,7) and 7o are as in the Skovgaard approximation from

Section 5.2.1, and ®,(x, y, p) denotes the bivariate standard normal c.d.f. with corre-
lation p.

Remarks:
(a) If 7 = 0, then g should be replaced by its limiting value, given by

¢ (x1) K (s, 0)
6 Ku(s, 032

The same applies for quantities 7 and b if § = 0; while their limiting value can, in
theory, be derived by applying I’'Hopital’s rule twice to (w — #)/(wi) and b, respec-
tively, thisis an extremely tedious task, so that it appears more practical to instead apply
approximation (5.22) to the vector (X*, Y*) = (¥, X) with c.g.f. K*(s,7) = K(z, s),
which will result in 7* = 0. Wang also recommends use of (5.22) with the order X
and Y interchanged when wg is ‘large’ and positive. One possible strategy is to do so
whenever wg is bigger than the respective quantity of the reversed-variable approxi-
mation,

55 = SnE)/2 (K0, 1) — KG. D) + ).

(b) Wang derives approximation (5.22) only for the case where E[X] = E[Y] = 0. To
circumvent this, note that the c.d.f. of X can be approximated by

Pr(X < X) = Fy,(xo, yo),
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i.e., approximation (5.22) applied to the demeaned random variable
Xo = (X —E[X],Y —E[Y]) = (X —K/(0,0), Y — K/(0,0)),
and evaluated at (xo, yo) = (x — E[X], y — E[Y]). As Xq has c.g.f.
Kx, = Kx — sK (0, 0) — K} (0, 0),
the saddlepoint equation becomes
K;(5,7) —K(0,0) =xo and K;(5,7) —K;(0,0) = yo.

Plugging in xg and yg from their definition shows that the saddlepoint remains
unchanged. The same is true for 7. Finally, evaluating %1, w, and wq in (5.22) using
Kxqo, X0, ad yo, the terms containing 5K} (0, 0), K (0, 0), and 7K} (0, 0) cancel, so
that Fx,(xo0, yo) = Fx(x, y).

(c) Kolassa (2003) gives an approximation valid for d > 2. [ ]

Example 5.9 Asin Wang (1990), let X = Uy + U, and Y = U, + Us, where U; e
Exp(1). Note that, being sums of i.i.d. exponentials, the margina distributions of X
and Y are gamma. Their joint m.g.f. is

Mx,y(s, 1) = E[exp(s X +1Y)] = E[ exp(sU1 + (s + U2 +1U3)]

= / exp(—u1 — up — ug) exp(suy + (s + t)up + tuzg) dug duy dus
0

1 1 1
:1—s1—t1—s—t’ s<1lt<1ls+1t <1,

and the c.g.f. is
K(s,t) = —log(1l —s) —log(l —¢t) — log(1 — s — 1),
with gradient

K, ) =(1—s) " +Q-s—071 K, )=1-0"t+A-s-0""

and Hessian
p _[a-92+@-s-—01"2 l—s—1)72
K(“)—[ 1—s5—1)2 A-02+A—s—1)2|

The saddlepoint (5, 7) solves

11 N S
1-5 "ad-s-n " a-pa-s-pn ”

With the convenient help of Maple, it is found that 7 is a root of the cubic

asz® + apz? + a1z +ag = 0,
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where
az=—y>+xy, ax=—4y+2y>—2xy+2x, a;=-3—3x+6y+xy—y>
and ap = 2+ x — 2y. Define

az a ag 1 1,
2= —), 1= —, o= —, q = 5C1— £Cy,
as as as 3 9

and

1
—(0162 — 3co) — m=q>+r% s12=@+£J/m3

1
27

Then, if m <0, as is the case here, al three roots z;, j € {1, 2, 3}, are real and
given by

% = \/%COS{[COS_l(’/\/_—q?’) +7Tj]/3} B 32

from which the one satisfying § <1, 7 <1, and § +7 < 1 has to be selected. The
second saddlepoint is given by 7o = y/(y — 2), so that all quantities entering (5.22)
are readily computed; Listing 5.4 contains the requisite Matlab code, and Figure 5.8
illustrates the accuracy of the approximation. Evaluation of (5.22) requires a means
to compute the bivariate standard normal p.d.f.; this is achieved by the program in
Listing 3.3. |

5.2.3 Marginal distributions

Let X = (X3, X2) be a continuous bivariate random variable with joint cumulant gen-
erating function K(t) = K(s, ¢). Consider a bijection

= (Y1, Y2) = g 2(X) = (g 1(X), g5 -(X)),
so that X = g(Y) = (g1(Y), g2(Y))’, and denote by

/
dg1 082 3%g1 9%go .
wmw=(g,g>, %ﬁW=(4i—ﬁ— i e(12),

;" 0Y; Y2 aY?

the vectors of first and second derivatives of g with respect to Y;. Interest centres
on the marginal distribution of Y;. Daniels and Young (1991) show that saddlepoint
approximations to the margina p.d.f. and c.d.f. of y; are given by

frion) = ¢(Mw) (5.23)

and

Sll—\
=1|Q.1

Fy,(y1) = @) + ¢ () ( = ) ; (5.24)
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function cdf= bivgammaspa (xvec,yvec)
cdf=zeros(length(xvec),length(yvec));
for xloop=l:length(xvec), for yloop=l:length(yvec)
x=xvec (xloop); y=yvec(yloop);
if x==0 | y==0, cdf(xloop,yloop)=0;
else
a3=(-y."2 + x.*y); h=(x-2*y);a2=(2*h -2*a3);
al=(-3 - 3*h + a3); a0=(2 + h);
if a3==0 % we have a quadratic
cl=al/a2;c0=a0/a2; ts=-cl/2+(-1)."[1:2]*sqrt(cl”2/4-c0);
else
c2=a2/a3;cl=al/a3;c0=a0/a3; q=cl/3-(c2.72)/9;
r=1/6*(cl.*c2-3.*c0)-1/27.%c2."3;
ts=sqrt(-4*q).*cos((acos(r./sqrt(-q."3))+2*[1:3]*pi)/3)-c2/3;
end
ss=1-1./(x-y+1./(1-ts)); which=(ts<1 & ss<1 & ts+ss<1);
t=ts(which); s=ss(which); %choose right sp
t0=(y-2)/y; Kt0=-2*1log(1-t0); Kst=-log(l-s)-log(l-t)-log(l-s-t);
KOt=-2*log(l-t); KOs=-2*log(l-s);
x1=real(sign(t0)*sqrt(2* (t0*y-Kt0)));
wO=real (sign(t)*sqrt(2* (t*y-Kst+K0s)));
wOstar=real(sign(s) *sqrt(2* (s*x-Kst+KO0t)));
if (abs(s)<le-6 & abs(t)>le-6) | (abs(t)>le-6 & wO>wOstartle-6),
cdf (xloop,yloop)=bivgammaspa (y,x) ;
else
w=real(sign(s)*sqrt(2*((t-t0)*y+ts*x-Kst+Kt0)));
b=(w0-x1)/w;rho=-b/sqrt(1+b”2); yl=(w-b*x1)/sqrt(1+b"2);
K_ss=1/(1-s)"2+1/(1-s-t)"2;K_tt=1/(1-t)"2+1/(1-s-t)"2;
K st=1/(1-s-t)"2;K_ttt=2*(1-s)"-3+2*(1-s)"-3;
u=s*sqrt((K_ss- (K_st"2)/K_tt));
if abs(t)<le-6
wl=0; nO=normpdf (x1)*K_ttt/K_tt"(3/2)/6;
else, nO=normpdf(x1)*(1/w0-1/(t*sqrt(K_tt))); end
n=normpdf (w) * (1/w-1/u) ;
cdf (xloop,yloop)=bvnedf(x1l,yl,rho) + ...
normedf (w0) *ntnormedf (w) *n0+n*n0;
end
end

end, end

Program Listing 5.4 Matlab code for the bivariate gamma s.p.a

respectively, where

= /2(Tg@ - KD) son(1 — @), ¥ = (1. 7).

o =g t® ), d=({v,e®)

\/ det (K”(1)) [Vyzg(w (K"®) " Vy,89) + f’vyzzg@)]
det (9g/9y(¥))

U=
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25

absolute relative percentage error

Figure 5.8 Absolute relative percentage error, defined as (s.p.a. — True)/ min(True, 1 — True),
of the bivariate gamma s.p.a. The true values have been obtained from simulation with 500 000
replications

and, for each value of yq, t and 3, solve the system
K'(®) = g(¥)
t'v,,g() = 0.
Asusual insaddlepoint applications, if additional accuracy isdesired, thep.d.f. approx-
imation can be renormalized by numerically integrating it over its support. A formula
valid for the general multivariate case can be found in DiCiccio and Martin (1991).

Example 510  Let X; ~ N(0, 1), independent of X, ~ x2, and let X = g(Y) =

(Y1Y2, n¥2), so that (Y1, Y2) = g1 (X1. X2) = (X1/v/X2/n. /X2/n), and Y1 has
a Student’s ¢ distribution with n degrees of freedom. The joint cumulant generating
function of (X1, X») is, from independence,

K(t) = Kx, (s) + Kx, () = %sz — % log(1 — 2¢),

where Ky, and Ky, arethe c.g.f.sof X, and X», respectively. The saddlepoint {, 30) =
(5,7,52), T < 3, 32 > 0, solves the system of equations

§ = y1y2

1
1-2
sy1+2nty, =0,

=y5
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192 Saddlepoint approximations

which can be solved to give

- n . S y1§
Jo= |———, §=yija, f=—7—.
(vZ+n) 23,

The other required quantities are given by

d=3p ™ a=3,% w=-2nl0g(2) sgn(yp),
and, plugging in, the p.d.f. approximation becomes

N 1 n %(n—b—l)
n) = — s 3
foun = ()

which is exact after renormalization. Figure 5.9 shows that the c.d.f. approximation,
which was computed using the program in Listing 5.5, is remarkably accurate even for
n=2.

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1 -6

[«2]

o NN

F(y,)

-2

% relative error

-4

-5 0 5 -5 0 5
Y1 Y1

@ (b)

Figure 5.9 (Left) Exact (solid) and approximate (dashed) ¢, c.d.f. (Right) Relative percentage
error of the approximation

function [pdf,cdf]=tspa(y,n)

y2=sqrt(n./(y.”2+n)); w=sqrt(-2*n*log(y2)).*sign(y);
u=1./y2;d=1./(y.*y2.72); pdf=normpdf (w)./u;
cdf=normecdf (w)+normpdf (w) . * (1./w-d./u);

Program Listing 5.5 Matlab code to compute the s.p.a. to the Student’s ¢ distribution

Of course, viathe c.d.f. expression (1.7.47) involving the incomplete beta ratio, fast
and reliable algorithms are available for computing the Student’s ¢ c.d.f. to machine
precision, so this approximation, while extraordinary accurate, is not needed. The red
benefit of this exercise will be seen when working with the singly and doubly noncentral
t distributions, which are important extension of the ¢, but whose exact c.d.f. calculation
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entails (particularly in the doubly noncentral case) a very large amount of computation.
For these, the sp.a. is not only also applicable, but also results in a closed-form
solution for the saddlepoint equation, thus yielding an easily computed and highly
accurate method of calculation which is considerably faster than exact calculations.

[

5.3 The hypergeometric functions {F; and >F;

A number of exercises below (Problems 5.7, 58, 6.6, and 7 2) will require knowledge
of the 1 F;1 and , F; functions, and these also arise prominently in the study of noncentral
distributions, discussed in detail in Chapter 10. The following brief outline discusses
the basics of these functions and how to compute and approximate them.

The generalized hypergeometric function is denoted ; Fy, with the low-order cases
1F1 and 2 F; being the most popular. For a, b, ¢, z € R, they are given by

S a[n] 7" o a[n]b[n] 7"
1F(a b =) oo ad P b =)~ (529)
n=0 n=0
respectively, where
1_Ja@+d---(@+;j-1, ifj>1,
alil = { 1 fizo (5.26)

is the ascending factorial. The function 1 F; is also referred to as the confluent hyper-
geometric function. Lebedev (1972, Ch. 9) provides a detailed, accessible discussion
of these functions, as does Abadir (1999), who aso discusses some applications in
economics and finance. For a more detailed, high-level textbook treatment of spe-
cia functions, including the hypergeometric functions, see Andrews, Askey and Roy
(1999).

Recall from Section 1.1.5.2 that the beta function is

1
B (a, b) :=/ A -x)"tdx, a,beRoy,
0

with the relation to the gamma function given by B (a,b) =T (a) T (b) /T (a + b).
Valuable both analytically and for numerical evaluation are the integral equations

1 1
Fi(a,bi)=———— [ ytA-y*ted 5.2
1F1(a, b; 2) B(a’b_a)/oy 1=y Y, (5.27)
for a>0, b—a>0,

and

l 1
oFy (a,b;c; 2) = 37/ YL = )T A - zy) 7 dy, (5.28)
(a,c—a) Jo

for a>0 ¢c—a>0, z<1,
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but note their parameter restrictions. These were first given by Euler in 1769, and can
be derived as follows. For 1 F1 (a, b; z), expand € to get

1 2 3
'/O al(l y)ba1<1+zy+<2')y +(3|>y3+>dy

1 1
— /; y‘171(1 _ y)bfafl dy + /(; Zyyafl(l _ y)bfufl dy

1 1
4+ = ZZyZya—l(l _ y)b—a—l dy 4.
0

2!

a (a+1)yaz?
—B(a,b—a)+-zBab—a)+ —""> B, b—a)+---
(a, a)+bZ (a, a)+(b+1)b2 (a, a)+
_ia[nlzn
= -
”zob[”]n.

where, for example,

1 1
/ ya (1 — y)b—a—l dy — / y(a+1)—1 (1 . y)(b+1)—(a+1)—1 dy
0 0

=Ba+1b—-a)
_T@+HhTrb-a) al'(@Tl(b—a)
- ro+1 o bT (b)
:%B(a,b—a),

with higher-order terms given similarly. (See Lebedev, 1972, p. 239, for justification
for reversing the summation and integral.) Similarly, for 2 F1 (a, b; c; z), (1.1.12) shows
that, for |z] < 1,

b(b+1 2 Oob[n]nn
(b+1)(zy) =y Yy

b _
1—zy)y"=1+bzy+ o P

n=0

Then the r.h.s. of (5.28) is given by

F(C) n+a—1 c—a— 1b
F(a)F(c—a)Z/ (=)

_ I'(c) Zr(n—l—a)l"(c—a)b[ﬂ]znd
TT@le—a= T@+o l

n]Z

_i T T+a)T(n+b)z" o allpll g

= — =sF(a,b;c;2).
Fito D@ T@® al =l a 2F1 (@ bici2)

n=0
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Example 5.11  Substituting w = 1 — y in (5.28) and noting that

(l—z(l—w))z(l—z)(l—w ‘ )

z—1
we can write
1 0
2F1(a,b;c;z) = —7/ A—w)* w1 -z (1 —w) ™" dw
B(a,c—a) )1
- T (c) b B 2\’
—(1— b c—a—1 1— w)® 1 1— d
Y T are—ak " ¢ ( wz—l) v
=1-27" 2F1<c—a,b;c; < ) [ ]
z—1
Of value is Kummer's (first) transformation, given by
1F1(a,b,x) =€ 1F1(b—a,b, —x), (5.29)

as in Abramowitz and Stegun (1972, eq. 13.1.27), and confirmed by expanding both
sides and comparing coefficients of powers of x; see Andrews, Askey and Roy (1999,
p. 191) for derivation.®

For the first derivative of 1Fy (a, b; z),

d < ald g d a a@+1)z2 al¥z8
= —(1+2 o 4.
dzZ o]l dz( T hern2 T T )

a+a(a—|—1) +a[3]22

b b+ D b2

14 0FL @rh@+2z2
b+1" (b+1)bB+22

zi (a+ Dl 27
b= (b+l)[" n!
= ZlFl(a'i‘l,b"i‘l;Z)-
Similar calculations verify that
J

d alil
i 1Fi(a, b;2) = Al 1tFi(a+j,b+j;2) (5.30)

6 But note the typographical error in their eq. 4.1.11.
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and

d alilpli] , , ‘
@2171(61,17;6;2) = T2F1(4+J,b+J;C+J;Z)-

(5.31)

The functions 1F1 and »F1 can be approximated by truncating the infinite sum
or applying numerical integration to (5.27) and (5.28). The Maple toolbox in Mat-
lab can be used to compute them by calling mfun (*Hypergeom’,a,b,x) and
mfun ("Hypergeom’, [a,b] ,c,x) for 1Fi(a, b; x) and >Fi(a, b; c; x), respec-
tively. This is much faster than ‘doing it yourself’ and the results are near machine

precision.
Of some use is the approximation

na —(92 92 -
F L _Clal1+ =
11(7,2, 2) <+n2> ,

which increases in accuracy as n, — o0o; see Problem 5.8.

(5.32)

Closed-form approximations to 1 F; and , F1 based on a Laplace approximation have

been derived by Butler and Wood (2002) and are given by

1F~'1 (a, b; Z)
1F1(a,b;0)

2F1 (a, b, c;2)

Fi(a,b,c;z7) = == ,
o 2F1 (@, b, ¢; 0)

1F1(a, b 2) =

where
1F1(a; by x) = w25 (L—§) e,
w=a(l-9*+b-a)i?

sl [G=-b+ (x — b)? + dax]/2x, ifx #0,
a/b’ ifx:O,

and
oFi(a.b,cix) =w 25 (1— 5T (1—x5) 7",
w=al-§7°+—a)”—bx’$? (L —$?/(1L— x>,
5 [z+ 12—4ax(c—b)]/[2x(b—c)], if x 0,
alc, if x =0,
t=x(b—a)—c.
Programs for their computation are given in Listings 5.6 and 5.7.

1

© Example 5.12 Using the Taylor series expansione ™’ =1 —r + %tz — 57+

integrating termwise,

T, (a) =/ e dr
0

(5.33)

and
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X X 1 X 1 X
=/ t‘“ldt—/ t“dt+—/ t“+1dt——/ 2dr 4+
0 0 2 Jo 6 Jo

B o0 (_1)k+1 xatk+l =kt ﬁ ° (—x)' a
Skt Dlat+k+1 a = i a+i’
From (5.26), fori e No =1{0,1,2,...},
alll a(a+1)(a+2)---(a+i—1 a
(a+1)["]: @+D@+2--(a+i) a+i
and we can write
Iy (@) = ﬁiiﬂ = 1F(a,a+1 —x),
a = (a+Dp il
which can be approximated with (5.33). |

function out=fll(a,b,xvec)

raw=[]; for loop=l:length(xvec)
raw(loop)= doit(a,b,xvec(loop));
end out= raw / doit(a,b,0);

function loc=doit(a,b,x)
if abs(x)<le-8
y=a/b;
else
y=( (x-b) + sqrt((x-b)"2 + 4*a*x) ) / (2*x);
end
w=a*(l-y)"2 + (b-a)*y"2;
loc= (1 / sqrt(w)) * y*a * (1-y)*(b-a) * exp(x*y);

Program Listing 5.6 The Laplace approximation to the ; F; function. The last argument in the
function call can be a vector

function out=f21(a,b,c,xvec)

raw=[]; for loop=l:length(xvec)
raw(loop)= doit21l(a,b,c,xvec(loop));
end out = raw / doit2l(a,b,c,0);

function loc=doit21(a,b,c,x)
tau=x*(b-a)-c;
if abs(x)<le-8
y=alc;
else
y=( tautsqrt(tau”2-4*a*x*(c-b)) ) / ( 2*x*(b-c) );
end
w=a*(1-y)"2 + (c-a)*y"2 - b*x"2*y"2*(1-y)"2 / (1-x*y)"2;
loc= (1 / sqrt(w)) * y*a * (l1-y)"(c-a) / (1-x*y)"b;

Program Listing 5.7 The Laplace approximation to the » 71 function
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© Example5.13 From (1.7.34), the standard normal c.d.f. can be expressed as

(—22/2)

P@= \/_Z(Zi—kl)i!'

Writing out a couple of terms confirms that choosing a = 1/2 and b = 3/2 gives

1 z 13 72
D(z) =+ \/——1F1< E)’

I\)

or, applying (5.29),

1 3 72
D(z) = > +2¢(2) 1k (l, > ?) ,

where ¢ (z) is the standard normal p.d.f. The approximation (5.33) could be used with
this, though for z around 2.8 and larger, it returns a value larger than one. [ |

5.4 Problems

Success usually comes to those who are too busy to be looking for it.
(Henry David Thoreau)

I’'m a great believer in luck, and | find the harder | work the more | have of it.
(Thomas Jefferson)

5.1. Cdculate the p.d.f. and c.d.f. sp.a for the standard normal distribution evaluated
at x.

5.2. % Let Y be acontinuous random variable whose p.d.f. fy is symmetric about O,
so that fy (v) = fy (—y) for dl y € R, and whose m.g.f. exists. Show that

fr =y =fr ) when fr ()= fr(—y),

where f is the p.d.f. sp.a (5.3). Also show that the c.df. sp.a (5.6) also obeys
the symmetry property.

5.3. % Let X be a continuous r.v. with support Sy and whose m.g.f. exists. Define

Y =aX + b, for a > 0. Show that the first-order s.p.a. to the p.d.f. is equivariant,
i.e., for each x in the interior of Sy and y = ax + b,

5
dy|’

fr ) = fx (%)




5.4.

5.5.

5.4 Problems

Also show that

~ ~ —-b
Fy (y) = Fx (yT)’

where F refers to the first-order saddlepoint approximation to the c.d.f.

* Let S = X1+ Xo, where X; S NBin(r;, p;), withr; = 20, p; = i/3,i = 1, 2.
Compare (via plots) the performance of the normal approximation and the s.p.a
to the exact mass function of S.

% % (Saddlepoint approximation to the beta distribution) Let

Y
X = ,
Y.+

Yo~ x%a), Y3~ x2(2B), (5.34)

for a, B € R.o, s0 that, from Example 1.9.11 and its subsequent remark, X ~
Beta(a, B).

(a) Write an expression for r.v. Z, in terms of x, ¥, and Y3, where Z, satisfies
PriX<x)=Pr(Z, <0). (5.35)

(b) Derive the m.g.f. Mz (s) and the c.g.f. Kz (s) = InMz (s).
(c) Verify that the solution to the equation K, (s) = O is given by

1 o —ax — fBx

§== .
2ax? —ax — Bx + Bx?2

(5.36)

(d) Using the s.p.a., approximate Pr (X < 0.3), where X ~ Beta(10, 5) and cal-
culate the RPE with the exact answer 0.00166566.

(e) Express the c.d.f. of R ~ F(n1,n2) a r, where R follows an F distribution
with n; = 20 and np, = 28 degrees of freedom, in terms of the c.d.f. of X, a
betar.v., at x.

(f) Use the previous result and (5.35) to express the c.d.f. of R in terms of that of
Z and provide simplified expressions for §, Kz (s), Kéx(f), Kgx(f) and thus

verify that
" nir +no nir +no
In{ ——— I 5.3
39”“)\/"1”(rmﬁnz))”zn(mﬂz)’ (537)
1 (r = 1) Vnanz (n1 + n2)
V2 nir +no

w

<
Il

, (5.38)
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5.6.

5.7.

(g) Using these results, calculate the s.p.a. of F(1, 12) at r = 4.75 and compute
its RPE with the true answer 0.950057.

% (Saddlepoint approximation to the central F distribution) Instead of using the
approach in Problem 5.5 to get the c.d.f. of the F distribution indirectly (via the

beta), one could proceed directly. Let C; nd x2(ni),i=12,

C
R— 1/"1’
Ca/nz

and r > 0.

(a) Write an expression for r.v. Z such that
Pr(R<r)=Pr(Z <0). (5.39)

Then derive Mz(s), Kz(s), K (s) and K/(s).
(b) Deriveaclosed-form expression for the saddlepoint s which solves K/(s) = 0.
(c) Recompute the example in Problem 5.5() using this direct method.

(d) As the manipulation in (5.35) and (5.39) are the same, one would expect that
the two s.p.a. approaches are identical. Show this algebraicaly, i.e., that @
and i are the same.

Remark: When working with products of (independent) r.v.s, or distributions
which do not possess an m.g.f., it is convenient to work with the Mellin transform,
given by

m(s):E[XS]=/OOOxSf(x)dx,

which is the m.g.f. of In(X) when it converges over a neighbourhood of s around
zero. (Actually, the Mellin transform is defined as [~ x*~* f (x) dx, but the above
form will be more convenient for our purposes.) |

% % Let X; o B (pi, gi), i.e., independently distributed beta random variables,
i =1,...,n, and consider the distribution of P = []_; X;.

This product is connected to the likelihood ratio test for hypothesis testing in
MANOVA models. Dennis (1994) has derived infinite-sum recursive expressions
for both the p.d.f. and c.d.f. of P by inverting the Mellin transform, while, for p;
and ¢; integer-valued, Springer (1978) gives a method for expressing the density
as a finite-order polynomial in x and logx. Pham-Gia and Turkkan (2002) derive
the density of the product and quotient of two location- and scale-independent beta
r.v.s and discuss applications in operations reseach and management science.
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(a) Derivethedistribution of P = X1X, for the specia case with p; = p2 = ¢1 =
g2 = 1. For general p1, p2, g1 and g2, Steece (1976) showed that fp (p) is
given by

I'(p1+q) T (p2+4g2)
I'(p) T (p2) T (g1 + q2)

X (g2, p1— p2+4q1,91+q2: 1 — p), (5.40)

pi—1 (1-— p)q1+q2—1 oF1

where , F; is the hypergeometric function; see Section 5.3 for details.

(b) Derivethe sp.a. of P viathe Méllin transform and simplify the result for the
specia case withn = 2 and p1 = p2 = q1 = g2 = 1. (For further details, see
Srivastava and Yao, 1989; and Butler, Huzurbazar and Booth, 1992.)

The s.p.a. could also be used to provide much easier expressions than those for
the product considered in Pham-Gia and Turkkan (2002), and also generalize
their results to the product of more than two r.v.s.

(c) By equating the first two moments, Fan (1991) derived a simple approximation
to the density of P. He showed that

P ¥ Bea(p, q), (5.41)

i.e, P approximately follows a beta distribution, where

p=SE-T)(T=-8)". g=QA-8(E—-T1)(T-5)",

and

_ l_[ ﬁ Pi (Pz + 1)

1 (Pi+a) (pi+qi +1)
(see a'so Johnson, Kotz and Balakrishnan, 1995, p. 262, though note that the
expression for p contains atypo). Using the method in Springer (1978), it can
be shown (see Johnson, Kotz and Balakrishnan, 1995, p. 261) that the true
density of P forn =3, p1 =9, pp=8, p3=4, g1 =3, g2 =3 and g3 =2
is given by

pl+qz

3960
fp(x) = x — 1980x* + 99000x " + (374220 + 356 400l0g x) x®
198000
— (443520 — 23760010gx) x° — #xlo. (5.42)

Compare the accuracy of the sp.a. and (5.41) for this case by plotting the
RPE, where

R 1 if .
RPE = 100 (f (x) — f (x)) { 1721()6_) o), :f fc ; (C))g
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(d) Discuss how you would develop a saddlepoint approximation to the distribu-
tionof S=3"7", X;.

5.8. % Show that 1F1 (a,b/2; —z/2) ~ (1L + z/b)~“ (in the sense that the ratio of the
two terms approaches one) as b — oo.
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Order statistics

Congratulations. | knew the record would stand until it was broken.
(Yogi Berra)

Recall the statistics X, and S2 discussed in Section 3.7. While these are of great
importance for ascertaining basic properties about the underlying distribution from
which an i.i.d. sample has been observed, there are many occasions on which the
extremes of the sample, or the smallest and largest observations, are more relevant.
One might imagine an electrical device which is triggered when the current exceeds a
certain threshold. How often this is expected to occur may not have much to do with
the average current, but rather the behaviour (or probability distribution) of the largest
values that are anticipated to occur. The choice of height of a water dam, the size of
a military force, or an optimal financial strategy to avoid bankruptcy will be at least
influenced, if not dictated, not by average or typica behaviour, but by consideration
of maximal occurrences. Similar arguments can be made for the behaviour of the
minimum; the saying about a chain’s strength being only that of its weakest link comes
to mind. There are other ordered values besides the extremes which are useful for
inference. For example, another measure of central tendency besides the sample mean
is the sample median, or the middle observation of the ordered set of observations. It
is useful when working with heavy-tailed data, such as Cauchy, and plays a prominent
role in robust statistical inference, which is designed to minimize the influence of
contaminated or suspect data.

The order statistics of a random i.i.d. sample X;, i =1,...,n, are the n vaues
arranged in ascending order. Several common notations exist, including X1, < X2, <
2 X or Xy <X <...< Xy orYy <Yy <...<Y,, thefirst of these being
preferred when the sample size n is to be emphasized in the analysis. The first and
second notational options tend to make complicated expressions even less readable,
while the third can become cumbersome when the discussion involves two or more
sets of random variables. In what follows, we concentrate on univariate samples and
so use mostly use the Y notation.

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd



204
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6.1 Distribution theory for i.i.d. samples

6.1.1 Univariate

The ith order statistic of the i.i.d. sample X;, i =1, ..., n, from distribution F = Fy
(and density f = fx) is distributed with c.d.f.

n

F,())=Pri <y)=)Y_ (’;) [Fo [1-Fm]". (6.1)

j=i

To understand this, let Z; = ]I(_oo,y] (X;) so that the Z; are i.i.d. Bernoulli and

Sy = "_1Z; ~Bin(n, F (y)) is the number of X; which are less than or equal to y.
Then

Pr(Y; <y) =Pr(at least i of the Xsare < y) = Pr(s, > i). (6.2)

Specia cases of interest are the sample minimum

Fr, ) =1-[1-F ] (6.3)

and sample maximum

Fy, ) =[FWM]". (6.4)

Expressions (6.3) and (6.4) for the case with n = 2 were derived using basic prin-
ciples of conditioning in Example 1.8.19.
Example 61 Let X; " Parll (1), i = 1,...,n, each with c.df. F(x) = [1— (1 +
%) Y10,00) (). Then, with S, = nXy., and using (6.3),

Fs, () =Pr($, <) =Pr(Xun = ) = Fx,, (2)
n n

= (O =1 (o) = [ 0) Jrem

and, from (1.A.46), lim,, o Fs, () = (1— €7) T(g,00)(¥), SO that S, <> Exp().
Now let L, = X,,.,/n, so that, from (6.4),

n 1 —n
Fp, (y) = Fx,, (ny) = [F (ay)]" = (1+ E) T0,00) (»)

and lim,, .o F,, (¥) = &Xp(=1/y) L0,00)(»)- u
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© Example6.2 LetX; g Exp(1),i =1,...,n,withtypical c.df. F (x) = (1—e™*)
Lo,00) (x). L€t L, = AX,,;, — Inn so that, from (6.4),

+Inn +Inn\7" e”\"
FL,, (Y) = Pr<Xn:n =< Y \ ) = |:F (y 3 >:| = <1_ 7) H(—Inn,oo) (y)

and lim, .o F1, (y) = exp(—e™), or L, < Gum (0, 1), i.e., the Gumbel, or extreme
value, distribution. The construction of L, suggests a way of simulating a Gum (0, 1)
random variable: take the maximum of a set of (say, » = 20000) i.i.d. Exp (1) r.v.sand
subtract Inn. Alternatively, the use of the probability integral transform for simulation,
asdiscussed in Section 1.7.4, is applicable and vastly simpler; we solve x = exp (—e‘y)

toget y = —In(—Inx). Both methods were used and produced the histograms shown
in Figure 6.1. They do indeed appear indistinguishable. |
800 ' ' ' ' "] 800
700 i 1 700
600 : - 1 600
500 1 500
400 1 400
300 1 300
200 1 200
100 1 100
oL e 1720 |
-2 0 2 4 6 8 -2 0 2 4 6 8

Figure 6.1 Histogram of simulated Gum(0, 1) r.v.s using the probability integral transform (left)
and using the sample maximum of n = 20000 i.i.d. Exp(1) r.v.s (right)

Remark: The previous example is a special case of the general asymptotic distribu-
tional result for maxima of i.i.d. samples, known as the Fisher—Tippett theorem. It
is the cornerstone of what is referred to as extreme value theory, incorporating both
distributional limit theory, and statistical methods for working with real data sets. To
do the subject the proper justice it deserves, a book-length treatment is required, and
a handful of good ones exist. Books which emphasize applications include Beirlant,
Teugels and Vynckier (1996), Coles (2001), and the edited volume by Finkenstadt and
Rootzén (2004), while Embrechts, Kluppelberg and Mikosch (2000) and Beirlant et al.
(2004) cover both applications as well as the theoretical underpinnings. |

For computing fy,, we consider the discrete and continuous cases separately. If X
is discrete with k distinct support points {xs, ..., x;} such that x; < x; fori < j, then
the mass function fy, can be evaluated as

Fy, (x1), ?f y = x1,
fr, ) =1 Fy, (X)) = Fy, (xi—1), ify=x;€{xa, ..., x}, (6.5)
0, otherwise,

which we justify using the following example as a specia case.
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© Example 6.3 Recall the discrete uniform distribution, with c.d.f. givenin (1.4.4). Let

X; L DUnif (6),i =1, ..., 20, aswould arise, for example, when afair, six-sided die
is tossed 20 times, and denote their order statisticsas Y;, i = 1, ..., 20. To calculate
frs (y) = Pr(Ys =y) for y =1, note that

{Y3 =1} = {at least 3 of the X; are equal to 1} = {at least 3 of the X; are < 1},
and using (6.2), it follows that fy, (1) = Fy, (1). For y € {2,..., 6}, the p.m.f. is

defined in the usual way as the difference between thec.d.f. at y and thec.d.f.at y — 1,
though this can also be motivated as follows. To compute fy,, (4) = Pr (Y10 = 4), let

C1 = {at least 10 of the X; are < 4} and C, = {at most 9 of the X; are < 3}.

Observe that C; & {Y10 <4} and Cy < {Y10 > 4} so that {Yi0 =4} & C1N Co.
But

Co =Cj5, where C3 = {at least 10 of the X; are < 3},

so that Pr (Y10 =4) = Pr (clcg), and as (the occurrence of the event) C3 implies Cq,
it follows from (1.2.8)* that Pr (C1C§) = Pr(C1) — Pr(Cs) = Fy,, (4) — Fy,, (3). W

When X is a continuous r.v., the easiest way to derive the p.d.f. of ¥; is by using
a limiting argument based on the multinomial distribution, i.e.,

fr, ()
. Pr(i—1X; € (—o0,y]; oneX; € (y,y+ Ay); n—i X; € (y + Ay, 00))
_Ay—>0 Ay

shown graphically as the partition

where z = y + Ay. Thisimplies

. n ] — —i
fro () = z(l.)F@)l 1-FM]" o). (6.6)

In addition to (6.1), the c.d.f. of ¥; can be expressed as

n! £ i—1 n—i d

Fy. = A=) de 6.7
O = oty A (6.7
1 Equation (1.2.8) states that, for sets A and B such that B C A, Pr(AB¢) = Pr(A) — Pr(B). Let A bethe
set of all outcomes of Xi, ..., X0 such that event C; istrue, and let B be the set of all outcomes such that

Cszistrue. Then B C A because C3 = Cj.
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(see Problem 6.3) so that differentiating (6.7) with respect to y immediately gives (6.6).
The p.d.f. of Y; could also be derived directly by differentiating (6.1) (see Casella and
Berger, 1990, p. 232) or by use of a multivariate transformation (see Roussas, 1997,
p. 248).

Two specia cases are of great interest:

n—1

) =n[1—FM]" 7 fo ad fr,)=n[FO]" " f.| 68

Example 6.4 Let X; e DUnif(#). From (6.5) and (6.4), the p.m.f. of the maximum,
X, 1S €asily seen to be
Pr(Xn:n = t) = Pr(Xn:n =< t) - Pr(Xn:n <1t- 1)

=07"[1" = (t — D" Tr2..0 @)

Note that
% 1 o 0
ZPF(X,ﬁn:t)Ze_n Ztn_Z(t_l)n:|
=1 Lt=1 t=1
1 0 0-1
=g | 2| =t
| Jj=1 j=0
Also, for fixed 8,
" — (1 —1)" " — (- 1"
lim =D gy 22D —0,
n—00 on =0 n— 00 on 1<r<6
i.e, the p.m.f. of X,., ‘pilesup’ a =6 asn — oo, as would be expected. |

Example 6.5 For X; g Unif (0, 1), it is straightforward to verify that Y; ~ Beta

(i,n —i+ 1), where Y; denotes the ith order statistic. Hence, the c.d.f. of Y; can be
expressed using (6.1) or integrating (6.6), i.e, for 0 <y < 1,

n

n j n—j n! Y i— n—i
FY,-()’)=Z(J.>)’J(1—)’) ]=m/0x Y@ —x)" dx,

j=i

(6.9)

which gives rise to an interesting identity as well as a computation method for evalu-
ating the incomplete beta function. |

Example 6.6 Let Y = X,., denote the median of an i.i.d. N (i, o) sample for n
odd, i.e, r = (n+ 1) /2. Then

n r—1 n—r
fry) = m [CD ()’)] [1— ‘D()’)] o (),

207
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which can only be numerically evaluated but is (intuitively) symmetric about .
Figure 6.2(a) plots the density for i =0, 02 = 1 and n = 3; it looks just like a nor-
mal density! The difference between fy and ¢ (x; 0, 0.448), a normal density with
mean zero and variance 0.448, is shown in Figure ©.2(b) and verifies that Y is indeed

reasonably close to being normally distributed.

x 1073
06F ] 3
25} . .
05 . 2L A i
15} = i
0.4 . N - |
03} 4 05f - ," \ o 1
0————'/ \\ 1 \1 Il \\-____
N i \ 1 \ i
02 -05F I .
\ 1 \ i
0.1F | -1F V) ' ; i
-15F \vl \/ -
0 2
4 2 0 2 4 4 2 0 2 4
@ (b)

Figure 6.2 (&) Exact density of X23 and (b) discrepancy from a normal distribution with mean
zero and variance 0.448

However, examination of the relative error (f — ¢) /f verifies that the approxima-
tion worsens as we go farther into the tails. It can be shown that Y is asymptotically
normal; but apparently, even for minuscule sample sizes, the normal approximation to
the median is quite good. The value 0.448 can be obtained by numerically integrating
y?fy (y) or by simulation, the latter being faster, both to program and to run, for
small n.

The following table reports the ratio p =V (X) /V (Y) for several vaues of n,
where V (X) =n~! and V (Y) is approximated by the sample variance of 50,000
sample medians, each 50000 sample medians, each computed from a simulated n-
length vector of random draws.

n 1 3 7 11 21 31 51 101 201 501
1 0744 0681 0664 0653 0.648 0643 0643 0640 0.638

The asymptotic variance of Y is 7/ (2n) so that p — 0.6366. |

© Example 6.7 Recall that the quantile &£, of the continuous r.v. X is that value such
that Fx (&,) = p for given probability 0 < p < 1. To calculate Pr (Y; < &, < Y;) for
1<i<j<n,letU; = Fx (Y;) and use asimilar derivation to that for the probability
integral transform (1.7.66), i.e.,

Fu, () = Pr(U; =) = Pr(Fx () <w) = Pr (¥ = Pt @) = Fy, (Ft ).
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Continuing with (6.1), Fy, (1) is given by

A (1) = 2 (5) [ ()] o= ()]

j=i
-y (’f)uf (1—u)" .
=i N

Now we see from the |.h.s. of (6.9) that the Fx (Y1), ..., Fx (¥,) have the same
distribution as order statistics from an i.i.d. uniform sample. Thus, with £, = F;* (p),

because, withi < j, Pr(U; <p U p<U;)=1,i.e,

j—1

Pr(vi<¢, <)) =Z(Z)p’<<l—p>n" =Fg(j—Ln,p) —Fp(i,n,p),
k=i

(6.10)

where B ~ Bin(n, p) and Fp isthe c.d.f. of B.

Remark: A natural (and popular) use of (6.10) is to construct a nonparametric con-
fidence interval for £,. While confidence intervals will not be formally defined and
used in this book, it is worth mentioning at this point that this method is attractive
because it is nonparametric, meaning that fy and Fx are not needed (and in redlity,
Fx is not known!) For example, to construct a 95% confidence interval for the popu-
lation median based on n = 100 i.i.d. samples of data, we require values i and j such
that

Fs (j — 1,100, 0.5) — Fj (i, 100, 0.5) ~ 0.95,
which need to be found numerically. With

Fz'(0.025,100,0.5 =40 and F5*(1— 0.025, 100, 0.5) = 60

209
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(computed using the binoinv function in Matlab), we calculate
Fp (59, 100, 0.5) — Fp (40, 100, 0.5) = 0.943.
Thus, Pr (Ya0 < &05 < Ys9) = 0.94 based on n = 100. [ |

© Example6.8 Let X and Y be independent, continuous r.v.s, but not necessarily
identically distributed. Then the survivor function of M = min(X, Y) is

Pr(M > m) =Pr(min(X,Y) >m)=Pr(X >mand Y > m)
=Pr(X > m)Pr(Y > m) = (1— Fx(m))(1— Fy(m)),

and the p.d.f. of M is

fu(m) = fx(m)(1— Fy(m)) + fy(m)(1— Fx(m)),

as fy(m) = —dPr(M > m)/dm. [ |

6.1.2 Multivariate

Thejoint c.d.f. and p.d.f. of several order statistics are also of interest. For the bivari-
ate case, consider the order statistics ¥; and ¥; withi < j. For x >y, ¥; <Y; and
Pr(Yi <x,Y; <y)=Pr(Y; <y),sothatthec.df.is Fy,y, (x, y) = Fy, (), dso eas-
ily seen by placing Y;, Y;, x and y along aline. For x < y (again, draw aline marked
with x and y),

Fy,y; (x,y) =Pr(at least i of the Xs < x N at least j of the Xs < y)
n a

— ZZPr(exactly b of the Xs<x N exactly a of the Xs < y)
a=j b=i

or, using a multinomial argument as in the univariate case (6.1),

W [F@[Fo)—FW]" " [1-Fy]™
Fy.y, (x.y) = Z bZ X PESETE] (611
a=j i

© Example69 Letn=2i=1 j=2 V=min(X1, Xp) and W = max(X1, X2).
For v < w, (6.11) gives

Fy,w (v, w)= ZZ e b)l — i [F P IF () = F @) [1= F ()"

a=j b=i

2
_ 2 b o
- ; b (2—-Db)'(2-2)! [FI"[F (w) = F @] 7[1- F (w)]
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= 2[F W][F (w) = F )] + [F )]?
=2F (v) F (w) — [F ()]?
which can also be written as
2F (v) F (w) = [F )] = [F )] — ([F w)]* + [F ()]* = 2F (v) F (w))
=[F w)]* - [F (w) — F )]*. (6.12)

Problem 6.9 extends this to the case where the two r.v.s are independent but not
identically distributed. |

The extension of (6.11) to the general kth-order case, i.e.,

Fy. v,

i Yigeooo , 1<ii<ir<---<iy <n,

follows along similar lines. For the joint density when Fy is discrete (continuous),
appropriate differencing (differentiation) of the c.d.f. will yield the density. For the
continuous case, use of the multinomia method considered above proves to be easiest.
In particular, for two order statistics ¥; and Y¥; withi < j and x < y, we obtain

| .
Froy, @y) = - S @I

(-DG-i=-Dln—j '
< [FO) = F@) T [1=FOM]"™ @) FO) Lo () -

(6.13)

For three order statistics ¥;, ¥; and Y, withi < j < kandx < y < z, an expression
corresponding to (6.13) can be found in asimilar way. The exponents in the expression
are most easily obtained with the help of the line graph, i.e.,

where A =i — 1 is the number of values strictly less than x, and B is the number of
values strictly between x and y, this being given by the total of j — 1 which are strictly
lessthan y, minusthei valueslessthan or equal tox,or B = j — i — 1. Similarly, C =
k—1—-(—-i—-1)—(G—-1)—-1—1=k—j—1, and D is the number of values
strictly greater than z, or D =n — k. Asacheck, A+ B+ C+ D =n—-3.
Example 6.10 Let X; g Exp(1), i =1,...,6, with order statistics Y3, ..., Vs.
Then, as Fx (x) = 1—e™*, (6.13) is easily computed. Figure 6.3 shows a contour
plot of the joint p.d.f. of Y3 and Y, computed by calling

biv=bivorder(0:0.01:2,0:0.01:2,6,3,4);
contour(0:0.01:2,0:0.01:2,biv’,20)
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Figure 6.3 Joint p.d.f. of Y3 and Y4 for n = 6 i.i.d. Exp(1) r.v.s, see Example 6.10. The ‘extra
line segment starting at (x, y) = (0.6, 1.14) plots x against y, where y solves Fy, y, (x,y) = 0.5

which uses the program in Listing 6.1. From (6.11), the joint c.d.f. of Y3 and Y3 is
given by
— 6! _x1br —x _yja—b__y16—a
FYS’Y4(x’y)zzzb!(a_b)!(G—a)! [1—e ] [e —e y] [e y] .

a=4 b=3

Just for fun, if x = 0.6, then numerically solving Fy,y, (0.6,y) = 0.5 yields y
= 1.13564. This was computed for several values of x (using Maple's numeric solver)
and is shown as aline in Figure 6.3. |

function biv=bivorder(xvec,yvec,n,i,j)
1x=length(xvec); ly=length(yvec); biv=zeros(lx,ly):
logkon= gammaln(n+l) - gammaln(i) - gammaln(j-i) - gammaln(n-j+1);
for x1=1:1x
x=xvec (x1);
for yl=1:1x
y=yvec (yl);
if (x<y) & (x>0) & (y»>0) % for Exp r.v.s, we need x>0 and y>0
main=(i-1)*log(F(x)) + (j-1-1)*log(F(y)-F(x)) *+ (n-j)*log(l-F(y));
main=main+log(f(x))+log(f(y)); biv(xl,yl)=exp(logkontmain);
else
biv(xl,yl)=0;
end
end
end

function den=f(x) % the pdf of the underlying i.i.d.\ r.v.s
lambda=1; den=lambda*exp(-lambda*x) ;

function cdf=F(x) % the cdf of the underlying i.i.d.\ r.v.s
lambda=1; cdf=1-exp(-lambda*x) ;

Program Listing 6.1 Computes (6.13)
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Density (6.13) will also be agebraicaly tractable when working with uniformly
distributed r.v.s, as shown in the next example.
Example 6.11 Let X; g unif (0,1),i =1, ..., n, with order statistics Y1, ..., Y,.
From (6.13),

froy; o) =KX (y—x)/ 7 A= )" oy () Iy ()

where
n!
=D —i =D — Y
Fori=1and j=n, fry, x,y)=n@m—1 (y—x)"? o1 ) Iy (y). The
density of P = Y1V, follows from (2.9), i.e.,

NG -
fp(p)=n(n—1)/ L (Z-x) (6.14)

P X
where the lower bound on Y; is p because
0<Y,<1<0<P/Y1<1<0<P <17,

while the upper bound is ,/p because Y7 < Y1, = P. Now let v = x?/p, for which
0<v <1, sothat x = p/?v%2 and

-1 1
fr(p) = ”(”72)19(”72)/2/ "2 (1 — )" 2 do. (6.15)
p
Either of these formulae could be used in conjunction with numerical integration to
evauate fp (p). Figure 6.4 illustrates fp for n = 4 and a (scaled) histogram of 10000
simulated values of P. Problem 6 6 considers the more general case of P = Y;Y; (and
also gives the Matlab code to produce the figure).

Taking i =1 and j =2 in (6.13) gives the joint density of the first two order
statistics as

frry o) = (=5 [L=F D] ) f ) Loy )
and generalizing this to the first £ order statistics gives
n! .
Frive O1s o 36) = m[l—F(yk)] i]lf(yi), YI<Yy2 << W
(6.16)

Taking k = n in (6.16) gives the p.d.f. of the whole sample of order statistics,

Frrety O Y2 o) =n [[ O, y<ya<o <y (6.17)
i=1
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Figure 6.4 Density (6.14) for n = 4 overlaid with a scaled histogram of simulated values of P

This seems reasonable, as there are n! different ways of arranging the observed x
vector to give rise to the observed y vector. It is straightforward to formally prove this
fact using a multivariate transformation; see e.g., Roussas (1997, pp. 245-247).

Remark: Inspection of (6.17) sometimes leads students to erroneously believe that
[+ [ fv (y)dy = n!. It is worth emphasizing that, while

/"'/fx(x)dx=f f l_[fx(xi)dxn“'dM:l_[/ fx () dx; =1,
Rn - =1 i=1"7%

itisnot thecasethat [ --- [ fv (y)dy = n! because Y has support

SZ={ye]R”:y1<-~<yn}e]R”,

1=/---/fv(y)dy=/ / f / A ) dyn - dys.
S —0 Jy1 y2 Yn—1

Asanillustration, let X; BN Exp(A),i =1,...,n. Thenthejoint density of the cor-
responding order statisticsY = (Y1, ..., Y,) is, withs =Y x; = Y7, vi, given by

n
fY (y):n!l_[)\,e_)‘Yi :n!k”e_)"s, 0<y1<y2< <yn.
i=1

To verify that fy indeed integrates to one, note that, for n = 3,

/---ffY ) dy=3!/ Ae‘m/ re M2 f re 3 dyz dy, dyy
0 y1 y2
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= 3I/ e U1/ re kyz kyz) dy, dy;

(; o) an

1
—3'x—x—:

2 3
with the pattern for higher n being clear. |

6.1.3 Sample range and midrange

Let X;,i=1,...,n, beani.i.d. sample from a population with density f and c.d.f.
F, and denote the order statistics as Y1, ..., Y,. The sample range is defined to be
R =Y, — Y1, and provides a measure of the length of the support, or range, of the
underlying distribution. The sample midrange is defined to be T = (Y1 + ¥,,) /2, and
is a measure of central tendency. Depending on the presence and extent of asymmetry
and tail thickness in £, the central tendency measures X, med(X), and 7' could be
quite different from one another.
The joint distribution of the sample range and midrange is given by

frr Goo=n = [F (i D) =F (1= )] 77 (1= 2) £ (14 5) Tom 0.
(6.18)

which will be derived in Problem 6.4. The marginals are computed in the usua
way as

fR(V)=/ fror (r,t)dr  and fT(l)=/O fror (r,t)dr. (6.19)

The mth raw moment of R can be expressed as

E[R"] = /000 r™ fr (r)dr = /000 /_00 r™ fr.r (r, 1) de dr. (6.20)

Of course, from (1.6.1), the expected values of R and T can be computed without
recourse to double integration, e.g., using (6.8),

E[R] = E[Y,] - E[¥)] = /0 Yy, () dy — /0 Vv, () dy. (6.21)

Moreover, recaling (1.7.71), which states that, for continuous r.v. X,

00 0 00 0
JE[X]=/O (1—Fx<x>>dx—/ FX(X)dX=/O fxmdx—/ Fx () dx,
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we have, from (6.3) and (6.4), i.e.,

Fr,(=1-[1-FW]|"=1-F () ad Fy, (y) = F" (),

that

E[R] =E[Y,] — E[Y4]

[e9) 0 [e9) 0
2/0 Fy, (y)dy—/ Fy, (y)(lly—fO Fy, () dy+/ Fy, (y)dy

00 0
_ fo [1— F" ()]dy - / F" (y) dy

—0Q

—/()Oo[l—{l—f”(y)}]dy+/

_Zo [1-F ]y

ee]

:/o [ o+ (=T )]+ [ @) - o).

—00

or

=

(1= F" ) = F ]y, (6.22)

first reported in Tippett (1925). Figure 6.5 plots E[R] as a function of sample size n
for normal and Student’s ¢ i.i.d. data.
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Figure 6.5 Expected range E [R] as a function of sample size n for i.i.d. standard normal (bottom
curve) and standard Student’s ¢ i.i.d. data with 10 (middle) and 4 (top) degrees of freedom

Remarks:

(a) Tippett (1925) proved (6.22) in two ways, both differing from the previous deriva-
tion. The first starts with the result given by Pearson in 1902 for the expected spacing
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Si=Yi1 -V,

E[S]=E[Yiy1— Y] = (’f) f Fio)F' ™ (y)dy,

o0

which isinteresting in its own right (see also David, 1981; and Jones and Balakrishnan,
2002). Based on this, the result is practicaly trivial: we have

E[R] =E[Y, — 1] :E[Sn—1+sn—2+---+51]
n—1

n oo ; —n—i
= (l)f F'(y)F"  (y)dy
i—1 —00

=

or, with p = p (y) = F (),

oo n—1

E[R] = Z(?)pi (1—p)"~" dy =/ [1—@—p)" = p"]dy
=1 -

o]

from the binomial theorem. The second proof (which was suggested to Tippett by
Pearson) is considerably more involved and will not be shown here.
(b) Expression (6.22) can be generalized to the mth moment, m =1, 2,..., as

E[R"] = m! ff G(y1, ym) dy1- -+ dym, (6.23)

—00< YL < <Yy <00

where
GO1, 3m) = [1= F" ) = F" ) +{F () = F 02} ]

This can further be generalized to the independent but not (necessarily) identica
case, by replacing G(y1, y») in (6.23) by

1-TTF 0w = TTF: G0+ THF 0w = F G0},
i=1 i=1 i=1

as shown by Jones and Balakrishnan (2002). |
Example 6.12 Let X; " N(0,1),i = 1, ..., n. Then thejoint distribution of R and
T is given by (6.18), but replacing f with ¢ and F with ®. From this, the marginals
(6.19) can be computed by using numerical integration, which the reader is encouraged
to try. Also, a standard numeric computation using (6.21) and (6.22) with n = 10 yields
E[R] = 3.0775 in each case.

The mth raw moment of R can be computed from (6.20) and calculated by bivariate
numerical integration. A program to carry this out using Matlab's built-in function
dblquad isshownin Listing 6.2. With n = 10, and assuming the existence of the first
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function m=srm(n,mom)

xmin=0.2; xmax=8; % range of R, the sample range.

ymin=-5; ymax=-ymin; % range of the sample midrange

tol=le-6; m=dblquad (@srmf,xmin,xmax,ymin,ymax,tol,@quadl,n,mom) ;

function z=srmf(r,t,n,mom)
partl=( normecdf (ttr/2) -normedf(t-r/2) )."(n-2);
z = n*(n-1)* (r."mom) .* partl.*normpdf(t-r/2).*normpdf (t+r/2);

Program Listing 6.2 Computes (6.20)

three moments, this yields E[R] = 3.0775, E[R?] = 10.1063 (so that V(R) = 0.6353
and the standard deviation is 0.7971) and E[R®] = 35.2134.2

As n grows, one would expect the dependency of Y; and Y, to fade. Thus, for
example,

E[R?] = E[Y2 —2v,Y: + Y2 ~ E[Y?] + E[Y2] - 2E[Y,] E[Y1], (6.24)

which only requires univariate numeric integration. For n = 10, (6.24) yields 10.1597,
which is reasonably close to the true value.

Simulation offers an aternative method of calculation which is very fast in this
case. Using code

n=10; r=zeros(50000,1);
for i=1:50000, s=randn(n,1l); r(i)=max(s)-min(s); end
mean(r), mean(r.”2), mean(r.”3)

the moments are approximated by E[R] ~ 3.0797, E[R?] ~ 10.1219 and E[R?] ~
35.2982, which are close to the true values. Of course, the simulated values of R can
also be used to construct a histogram, as shown in the top left-hand panel of Figure ©6.6.
The other left-hand panels use n = 100 (with true E[R] = 5.015 and E[R] ~ 5.018
empirically) and n = 1000 (E[R] = 6.482 and [E[R] ~ 6.485).

We now repeat the same exercise but using Student’s ¢ data with 5 degrees of
freedom. To avoid confusion with the normal case, we denote the range statistic as Rs.
The resulting histograms are shown in the right-hand panels of Figure 6.6, and were
truncated at r = 40. As would be expected, we see that the tails of R5 are much thicker
than those for the normal case, so that the existence of higher-order moments could be
questioned. For n = 10, calculation with (6.20) (using an integration range for Rs of
0.1 to 40, and that for 7 of —12 to 12) gives E[Rs] = 4.0052, ]E[Rg] = 18.4316 and
E[R3] = 99.3011, while the empirical values are E[Rs] ~ 4.0029, E[RZ] ~ 18.4094
and E[RE] ~ 99.6153, [ |

2 These cal culations take a matter of seconds, as does writing the little program to do them. It is interesting,
if not painful, to look at how such calculations were performed in 1925. As Tippett wrote regarding the
calculation of E[R?] in the normal case, ‘ The work is very laborious, as it involves cubature, and even so, the
result can only be given to afew figures. It is believed that the values given in Table IV are correct to the last
figure.” Indeed, for n = 10, Tippett reports a standard deviation for R of 0.797, which we see to be correct to
three decimal places. Presumably, he was lucky that a referee did not ask him to repeat the calculations based
on Student’s ¢ data with various degrees of freedom!
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Figure 6.6 Empirical density of the sample range, based on standard normal data (left) and
Student’s ¢ data (right) for sample sizes n = 10 (top), n = 100 (middle) and n = 1000 (bottom)

6.2 Further examples

The examplesin this section combine several techniques just introduced and also further
emphasize the importance of simulation for situations in which tractable algebraic
expressions are not available.
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© Example 6.13 The results in this example are based on Kamara and Siegel (1987),
having arisen in the context of optimal hedging strategies in futures markets.® Let

e e )

and define T =Y — X, which is normally distributed with mean w7 = uy — ux and
variance 02 = 02 + 02 — 2oxy. With ¢ := /oy and M := min(X, Y), we wish to

show that
E[M] = px —or¢ (1) + MT‘D (=1, (6.25)
VO = 0 +0F —op@ 0+ AL~ [EL —pron +orew] . 629)
and
Cov(X, M) =02 — (62 — oxy)® (1), (6.27)

where ® and ¢ are the standard normal c.d.f. and p.d.f., respectively.
We begin by deriving some preliminary results. Let R ~ N(O, 1) and « € R. Then

E[RI(R <a)] = —¢(@) and E[R(R—a)(R < a)] = (). (6.28)

For the first expression in (6.28), similar to the numerator in the definition of
expected shortfall (1.8.38),

o0

E[RI(R < )] :/

—00

rl(r < a)e(r)dr = /01 r¢(r)dr
/a —  exp(—r?/2) dr = [—iex (—rZ/Z)T = —¢()
NV = P D
Similarly, for the second expression in (6.28), E[R(R — «) (R < «)] is

/_Zr(r —o)l(r <a)p(r)dr = /_‘; r(i/_ga)

and using integration by parts with u = (r — «)/+/27 and dv = r exp(—r?/2) dr,
_ [ﬂ

N
= P(a),

exp(—r2/2) dr,

o

exp(—rZ/Z)} + / iexp( r?/2) dr

E[R(R—a)[(R < a)] = ez

having used I"Hopital’s rule for the value at —oc.

3 The results were elegantly extended to the general multivariate normal distribution by Siegel (1993), and
further extended by Liu (1994) to other order statistics and other distributions. The moment generating function
of the minimum of bivariate normal r.v.s is derived in Cain (1994).
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The last preliminary result we need is

E[UVI(V < 0)] = oyy® <_?) , (6.29)
Vv

IOEISIEED)

To prove (6.29), write U as a linear combination of (V — uy) and W, where W
is a random variable independent of V. In particular, let c¢1, c2 € R such that U =
c1(V — wy) + coW. Then, as E[U] = 0, we have that

where

1 EB[V] = 1y) + c2E[W] = 0 = E[W] = O.

From the definition of covariance, it is simple to confirm that E[U V] = oy vy, and,
asW LV and E[W] =0, that E[W V] = 0. Thus, with V(V) = E[V?] — u2,

E[UV] = oyy = c1E[VZ — uy V] + E[WV] = opyy = cla‘%

ouv
=oyy = C1 = -
Oy

Let (V — puy)/oy =: R ~ N(O, 1). Then

E[UVI(V <0)] =E |:0U—2V(V —uy)VI(V < 0)j| +E[c2WVI(V < 0)]
Oy

V —
:UUVE|: “y
oy

= oyvE [R (R n ﬂ) H(R < —ﬂ)} ,
oy oy

and (6.29) follows from (6.28).
It is now straightforward to show (6.25)—(6.27). First, observe that M = min(X, Y)
=X+TIT <0), T =Y — X. Then, with R := (T — ur)/or ~ N(O, 1),

GL I(V/oy < 0):| + E[W]IE[VI(V < 0)]
14

E[M] = E[X] + E[T KT < 0)] (6.30)

=;,Lx+E|:O'T <T;MT) (T < O)i| +E[ur (T < 0)]
T

=pux +orE |:RH<R < —ﬂ>:| + urE |:H<R < _ﬂ>:|
or or

2 ix —ord <¥> + ur Pr <R < —ﬂ> ,
T

or

which is (6.25), using the fact that ¢ («) = ¢(—a), @ € R.
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Next, from (1.6.3),
V(M) =V (X +TIT <0))
=024 2Cov(X,TI(T < 0) +V(TT <0)). (6.31)
For the covariance term,
Cov(X,TI(T <0) =E[XTI(T < 0)] —E[X]E[T (T < 0)]
=E[(X —ux)TKT <0)].

Let U := X — uy, a mean-zero normal variate, and apply (6.29) to get, with ¢ :=
ur/or,

Cov(X,TI(T <0) =Cov(U,T)® (~t) = (E[UT] —E[U]E[T]) ® (—t)
=E[UT]®(-1) =E[(X —ux) (¥ —X)] P (-1)
= (oxy + txiy — 0% — u% — wxy + xpx) ® (—1)
= (oxy —0Z) D (—1). (6.32)
The variance term in (6.31) can be expressed as
V(IT'(T <0) =E[(T —ur) TIT < 0)] + purE[T KT < 0)] — (E[T LT < 0)]}

= ELT —un TIT < 0] - [“L —B[717 <01) + ‘%f
where, from (6.30),
E[TIT <0)] = —or¢ () + nr®(—1).
Then applying (6.29) to the first expectation gives
E[(T —pur) TT < 0)] =cov(T — ur, T) D (—1)
={E[T7% - urT] - E[T — u71E[T]} @ (—1)
=02d (—1).
Substituting these results into (6.31) and using the fact that
2_ 2

2(0xy — a)%) + O'TZ = 20xy — 20)% + 05 — 20xy + 0)% =0y — 0y

yields (6.26).
Finally, from (1.6.5) and (6.32),

Cov(X, M) =Cov(X,X +TI(T <0)) = 0% + Cov (X, TI(T < 0))
= o)% + (oxy — 0)%) D (—1),

which is (6.27). |
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© Example 6.14 Let X1, X» e Gam (2, 1), i.e, fx (x) = x€ [0, (x) and define

S=min(Xy, Xo), L=max(X1,X>) ad R=S/L,
(S standing for ‘smallest’, L for ‘largest’, and R for ‘ratio’). The c.d.f. of X is
Fx (x) = / te'dt=1—(x+1e,
0
so that, from (6.8),
fs®)=2+De® ad fL()=2(1-+De’)le’.
It follows that
o 5
us =E[S] :f 252 (s+ e Zds = 7
0

11

0é=V(S)=E[S$*] -E[S]* = T

and, similarly, u; = 11/4 and 02 = 35/16.
From (6.13), the joint distribution of S and L is given by

Fs.n (s,0) = 2 fx (5) fx () L0.00) (8) Iis.00) (1) = 2516 g 00y (5) T5.00) (1)

and, using the first equation in (2.10), the density of ratio R is

fr () = /Z I 2|fSL( )ds - /Ooo rzzs( ) e s 00 (;) ds  (6.33)

_ r% o S3e—s(l+r_1)

Lo (r)ds =
0 b r+1

with straightforward integration yielding

2L (),

Ur = % and o3 = —%’ + 12In2 ~ 0.067766.

Figure 6.7 compares the kernel density estimate (see Section 1.7.4.2) of 2000 inde-
pendent draws of S/L with the theoretical density (6.33); they are indeed quite close,
but notice that the estimated density is less accurate in the tails. The sample means and
variances of the drawn sample were 15 = 1.28, aS = 0.688, i, = 2.78, 6] = 2.23,
g = 0.506, and 65 = 0.0664, which are very close to their theoretical values.

The sample covariance between S and L was 0.582, which compares well with the
exact value

Cov (S, L) = E[SL] — E[S]E[L]

511
/ / 25212~ ds — —6 = 0.5625.
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Figure 6.7 Theoretica density (6.33) and kernel density estimate from 2000 simulated Gam(2,1)
draws

An approximation to ¢ = Cov (S, L) can be obtained by equating the two-term
Taylor series approximation (2.32) of E[R] to the true value:

1 ps 3, 5 (11\? 5/11\ %35
=-~—— Cov (S, L =— (= 1= =
pr=on oGV Dt usior =g =\ ) <t 7 ) 16

which yields ¢ ~ 0.651. Similarly, using (2.33), the Taylor series approximation to
V (R) gives

33 2 (o2 2. 2Cov(S, L
a§=12In2—Zw<ﬁ) (U—S+G—L—#

Mmr M% /Li MsprL

or ¢ ~ 0.690, with the approximation using [E[R] being somewhat better. Usually of
more interest is the correlation:

9

C L 16
Corr(s, L) = =25 _ 16 45868,
VV (S V(L) \/ 1135
16 16
as compared to the empirical value of 0.4694. |

Example 6.15 Let X; g exp(a),i =1,...,n,with ¥; the ith order statistic. From
(6.6) the density of Y; is

1y _
"Tae = (na) € " g 00 ()

fro() =n(e®)
or Y1 ~ exp (na) while, from (6.13), the joint density of ¥; and Y; is

(v oV -2
frov, (1, y2) = n (n — 1) @012 (e792)" T ) (y2) L0,y (1) - (6.34)
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The density of the difference D; = Y» — Y1 can be obtained via transformation. In
particular, with Z = Y,, we have y, = z, y1 = z — d1, and

o

_ adi 9z | _ -1 1]_

abs|J| = absdet % % _absdet[ 0 1}_1,
3d1 0z

so that

fDl,Z (di,2) = fY1,Y2 (z—d1,2) =nn—1) qle@—di+7) (e—az)n—z
=nn-1 oeze“dle_“”zﬂ(oyz) (d1),
where the indicator function is g ;) (d1) because D1 is positive but bounded above by
Yo, =Z7. Then, as Z > D,

o0 o0

Ip, (d1) = / fpuz(d1,2)dz=n(m—1) ozze“dl/ e gy
dy d

1

1
=n(n—1)a?eh x —eh — g (n—1) e e Da
an

i.e, D1 ~exp(a(n—1)).
From (6.18), the joint density of R =Y, — Yy and T = (Y1 + Y,) /2 is given by

fir o0y =n - D[(1- D) - (1 e(H)]" " gee-Dae+5)
—n(n - Da?[e -5 e h)]" g
=n(n—1)a2e [¢92 — 2" Ig o) () I /200 (1) |
where the requirement 7 > R/2 follows because Y, =Y1+ R and Y, = 2T — Y1
imply that Y1+ R=2T — Yy 0or Y1 =T — R/2, but Y1 > O sothat T > R/2. Thus,
0

o
fr(r) = frr(rn0)dt =nn—1)a?[g¥? - e_’“/z]"_Z/ e dt
r/2 r/2

—ra n—2 1 —nar
:n(n—l)az[em/z—e /2] (Ee /2) L0,00) ()

—a (n _ 1) [erot/Z _ efroz/2:|”*2 efnozr/Z H(O,oo) (V)

er(x/Z _ e—ra/Z

n—2
=« (n _ 1) |: ] e(ra/Z)(n—Z)e—nozr/Z ]I(O,oo) (}")

ea/2

—am—D[1-e"]" e [gu (). (6.35)
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To check that this is a valid density, note that, with y = e, r = —(Iny)/a and
dr = — (yoz)_1 dy,

> e 1 [0 1 B(ln—1 1
/ (1—e7) 2e_mdr=——/ L—y)"2yZdy = (L n )= .
0 aJ1 y o a(n—1

Figure 6.8 shows the density of R for several parameter combinations. From (6.35)
the m.g.f. of the range R is

Mg(s) = a (n — 1)/ (]_ — e—m)”_z e—r(a—s)dr’
0

which, for n = 2, simplifies to Mz(s) = & [; €@ dr = a/(x —5) When s < a,
while, for n = 3,

Mig(s) = 20(/ e r@=s)q, _ 20(/ e (2e=s) gy
0 0

20 2 o 2

a—s 2a-—=s o—s20—s

when s < « and s < 2, which is satisfied when s < «. In general, using u = e,
r=—atlnu and dr = — (ue) ! du,

00 0 _
/ (1 _ e—ra)n—z e @9, — _E / (1-— u)n—2 Me(fot 1Inu)su—1 du
0 o J1

1 ! n—2_ —s/a 1
:—/ A-w)"“u*du=—-Bn-11-s/a),
o Jo o

so that
MR(S):(n_l)l"(n—l)l"(l—s/oe) _ (n —1)!
'n—s/a) m—s/a—n—s/a—2)---(L—s/a)
. (n —Dla"1
@D -9 (@mn—2—s5)--(a(n—(n—1)—s)
e =)
= l_[ — fors <a, (6.36)
Faam—j)—s
j=1
having used the recursion I (x) = (x — 1) T" (x — 1). [ |

© Example6.16 (Example 6.15 cont.) The joint density of the n order statistics Y
=Y,....Y) is

fr (y) =nla" exp <—oe Z y,-) )

i=1
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Figure 6.8 Density fr (r) of range R for X; i exp(a),i=1....n
Defining
Do = Y1,
Dy =Y, — Y1,
Dy =Yz — Yo,

D, 1=Y,-Y, 1

impliesthat Y; = Z{;Ol D;, so that the Jacobian is a lower triangular matrix with ones
on the diagondl, i.e.,

C oy in i
ddy  9dy dd,_1 100 0
% % dy2 1 10 0
J= ddy 0dq od,—1 | — 111 0
: : : R 0
ay, 0y, Oyn 1 1 1 1

| ddy ddy od,_1

and |detJ| = 1. From (6.17),
fo(d) =nla"exp{—a[ndo+ (n—Ddi+ -+ 0~ j)d;+ +dp1]}.

which factors into n separate distributions, showing that Dy, ..., D,_1 are indepen-
dent (not just pairwise). From this, one also sees that D; ~ Exp(a (n — j)), j =
0,...,n— 1. (SeeProblem 6 11 aswell.) These facts can be used as follows. Recalling
the c.d.f. and expectation of an exponentia r.v., (6.6) implies that

oo
E[Y] = k(Z) /O Y (1—e @) et Rgemer gy,
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but as

k-1 1 1
ElN] =E |:l=0 :| oz(n—l) .+o¢(n—k+1)’

we arrive at the pleasant identity

k=1

1 o -
Z - =a%k <n> / y(1- e“"y)k ! g @ n=k+Dgy, (6.37)
—n—i k) Jo

for 1<k <n and any @ > 0 (via a simple transformation, « can be removed from
the integral). Likewise, for the second moment (and setting o = 1 without loss of
generality),

oo
s =) [Tt a-e) e heray
0
and, as E[D?] = 2/ («? (n — i)?), this integral is the same as
k-1 2
i=0
k-1 k-2 k-1

2> 2.

i=0 j=i+1

(n—l)(n—J)

The range can be expressed in terms of the D; as

n—1 1-1 n—1
R=Y,—Y1=) Di—» Di=)Y D
i=0 i=0 i=1
and, as the D; are independent with D; ~ Exp (@ (n — j)),

My(s) =E @ X P | = E[e 1] E[e2] .- E[e71]

= —, fors< min a@®m-—j)=a«a,
am—j)—s 1<j<n—1

which agrees with (6.36). [ |

© Example 6.17 (Example 6.16 cont.) For the continuous random variable Z, recall
that its pth quantile &, is the value such that F; (£,) = p for agiven 0 < p < 1.
If Z ~ Exp(a), then solving p = F (§,) = 1 — e gives the closed-form solution
£,=—atIn(1— p). Also, E[Z] = o1 and V (Z) = 2. Thus, from the results in
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Example 6.16, for j =1,...,n

171 1 1

E[Y;]= E[Di]=—[—+ R } (6.38)

! ; aln @m-=1 nm—j+1
and, because of independence,
j—1

171 1 1

V)= ViDl==|S5+—5+ -+ ———|. 6.39

(73 § ) az[nz (n—1)? (n—j+1>2] (6%

For n € N, we know from Example L A.38that y,, :=14+2"24+3 14+ ... 4 n1—
Inn converges to Euler's constant y ~ 0.5772 as n — oo. Thus, for large n and j
small relative to n,

_1[2 = Z_l}w [In(n) — |n<n—f>]=—“_1'”<1_£>’

so that &/, ~E[Y;]. In words, as n grows, for j such that j/n is small, the Y;
serve as unbiased estimators for the quantiles &;,,,. Figure 6.9 confirms this by pl ottmg
&/, versus Y; for simulated samples of # i.i.d. r.v.s from an Exp(1) distribution. For
n = 40 (Figure 6.9(a)) the accuracy is not great even for small j, while for n = 1000
(Figure 6.9(b)) &;,, and Y; are nearly equal for 1 < j <n/3.

4 7
35} 6l
n n
= 3 > s
Lo2st 5
> > 4l
g 2} 2
% 15 %
g af g1
o o
05} ¥
0 n n n n n n
4 0 1 2 3 4 5 6 7
&=In(1-j/n),j=1,..,n-1 &=In(1-j/n),j=1,..,n-1
@ (b
Figure 6.9 Plot of £, = —In(1—p) versus Y, for p=j/nand j=1,..., n — 1, where the

Y; are n order statistics from an Exp(1) distribution: (a) n = 40, (b) n = 1000

From (3.6) and the independence of the D;, with m = min (i, j),
i-1j-1

m—1 m—1
Cov (Y¥;.¥;) =) Y Cov(D Dﬂ:ZV(D;ﬂ:%Z%. (6.40)
h=0 o —=h)

p=04¢=0
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Inparticular, V (Y;) = «=2Y"J_5(n — h)~2, which is small for n large and j small,
also explains the behaviour of the ¥; in Figure 6.9. As Y 72, k=2 = 72/6 (see (I.A.88)
and Example 1.26), V (Y,) — 72/(6a?) asn — oo. [ |

6.3 Distribution theory for dependent samples

Not surprisingly, matters become more complicated when abandoning the i.i.d.
assumption. Let X = (Xy,...,X,) be a multivariate r.v. with c.df. Fyx, and
denote the order statistics of X by Y = (Y1,...,Y,). As before, Pr(Y; <y) =
Pr (at least i of the Xs are < y). From the De Moivre—Jordan theorem (1.2.13),

n

(-1
Prvi <y =) (=1 ({ 3 1) S, (6.41)

j=i
where

Si(y) = Z Pf(Xklfy, X, <y, ...,ijfy)

ky<kp<--<k;
sums over the (:‘) unique combinations of j of the n elementsin X. If the X; arei.i.d.
with c.d.f. Fy, then S;(y) = (;l)pf, for p, = Fx (y) and (6.41) reduces to (6.1), i.e,

n

" =1 . . ne i
Prvi <y =) (-1~ (f - 1) (’f)p; =y (’j’.)p; (1-p)"",
j=i

J —
thus giving rise to (yet another) nontrivial combinatoric identity for 0 < p, < 1. This

was algebraically proven in Problem 1.1.7.

Example 6.18  (Zielinski, 1999) For vector X = (X3, ..., X,) with continuous joint
p.d.f. and order statistics Y, if ¢ is the median of each X;, i.e, Pr(X; <c¢) =1/2,

i=1,...,n, and, for every m=1,...,n, every set of indices iy, ..., i, with 1 <
i1 <ip<---<iy<n,andevery (xq,..., xu_1) € R" 1
PI‘(X,'M <cl|Xy=x1,....,X;, =xm_1) =1/2, (6.42)

then Pr (med (X) < ¢) = 1/2, where med (X) is the sample median, i.e., med (X) = Y;
forn =2k —landmed (X) = VY; + (1 — V) Y11, where V ~ Ber (1/2) independent
of X. The result clearly holds in the important special case when the X; arei.i.d. with
median ¢, because, from (6.7) and (1.1.49),

2k — 1)! 12 1
( ) / Fra—nFtd = Z.
0 2

@ = g ra— o
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To prove the general case, first use (1.8.15) and (6.42) recursively to obtain
Pr(Xil <c, XiZ SC,...,X,'m fc)

r r
:/ / Pr(X;, <cl|lXiy=x1....,Xi, 1 =%Xn-1)
—0 —00

Xfxil,‘.‘,x,-m L1 xen) A diy g

::EIq’CXM <c ..., X; ;=< C)
=2"".

Now assume n = 2k — 1, so that, from (6.41) with S, = ()27 and j = m — k,

" -1
Pr(med(X) <¢) =Pr(¥; <c) = 2 (—1m* ('Z_ 1) (}’;) 2 (6.43)

k—1 k1
I _ J (j+k)
T lk— 1>']ZZ( Y ( j )1+k2
k—1
Jj+k—1
Tk 1)']22( ( )/o g

1/2 k— .
- ”7'2/ k=1 (k . 1) (—t)’ dr
[(k = D" Jo =\

J

172
- f!l)']Z/o h1(1 -t = =

Forn =2k, let Z=med(X) = VY + (1 — V) Y11, SO that

[y

Pr(Z<e)=Pr(Z<c|V=0P((V=0)+Pr(Z<c|V=0DPr(V=1
1 1
=§Pr(Yk+1§c)+§Pr(Yk§C)-

Similar calculations to (6.43) reveal that Pr (med (X) < c¢) = 1/2.

6.4 Problems

Human beings, who are amost unique in having the ability to learn from the
experience of others, are also remarkable for their apparent disinclination to

do so. (Douglas Adams, Last Chance to See)
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The greatest obstacle to discovery is not ignorance — it is the illusion of knowl-
edge. (Daniel J. Boorstin)

6.1

6.2.

6.3.

6.4.

6.5.

6.6.

Let X4, X2, X3 bei.i.d. r.v.s, each with continuous density fx. Compute

(@ po=Pr(X1> X»),

(0) pr=Pr(X1> Xz | X1 > X3),

(€) p2=Pr(X1> X2 | X1 < X3).

Let X; nd Exp(A;),i=1,...,n,and let S = min(X;). Derive a smple expres-

sion for Pr(X; = §). Hint: Use the conditional probability formula (1.8.40). The
case with n = 2 was illustrated in Example 1.8.17 (taking r = 1).

% Use repeated integration by parts to show that (6.1) is equivalent to (6.7).
Derive (6.18).

Let X be an r.v. with p.df. fx (x) = 20 2xIg) (x), for @ > 0.
(a) Derive E[X] and the c.d.f. of X.

(b) Let X4,..., X, bei..d. r.v.s each with p.d.f. fx. Calculate f; and E[M],
where M = min X;.

(c) Repeat for M = max X;.

% Recall Example 6.11. The integral in (6.15) can be aternatively expressed
as follows. Let u=(1—v)/(1—p) (0o that v=1—u(l—p) and dv =
— (1 — p)du) and use the hypergeometric function (5.28) (see Section 5.3) to
obtain

/plv—"/z L—v)"?dv=(1- p)”_lfolu"_z(l —L=p)u)™? du
=A-p" "B —-11) 2F1(n—1n/2:n;1— p)
or?
fr(p) = 5" P2 A= py' ™t 2Fa(n = Lnj2imi 1= p).

Following similar steps, derive the p.d.f. of P for the more general case in
which P =Y;Y;,1<i < j<n.

Also construct a program to calculate the exact density (using the built-in
function quad1 to do numerical integration) and one to simulate P. For n = 8,
i =3, and j = 6, the density and a (scaled) histogram of simulated values of P
should look like those in Figure 6.10.

4 Note the minor misprint in Johnson, Kotz and Balakrishnan (1994, p. 281, eq. 26.13b).
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0.2 0.4 TR 1
Figure 6.10 Density for n =8, i = 3, and j = 6, along with a (scaled) histogram of simulated
values of P
6.7. Assume X has density fy (x) = (14 x) 2T (0.«0) (x). Define Y = min(X, 1) and
Z =max (X, 1).
(a) What is Fy (y), the c.d.f. of Y?
(b) What isE[Y]?
(c) WhatisE[Z]?
(d) What is fc (g), where G =In(1+ X)?
6.8. Let X; I Unif (0, 1) with corresponding order statistics X;), i = 1, 2, 3. Cal-
culate
@ Pr(Xag +Xe > 1),
(b) Pr(Xe + X@ > 1),
(© E[X@]and V(Xq).
6.9. % % Let X and Y be independent random variables and set V = min (X, Y)
and W =max (X, Y). (Contributed by Walther Paravicini)
(a) Derive thejoint c.d.f. of (V, W).
(b) If X and Y have a p.d.f., calculate the joint p.d.f. of (V, W).

(c) Give explicit expressions for the joint c.d.f. and p.d.f. of (V, W) when X ~
exp (o) and Y ~ exp(B).

6.10. % % AsSUMe X1, ..., X, "< Unif (@ — B, « + B) with order statistics X1, <
< X,,andnisodd, sayn =2k +1, k € N,
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6.11.

6.12.

6.13.

6.14.

(a) From the X;, construct random variables U; and U;.,, i = 1, ..., n such that
u; " unif (0, 1).

(b) Compute the mean and variance of @1 := X,,.

(c) Find the distribution of Ut1):c2k+1)-

(d) Compute the mean and variance of &2 := X (k41):2k+1)-

(e) Show that Cov (Uzy, Upn) = (n + 1) "2 (n +2)7 L.

(f) Compute the mean and variance of T = a3 := % (X1 + Xpon).

(g) The three sample statistics &; provide an estimate of the population value of
«. Compare their variances for sample sizesn = 1,2, ....

% As ageneralization of Example 6.15, derive the density of D; =Y, .1 - Y;
forany j, j=1,...,n—1

% Again recalling Example 6.15, derive both the density of D1 and that of R
using the difference formula (2.8).

* % Let X1, X, " Beta(2,2), i.e, fx (x) = 6x (1 —x) Loy (x), and define
S =min (X1, X2), L = max (X1, X2) and R = S/L.

(@) Derive the p.d.f.sof § and L and their means and variances.
(b) Explain (informally) why V (S) =V (L).
(c) Show that fg (r) = gr (3—2r)I1) (r) and compute E[R] and V (R).

(d) By simulating draws from f, compare the resulting kernel density to the
algebraic one and examine the empirical mean and variance.

(e) Calculate ¢ = Cov (S, L) and Corr (S, L).

(f) Obtain estimates of ¢ by equating the Taylor series approximations of gz
and o2 to their respective true values.

* Kk Let X1, ... Xy & fy (1) = ab~“x9 0, (x) and et ¥; be the ith order
statistic.
(a) Derive the joint density fz (2) of the Z;, j =1,...,n, where
Z~={ Yj/Yjer, it 1<j<n,
J Yj if J =n.
(b) State the density of each Z; and verify that they are proper.
(c) Compute the expected value of Z;.

(d) Verify that (Y1/Y,, ..., Y,_1/Y,) isindependent of Y,,.
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6.15. % Derive a closed-form expression for E[In X], where X ~ Beta(a, b) and
b > lisan integer. Confirm your result for the specia casea = b = 1.

6.16. % Consider a circle with perimeter one, i.e., radius 1/2x. Define the distance
between two points on the circle as being the length of the shorter arc connecting
the points.®

(a) Two points are randomly and independently chosen on the circle. Calculate
the probability that the two points are not within a distance of d from each
other, 0 < d < 1/2. What if, instead of a circle, the two points are randomly
and independently placed on a straight line of unit length?

(b) Similarly, n points, n > 2, are randomly and independently chosen on the
circle. Calculate the probability that no two points are within a distance of d
from each other, 0 < d < 1/n. (Take n = 3 to begin with.) As before, what
if astraight line is used?

5Thisis similar to Example 6a of Ross (1988, p. 225), which considers points on a straight line instead of
acircle.
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Generalizing and mixing

Normality is a myth; there never was, and never will be, a normal distribution.
(Geary, 1947)

In this and the subsequent chapters, we examine a selection of univariate distribu-
tions which extend, generalize, and/or nest some of the ones previously introduced.
Those ‘more basic’ distributions encountered earlier are still of fundamental impor-
tance and arise ubiquitously in applications, but there is also alarge number of settings
in which more general structures are required.

This chapter concentrates on some basic ideas concerning how distributions can be
generalized. Section 7.1 illustrates some rudimentary methods, Section 7.2 considers
r.v.s formed by taking a weighted sum of (usualy simple and independent) r.v.s, and
Section 7.3 is similar, but lets the density of an r.v. be a weighted sum of (usualy
simple) densities.

7.1 Basic methods of extension

Any Riemann integrable function f on the real line which is positive over a specific
support S and such that [ f(x) dx = 1 can be interpreted as a p.d.f., and similarly
for a mass function. It is, however, more appealing (and more practical) if the mass or
density function f possesses atractable algebraic representation over the whole support.
This is the case for most distributions encountered, though notable exceptions include
the so-called class of Tukey lambda distributions, discussed in Section 7.1.4, and the
class of stable Paretian distributions, discussed in Chapter 8.1 In order to understand

1 For an overview of the hundreds of known distributions, see, for example, Johnson, Kotz and Kemp (1993),
Johnson, Kotz and Balakrishnan (1994, 1995) and Stuart and Ord (1994). Kleiber and Kotz (2003) provide
a very nice survey of selected distributions appropriate for certain applications in economics and actuarial
science. Some of the techniques discussed in this chapter are also applicable in the multivariate setting, and the
interested reader is encouraged to begin with Kotz and Nadarajah (2004) and Genton (2004) and the references
therein.

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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how some of these distributions were derived, we present some basic methods for
generalizing common distributions, such as those presented in Chapter 1.7.

7.1.1 Nesting and generalizing constants

Two or more families of distributions can often be nested by constructing a probability
density or mass function with one or more parameters such that, when these assume
specific values, the p.d.f. or p.m.f. reduces to one of the special nested cases.

© Example 7.1 Consider the binomial and hypergeometric distributions. Their cor-
responding sampling schemes are quite disparate, and their p.m.f.s accordingly so.
However, they can both be nested under the sampling scheme whereby, from an urn
with w white and b black balls, a ball is drawn, and then replaced, along with s balls
of the same colour. This is repeated n times. Let X be the number of black balls
drawn. Taking s = 0 yields the binomial, while s = —1 gives the hypergeometric. The
p.m.f. of the general case is quite straightforward to derive, and can be expressed
compactly as

[&] /4 \[n—k] b w
(57 (%) n\B (S +k ¥ +n—k) .
fx (k) = <k> —(h+w)[n] To,1,...n) (k) = (k) z (% ) Lioa,..ny (k)5

this is referred to as the Polya—Eggenberger distribution. To confirm algebraically that
this p.m.f. sumsto one, use (1.9.7); see Stuart and Ord (1994, Section 5.13) or Johnson
and Kotz (1977, Section 4.2), and the references therein for further detail. |

© Example 7.2 Recall that thelocation-zero, scale-one kernels of the normal and Laplace
distributions aregiven by exp { —x2/2} and exp {— |x|} /2, respectively. By replacing the
fixed exponent values (2 and 1) with power p, p € R., the two become nested. The
resulting distribution is known as the generalized exponential distribution (GED), with
density

frp) = —2L )exp{—|x|f’}, p>0 (7.)

2r (p—t

(recall also Problem 1.7.16). The choice of name is unfortunate, but standard; it refers
to the generalization of the exponent, not the exponentia distribution! It dates back
at least to Subbotin (1923) and work by M.S. Bartlett (see Mudholkar, Freimer and
Hutson, 1997) and was popularized within a Bayesian context in the classic 1973 book
on Bayesian inference by George Box and George Tiao, where it is referred to as the
exponential power distribution (see Box and Tiao, 1992, p. 157, and the references
therein).

The GED is commonly used in applications where model residuals have excess
kurtosis relative to the normal distribution (or fat tails). Another distribution which
nests the Laplace and normal is the hyperbolic, discussed in Sections 1.7.2 and 9.5. 1
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© Example 7.3 The generalized gamma distribution has p.d.f.

( _ )ca—l _ c
foGam (x;a, B, v, c) = % exp [— (%) } I1y,00) (X)), (7.2)

for «, B, c € R.p, and dates back at least to 1925. Specia cases include the gamma
(c = 1) and Weibull (o = 1). The reader should quickly verify that ¥ = [(X — y)/B]"
~ Gam(«, 1). See Johnson, Kotz and Balakrishnan (1994, p. 388) for details on the
history, applications, and estimation issues. |

The next two examples show how a constant numeric value (usualy an integer) in
the density can be replaced by a parameter which takes valuesin R or R. .

© Example 7.4 Recall that the Student’s ¢ density with n degrees of freedom is given
by f; (x;n) o< (1+ xz/n)_("ﬂ)/z. The exponent of 2 can be replaced by a parameter,
say d; this gives rise to the generalized Student’s ¢ (GT) distribution, given by

2l —(v+1/d)
z
Jfor(z;d,v) = Ka» <1+ T) , d,veR.y, (7.3)

with K ;7 = 24~1YB (471, v), which the reader isinvited to verify. This appears to
have first been proposed by McDonald and Newey (1988). When a scale parameter is
introduced, the Student’s ¢+ becomes a special case, or is nested by, the GT (taked = 2
and v = n/2). Also, just as the Student’s ¢ p.d.f. converges pointwise to the normal as
n — 0o, for — feep @ v — oo. See Butler et al. (1990) and Bollerdev, Engle and
Nelson (1994) for discussion of applications. |

© Example 7.5 Recal the type Il Pareto distribution, with p.d.f. (1.7.29),

b ¢\
Jrarn (x3 0, ¢) = . (C +x) Lo.00)s  b,c €Rop,

which can be written as

b %0 0

c X
Sfrarn (x;b,¢0) = ﬂmﬂ(o,m) or  fearii (x; b, ¢) mﬂ(o,oo)'
(7.4)

An x° term was introduced in the numerator of (7.4), which can be generalized to
x to a positive power. In particular, the r.v. X is said to follow a generalized (type I1)
Pareto distribution, denoted X ~ GParll (a, b, ¢), if its density takes the form

a—1

mﬂ(o,m), (7.5)

fx (xia,b,c) x
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where a and b are shape parameters and c is the scale parameter. To derive the constant
of integration required in (7.5), let u = x/(c + x), which the reader can easily verify
leads to

Cb xafl

x;a,b,c)= Ti0.00)-
Jx = B@ b a0

(7.6)

If a =1, then B (1, b) = b~ and (7.6) reduces to (1.7.29). Using the same substi-
tution, it is easy to see that

c*B(a+k,b—k)

E[Xk]z , —a<k<b,
B (a, b)
which implies, after a little simplification, that
b+a-1
E[X] = b>1), V(X)=cta———a—— (b>2),
[X] ] (b >1 (X) ca(b—l)z(b—Z) (b>2)

which reduce to the moments given in (1.7.32) fora =1 and ¢ = 1.

Remark: The extension to (7.5) actually involved a change of the functional form of
density (1.7.29), and so is not as immediate as the Student’s ¢ extension above, but
Example 7.18 below will demonstrate how the generalized Pareto arises in a natural
way. In fact, one could have taken a different functiona form which nests (1.7.29); see
Example 7.6 below. |

The previous examples worked directly with the p.m.f. or p.d.f. to arrive at more
general distributions, but use of any one-to-one function of a density can be used,
most notably the c.d.f. or the characteristic function (c.f.). Both of these, however, are
subject to constraints (see Section 1.4.1.1 for the c.d.f., and Section 1.2.3 for the c.f.).
Use of these is demonstrated in the next few examples.

Example 7.6  As introduced in Section 1.7.1, the type Il Pareto survivor function is
givenby F(x;b) =1— F(x;b) = [(_so,00(x) + (1 + x)~b IL(0,00) (). This can be gen-
eralized to

ba—ax

F(x;a,b,c) =Iooq(x) + Cta?

L(0,00)(X), (7.7)

for (a,b) € Rio \ (0, 0), ¢ € R.q, which nests the exponential and the type Il Pareto,
and is referred to as the type |11 Pareto distribution; see Johnson, Kotz and Balakr-
ishnan (1994, p. 575).2 Observe that the tail behaviour for « and b nonzero is neither
exponential nor power; one could describe the distribution as having ‘ semi-heavy tails'.

Figure 7.1 plots the tail probabilities (survivor function) in several ways to indicate

the interesting behaviour of this c.d.f. [ |

2 Johnson, Kotz and Balakrishnan (1994, p. 575) have ¢ in the numerator of /./) instead of ¢?, which
would imply that lim,_.o F(x; a, b, c) # 1, so presumably the use of ¢’ is correct.



7.1 Basic methods of extension

0.2

N
RN
SRR
TRRTRTRTRIIRER
Ry,
SIS

05 —a=o00 [| *® o — b=0
_ r(X>X) vs. X -
0.45 Pr(X>x) vs. x a=01 0.3 () b=1
0.4 ~--b=2
0.35 0.25
03 0.2
0.25
0.2 0.15
0.15 0.1
0.1 X
N 0.05} .
0.05 el Teel
0 e 0 e
1 2 3 4 5 6 7 8 1 15 2 25 3 35 4 45 5

Figure 7.1 (Top) Pr(X > 4), as given by (7.7), with ¢ = 1, as a function of parameters a and b.
(Bottom) Pr(X > x) versus x for b = 1 (left) and a = 1 (right)

Example 7.7 The c.d.f. of the exponential distribution, 1 — e~**, is naturally gener-
alized to

_ B
F (x; B.x0.0) = 1— exp {— (x Jx") }H(Xo,o@ ().

which is a proper c.d.f. for g > 0. It is the c.d.f. of a Weibull random variable, where
xo and o > 0 are location and scale parameters respectively, and 8 > 0 is the ‘ power’
parameter. This easily leads to the p.d.f. as givenin (1.7.19), i.e.,

_ B-1 _ B
Sweib (x; B, x0,0) = g <x xo) exp{— (x UXo) }H(xo,oo) x),

o

which itself is not an ‘immediate’ generalization of the exponential p.d.f. obtained just
by introducing an exponent. [ |

243



244 Generalizing and mixing

1.8

16
14
1.2

1
0.8}
0.6}
04l
02}

0 0.5 1 15 2 25 3

0

Figure 7.2 The density on the half line corresponding to ¢y (1) = (14 |7/*)"%, O <« <2,
for « =1 (solid), « = 1.5 (dashed) and « = 2 (dash-dotted). The latter corresponds to the
Laplace

© Example 7.8 The c.f. of a standard Laplace random variable X is

1
:M | = —F,
Px (1) x(it) 1572

from (5.12). A natural generalization isto relax the quadratic exponent, giving ¢y (1) =
(L+|t]%)~L. Thisis a valid c.f. for 0 < « < 2 (shown by Y. Linnik), and the cor-
responding p.d.f. is unimodal (shown by R. Laha); see Lukacs (1970, p. 97) for
details and references. The p.d.f. must also be symmetric, because the c.f. is real
(see Section 1.2.3).

Use of the p.d.f. inversion formula and a program similar to that in Listing 1.3
alows the density to be computed. Figure 7.2 shows (half of) the p.d.f. for severd
values of «. As « decreases from 2, the centre becomes more peaked and the tails
become heavier. |

® Example 7.9 Recal Example 1.21, which inverted the characteristic function (c.f.)
oz (1) = e°/2 to show that Z ~ N (0, 1), and Example 1.22, which inverted the c.f.
ox (1) = eVl for ¢ > 0, to show that X ~ Cau(c). The two cf.s are easily nested as
(omitting the scale parameter) ¢ (t; o) = exp{— |¢|*}. It turns out that this is a valid
cf. for 0 < @ < 2, and is the c.f. of a random variable which is very important both
in theory and in practice, and which we will further discuss in Chapter 8. |

7.1.2 Asymmetric extensions

Many stochastic phenomena exhibit an asymmetric probability structure, i.e., their
densities are skewed. A variety of ways of introducing asymmetry into an existing
density exist, several of which are now discussed. Note that some methods are more
general than others.
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1. O’'Hagan and Leonard (1976) and, independently and in more detail, Azzalini (1985)
consider the asymmetric generalization of the normal distribution given by

Jon(z; A) = 2¢(2) P (A2), L eR, (7.8)

where, adopting the notation in Azzalini (1985), SN stands for ‘skew normal’, and
¢ and & are the standard normal p.d.f. and c.d.f., respectively. Clearly, for A = 0,
fsn reduces to the standard normal density, while for A £ 0, it is skewed.

To see that (7.8) is a proper density function, we first prove a simple and intuitive
result. Let X and Y be independent, continuous r.v.s, both with p.d.f.s symmetric
about zero. From (1.8.41),

[e¢]

P=Pr(X<Y) =/ Fx (y) fr (y)dy,
and setting z = —y and using the facts from symmetry that, for any z € R,
Fx (=2) =1— Fx (z) and fy (y) = fr (=),

—00 o0

P = —/ Fx (=2) fr (=2)dz :/ (1-Fx (@) fr(@dz=1-P,
oo —00

so that P = 1/2.

Based on this result, as in Azzalini (1985, Lemma 1), and noting that the density

of AY is symmetric about zero, (1.8.41) and the previous result imply

o
% =Pr(X <AiY) = / Fx (Ay) fr () dy,

—o0
so that, from the symmetry of the standard normal distribution, the integral over R
of fsn(z; A) IS unity.
One of the appealing properties of the SN distribution which separates it from
aternative, more ad hoc methods of inducing skewness into a symmetric density is
that, if X ~ SN(1), then X? ~ x2. This is valuable for statistical inference, and is
proven in Azzalini (1985).

Remark: Further aspects of the SN distribution, including more detailed derivation
of the moments, methods of simulation, and the relation to truncated normal, are
investigated by Henze (1986), while Azzalini (1986) proposes a skewed extension
of the GED class of distributions. An extension to the multivariate normal setting,
with emphasis on the bivariate case, is detailed in Azzalini and Dalla Valle (1996),
and also discussed in the review article of Dalla Valle (2004). Azzalini and Capitanio
(2003) develop a method of extension which gives rise to a multivariate skewed
Student’s ¢ distribution. |

2. Fernandez and Steel (1998) popularized the simple method of introducing asymme-
try into a symmetric, continuous density by taking
2

f(z;9)=9+1/9

{7 (5) oo @+ f @) Icwo @], (79
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where f (z) = f (]z]) and 6 > 0. For 6 = 1, the density is symmetric, while for
0 < 0 < 1, thedistribution is skewed to the left and otherwise to the right. Examples
include application to the Student’s ¢ distribution, resulting in, say, the Fernandez—
Steel4 ¢ distribution frs_¢ (z; v, 0), given by (7.9) with f (z; v) from (1.7.45). This
was applied in Fernandez and Steel (1998), and even earlier in Hansen (1994,
p. 710). Another popular case is application to the GED (7.1), resulting in the p.d.f.

exp(— (—02)%), if z<0,

;d,0) =K
Jrs—cep (z:d,0) = Ky exp(—(z/0)), if z>0,

(7.10)

0,d € R.q, and where Kde = (0 +6071)d7'I" (d71). This distribution is applied
in Fernandez, Osiewalski and Steel (1995) and similar constructions are examined
in great detail in Ayebo and Kozubowski (2003) and Komunjer (2006).

Problem 7 7 discusses properties of a distribution which nests those given in (7.3)
and (7.10) and has been found to be particularly useful in certain financial applica-
tions.

. From the so-called generalized exponential family of distributions, Lye and Martin

(1993) derive a variety of flexible distributions, one class of which is given by

M
Jiw (237, 0) = K exp (91 arctan (5) +6,log (% + 2%) + ZQizi_z), (7.11)
i=3
0 = (01, ...,0y), with integrating constant K not available in closed form. This
nests the Student's #, for which 6, =0, 6, = — (1+ y?) /2and §; =0, i > 2. The
highly parsimonious special case of (7.11) takes6; = 0 for i > 2, i.e., with a dight
change of notation,

Z v+1 Z2
S (23 v,0) = K exp (9 arctan (ﬁ) ———log <1+ 7)) . (112

with 6 € R, v € R. and the constant K obtained through numerical integration.
For 6 = 0O, density (7.12) coincides with that of a Student’s ¢ with v > 0 degrees
of freedom, and is otherwise skewed to the left (right) for negative (positive) 6.
As a simple extension of (7.12), consider

d
fiymd (z: d, v, 0) = K exp (0 arctan( lZ/d) — < > log <1+ ﬂ)) ’

(7.13)

d € R. o, which is still asymmetric for 6 # 0, but now nests the GT density (7.3)
as well. Figure 7.3 shows the density for a several parameter constellations.

. Jones and Faddy (2003) suggest an asymmetric generalization of Student’s ¢, with

density

. at1/2 . b+1/2
fortiab)y=Cl1+ —— L S— ,
(a+b+12)"? (a+b+12)"?

(7.14)
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Figure 7.3 Densgity (7.13) with skewness parameter § = —2

where a,b € Rog and C1 = B (a, b) (a + b)Y?2¢1 |f 4 < b (a > b), then S
is negatively (positively) skewed, while S ~ ¢ (2a) if a = b. Further properties of
this interesting density are explored in Problem 7 8.

5. Via continuous mixture distributions, the topic of Section 7.3.2 and Chapter 9,
asymmetry can be incorporated into certain densities in a very natural way.

The generalized logistic (GL) distribution is another example of an asymmetric
extension. It is discussed in Problem 7 6.

7.1.3 Extension to the real line

Let X be a continuous r.v. with p.d.f. fx and support on R.q and define Y to be an
r.v. with p.d.f.

1
fr(y) = Efx (y0).
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Then the distribution of Y is obtained by reflecting the p.d.f. of X onto (—o0, 0)
and rescaling. The Laplace is probably the most prominent example, whereby
X ~ Exp(A) with fx(x) =xe™* and Y ~ Lap(0,0) with o =1/1 and fy(y) =
exp{— Iyl /o} /(20).

© Example 7.10 The doubleWeibull distribution with location zero can also be derived
from the usual Weibull distribution via this type of extension. If Y is an r.v. which
follows the double Weibull distribution with shape 8 > 0 and scale o > 0, we write
Y ~ DWeib (8, o), where

fowes (v 8. 0) = fr 0 B.0) = 2|2 exp (— E\ﬁ) L 1)

When 8 = 1, Y reduces to a Laplace random variable. Dividing Y by o removes the
scale term, say S = Y/o ~ DWeib (8, 1). Its c.d.f. Fs is straightforwardly obtained;
forx <0, use u = (—y)? to get

Fw=[ Sentlen- ) (7.16)
= }/OO exp (—u) du = }exp (— (—x)ﬁ) x <0 (7.17)
2 (—x)ﬂ 2 ’ -7 '

and for x > 0, a similar calculation (or, better, use of the symmetry relation Fg(x) =
1— Fs(—x)) gives Fs (x) = 1 —exp (—xF) /2.

From the symmetry of the density, the mean of Y is clearly zero, though a location
parameter 1 could aso be introduced in the usua way. Estimation of the resulting
three parameters and the distribution of the order statistics from an i.i.d. sample were
investigated by Balakrishnan and Kocherlakota (1985).

For the variance, as o is a scale parameter, V (Y) = 02V (S) = ¢°E [$?]. Similar
to the derivation in (1.7.21) and using symmetry, it follows with u = s# that

,B/ s2sP exp )ds = / ut2B-lemu gy =1 (1+ %) ,

or V(Y) = a2l (1+ 2/B). As acheck, when g = 1, this reduces to 252, the variance
of the Laplace distribution. [ |

© Example 7.11 (Example 7.10 cont.) One simple method of introducing asymmetry
into (7.15) is the following. Define the asymmetric double Weibull density as

foweb (z: 7,0), if z<0,

(o B pt —
faoweib (z: B~ B "’)—{ foweib (z; BT, 0), if z>0,

where 8~ and B denote the shape parameters on the left (z < 0) and right support
(z > 0), respectively. Clearly, if 8~ # BT, the density will be asymmetric. Letting Z ~
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ADWeib (8-, g+, 1), thec.d . isstraightforwardly seento be F (x) = exp(— (—x)* ")
J2forx < 0and Fy (x) = 1 — exp(—xf")/2 for x > 0. Similarly,

E[Z] = % [r (1+ ﬂ%) —r(1+ ﬂi_)}
E[z?] = % [r <1+ ﬂ£> +r<1+ ﬂ%ﬂ

from which the variance can be calculated. The expected shortfall (1.8.38) of Z isaso
easily derived: for x < O,

and

= 2F; (x)

E[Z | Z < x] [r (L+1/b) =T 1+ l/b)] .
The ADWeib has been found useful for modelling asset returns, particularly extreme
events; see Mittnik, Paolella and Rachev (1998). |

7.1.4 Transformations

Nonlinear transformations of r.v.s can give rise to more complicated (and often quite
interesting) density functions. We consider two such cases.
The first is a particularly well-known one, and takes the form

X = (aU" = 1 -0U)")/r (7.18)

for U ~ Unif (0, 1), where a > 0 and A # 0. This results in the Tukey lambda class
of distributions (Tukey, 1962).3 In the limiting case of A — 0, X = In(U%/ (1 — U)).
For a = 1, the density is symmetric. If 1 # 0O, then

du| Loy @) L0, (u)

de|  de/de  awl4 (1— )L

fx (xsa,)) = fu ()

where u = u (x) is given implicitly by the solution to x = (au* — (1 — u)*)/A. This
will not have a closed-form solution in general. For « = 1 and A = 2 it does, with x =
W? — (1—u)?/2=u—1/2, so that fx (x; 2 =2) =T o505 (x), i.e, a location-
shifted uniform. Generalizations of (7.18) and other transformations of uniform deviates
have been proposed; see Johnson, Kotz and Balakrishnan (1994, Ch. 12, Section 4.3).

To view the Tukey lambda density graphically, take agrid of values over the interval
(0,1), say u =0.01,0.02, ...,0.99, compute the corresponding vector of x-values,

3 After John W. Tukey, 1915—-2000. Articles honoring Tukey’s accomplishments include Kafadar (2001)
and Thompson (2001), as well as the set of memoria articles in Vol. 30 of Annals of Statistics, December
2002.
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and plot x against fy (x). Except for the two cases A =1 and (¢ = 1, A = 2), the
resulting grid of x-values will not be equally spaced. When using a tight enough grid
of u-values, however, this will not be (visually) important. Matlab code for doing this
is as follows:

a=1l; lam=0.135; u=0.01:0.01:0.99;
xgrid=(a * u.”lam - (1-u).”lam)/lam;
f=1./Ca* u."(lam-1) + (1-u).”(lam-1) ); plot(xgrid,f)

Clearly, a grid of (equally spaced) x-values over (a certain portion of) the sup-
port could be chosen and, for each point, u (x) obtained numerically, from which
fx (x; A) can then be computed. This entails much more computation, though it might
be desirable in certain contexts. Listing 7.1 gives a Matlab program to do this.

function u=tukeysolve(a,lambda,xgrid)
u=zeros (length(xgrid),1);
01d=0.001; % just a guess
opts = optimset(’Display’,’Off’,’ tolf’,le-6);
for i=l:length(xgrid)
x=xgrid (i) ;
u(i) = fsolve(@tukeysolve ,o0ld,opts,x,a,lambda);
old=u(i); % use previous value as new start value
end

function f=tukeysolve_(u,x,a,lambda)
f =x - (a * u*lambda - (1-u)”lambda)/lambda;

Program Listing 7.1 Solves for a vector of u-values, given a vector of x-values, to be used with
the Tukey lambda density

Figure 7.4 shows fx (x;a, A) for three combinations of a and A, exhibiting its
ability to (i) approach normality,* (ii) exhibit excess kurtosis (fat tails), and (iii) be
skewed.

One of the most important uses of the Tukey lambda and similar distributions arises
in simulation. In particular, if details of the small-sample behaviour (i.e., distributional
properties) of a statistical procedure or test statistic are desired for which analytic
results are not available, one can simulate its performance using computer-generated
r.v.s. As uniform transformed r.v.s such as Tukey lambda are simple to generate, they
are a useful candidate. Furthermore, it is often the case that the theoretical properties
of a particular statistic are known under, say, the assumption that the errors in the
model are precisely normally distributed, but not otherwise (a good example being the
classic ¢-statistic for normal means). The researcher can then choose parameter values
(such asa and A for the Tukey lambda distribution) which correspond to the properties
of interest, e.g., approximately normally distributed but with ‘fat tails' and negative
skewness.

4In fact, values a =1 and A = 0.135 are those for which the density is closest to a (scaled) normal
distribution; see Johnson, Kotz and Balakrishnan (1994, p. 41) for discussion and references.
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Figure 7.4 Tukey lambda density for « = 1 and » = 107 (solid), « = 1 and » = 0.135 (dashed)
and ¢ = 2 and A = 0.1 (dotted)

Our second example is the inverse hyperbolic sine (IHS) distribution, introduced by
Johnson (1949), and also referred to as the Sy distribution. It is a flexible, asymmetric
and leptokurtic distribution whose inverse c.d.f. is straightforwardly calculated, and
has found recent use in empirical finance studies; see Brooks et al. (2005) and Choi,
Nam and Arize (2007). Ther.v. Y ~ IHS(%, 0) if

snh™1(¥Y) ~ N, 0%, —-oo<Y <oo, 6>0, (7.19)

or, with Z ~ N(0, 1), Y = sinh(x + #Z). As sinh~! is a nondecreasing function of its
argument, the p.d.f. is straightforwardly obtained by transformation, giving

(sinh~2(y) — 2)° }

fr(y;x,0) = {—
27 (y? + 1) 62 262

(7.20)

From the relation between Z and Y, the c.d.f. is also easily derived, using the
substitution

1, 1 dx
w=5(snh (x)—X)=5<|n<x+ 1+X2)_)\,), d'l,U:ﬁm,
to get
g(ln(wm)—x)
Fy(y; 2, 0) =f fz(w) dw

- (% (m <y n \/W) - x)) — (% (sinh~2(y) — x)) . (720

where ® is the standard normal c.d.f., and the median of Y is sinh()). For the inverse
c.df.,

Pr(Y <y,) =Pr(snh(x +62) < y,) = F,'(¢) =sinh(A+607(q)).

251
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Figure 7.5 Kernel density (solid) based on 5000 simulated IHS r.v.s, for A =2/3 and 6 = 1,
computed via relation (7.19) and using the Matlab sinh function, and the true density (7.20)
(dashed)

The formulae for the mean, variance, and the third and fourth central moments were
given in Johnson (1949) to be, with » = exp(6?),

n = w2sinh(}), 0% = %(w — 1) (wcosh(21) + 1), (7.22)

s = %wl/z(w — 12 {w(w + 2) Sinh(3%) + 3sinh(1)} ,

= %(a) —1)° {a)z(a)4 + 2w° + 3w? — 3) cosh(4))
+40*(» + 2) cosh(21) + 32w + 1)} .

Figure 7.5 shows the true and simulated density for A = 2/3 and 6 = 1. To verify
the c.d.f. (7.21) graphically, let Y be a vector of n simulated S r.v.s. The empirica
c.d.f. is obtained by plotting the sorted Y values on the x-axis against the vector
(4,2,...,n)/n. This can then be compared to an overlaid plot of (7.21).

7.1.5 Invention of flexible forms

Yet another possibility for creating density functionsis ‘simply’ to suggest a mathemat-
ical function which possesses a desirable set of characteristics. A nice example of this
is the so-called generalized lambda distribution (GLD), introduced by Ramberg and
Schmeiser (1974). Let X ~ GLD(A1, A2, A3, A4). The distribution of X is not defined
by its p.d.f. fx oritsc.d.f. Fy, but rather by its quantile function

A3 1— A
Ox (p) = A1+ % O<p<l (7.23)
2
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where this satisfies Fy (Qx (p)) = p. Let A = (A1, A2, A3, A4). The support of X is
given by the interval (lim,_ o+ fx (Ox (p)). lim,_1- fx (Qx (p))), and can have
finite or infinite left or right tails, depending on A. Regions of R* for which A gives
rise to proper densities are somewhat complicated and are discussed in detail in the
book-length treatment of the GLD by Karian and Dudewicz (2000).

Letting x, = Qx (p), we have Fy (x,) = p, so that dp/dx, = fx (x,). Thus, the
density can be expressed as

dp 1 A2

fX (Xp) == fX (QX (p)) = dQX (p) = dQX (p) /dp - )\431))‘371 —i—)\,4 (1_ P)Ml_l'

The value of the GLD, and the reason for its creation, isits flexibility: it can take on
a large number of shapes typically associated with traditional density functions, such
as uniform, beta, gamma, Weibull, normal, Student’s ¢, F, and Pareto, and so provides
the researcher with a single distribution capable of modelling data with a wide variety
of possible characteristics. This is valuable because, for many statistical applications,
it is not clear a priori what distribution (if any) is appropriate for the data at hand.
Karian and Dudewicz (2000) demonstrate the GLD’s ability to closely approximate the
aforementioned densities (and others), as well as discussing applications to real data
sets and methods of parameter estimation.

Furthermore, it is straightforward to generate GLD r.v.s, so that it can be used for
simulation studies (as discussed above in Section 7.1.4). Similar to the discussion of
the probability integral transform in Chapter 1.7, let Qx be the quantile function for
X ~GLD ). If U ~ Unif (0, 1), then Qx (U) is an r.v. such that

Foywy (y) =Pr(Qx (U) <)
=Pr(Fx (Qx (U)) < Fx(y)=Pr(U < Fx (y)) = Fx (y),

i.e, Ox (U) has the same c.df. as X. Thus, if U; * Unif 0, 1) and X; = Q (U)),
then X; & GLD ().

Remark: Keep in mind that the GLD and similar ‘flexible forms are parametric in
nature, i.e., no matter how flexible they are, they are till functions of a finite number
of parameters (e.g., four in the case of the GLD) and are limited in their variety of
shapes and properties. As an important example, the GLD is unimodal, but there are
situations for which bimodal (or multimodal) data exist. There do exist parametric
forms which are extremely flexible and multimodal, such as the mixed normal (see
Section 7.3 below), but gain this flexibility by having a potentially large number of
parameters; this is a problem when they need to be estimated from a relatively small
amount of data.

An dternative is to employ so-called nonparametric methods, which ‘let the data
speak for themselves' by not imposing a particular form. They too, however, require
‘tuning parameters’ to be specified, which embody certain assumptions about the data
which might not be known. As in al situations involving uncertainty, there are no
‘best’ methods in al senses. |
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7.2 Weighted sums of independent random variables

Definetherv. X as X = )|, a; X;, where the X; are independent r.v.s and the q;
are known, real constants, i = 1, ..., n. Various well-known distributions are such that
their r.v.s can be expressed as such a weighted sum, including the binomial, negative
binomial, and gamma distributions, the properties of which should already be familiar.
These cases just mentioned all require constraints on the parameters of the components,
e.g., the binomial is a sum of independent Bernoulli r.v.s, each of which has the same
probability parameter p. By relaxing this assumption, quite a variety of flexible and
useful distributions can be obtained.

Note that, if X; > N(,u,, ) i=1...,n, then X is aso normally distributed
with parameters E [ X] = 27:1 aip; and V(X) = Y '_, a?02. More generaly, if X =
(X1,...., X)) ~N@, %), then X =37 14, X; ~N (1,0 ) with expressions for
and o2 given in fact 6 of Section 3.2. Such convenient results rarely hold.

© Example 7.12 The exact p.m.f. and c.d.f. of the sum of two independent binomially
distributed r.v.s with different values of p were devel oped using the discrete convolu-

tion formulain Section 1.6.5. More generdly, if X; i Bln(n,, pi) and X = Zl 1 X,
then, with ¢; = 1 — p;, the m.g.f. of X is Mix(s) = ]_[,=1 (pi€ +¢)", and the cf. is
@x (1) = Mix(it). The m.g.f. was used in Example 2.7 to compute the p.m.f.
Similarly, the sum of geometric (or negative binomial) r.v.s with different success
probabilities was examined in Examples 2.8 and 5.3 (in the context of the occupancy
distribution) and Problems 1.6.7 and 5.4. |

The previous example considered discrete r.v.s. Sums of continuous random vari-
ables are computed similarly, examples of which were the convolution of independent
normal and Laplace r.v.s (Example 2.16) and the convolution of independent normal
and gammar.v.s (Example 2.19). The important case of weighted sums of independent
x?2 r.v.s arises when studying the linear regression and time series models; this will be
examined in detail in Section 10.1.

7.3 Mixtures

If you are out to describe the truth, leave elegance to the tailor.
(Albert Einstein)

Mixtures are a very general class of distributions which has enormous scope for
application. We present the basic details for two specia cases, namely countable and
continuous mixtures, and refer the reader to other sources for more information, in
particular, Johnson, Kotz and Kemp (1993, Ch. 8) for asolid introduction and overview,
and the books by Everitt and Hand (1981), Titterington, Smith and Makov (1985) and
McLachlan and Peel (2000). See also Bean (2001, Section 4.6).
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7.3.1 Countable mixtures

There are many situations in which the random variable of interest, X, is actualy the
realization of one of k random variables, say X1, ..., Xy, but from which one it came
is unknown. The resulting r.v. is said to follow a finite mixture distribution. Denote
the p.m.f. or p.d.f. of X; as fxi, i =1,...,k, to make the dependence on i explicit.
Then the p.m.f. or p.d.f. of X is given by

k k
@ =) hifxi (), ne©D, Y a=1 (7.24)
i=1 i=1

where the A; are referred to as the mixture component weights.

Example 7.13 A popular and very useful model is the k-component mixed normal,
k € N, with k in practice often very small, usually not more than 4. An r.v. X with
this distribution is designated as X ~ MixN(u, o, 1), with density

k k
fui (3 1,0, 0) = D ki (x5 i o), M€ 0D, Y h=1| (725
i=1 i=1

As a simple illustration, imagine an electronic device which records outcomes X
which are N (0, 1), but occasionally makes an error, the outcomes of which are random
and distributed N (0, 5). Then, if the ‘success rate’ is A, 0 < A < 1, the p.d.f. of X is
AP (x;0,1) + (21— 1) ¢ (x; 0,5), where ¢ denotes the normal p.d.f. Thisis sometimes
referred to as a contaminated normal distribution. It iscrucial to realizethat X isnot the
weighted sum of two normal random variables (and thus itself normally distributed) but
rather a random variable whose p.d.f. is a weighted sum of two p.d.f.s. The distinction
lies in the fact that only one of the two random variables is realized, which one,
however, not being known.

Figure 7.6 shows a mixed normal density with three components (and two modes).
The right tail is relatively much fatter than the left one and, with enough components,
can mimic atrue fat-tailed density (with a power law) for a given range of x, but, as x
increases, the tail eventually resumes its exponential behaviour and dies out quickly.°l

The form (7.24) of the p.m.f. or p.d.f. of an r.v. X with a finite mixture distribution
can be further understood by introducing a discrete random variable, C, with support
C={1,....k},andpmf. fec(c)=Pr(C=c)=%,ceCr €(0,1), Y 2. =1

5 For further details on the history of the mixed normal and its range of applications, see McLachlan and
Peel (2000, Sections 1.5, 3.6 and 4.7) and the references therein. Schilling, Watkins and Watkins (2002) provide
an interesting and informative discussion of the two-component case in the context of human heights and the
conditions for bimodality of the distribution. For a brief survey of the use of the mixed normal distribution in
finance, see Haas, Mittnik and Peaolella (2004a,b), in which conditional time-varying mixed normal structures
are used for modelling the volatility dynamics of financial markets.
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Figure 7.6 Mixed normal density (7.25) with u =(-2,1,1), o0 =(1,1,3) and A = (0.4,
0.3,0.3) (solid) and the individual weighted components (dotted)

The realization of C indicates the component p.m.f. or p.d.f. from which X is to be
drawn. Thus, the p.m.f. or p.d.f. of X is, from the total probability formula (1.8.16),°

k k
fx (x) = /Cfxc (xloydFe ()= fxic (x 1 ¢) fe (@) =) hefxic (x| ).
c=1 c=1
(7.26)

That is, X is nothing but a marginal distribution computed from the joint distribution
of X and C, fx.c = fx|c fc-

For any k € N, X is a finite mixture; with & = oo, C becomes countably infinite
(e.g., Poisson), and X is then said to follow a countable mixture distribution.” Notice
that a finite mixture distribution is a specia case of a countable mixture distribution.

Another consequence of X being the marginal distribution from fx ¢ = fxc fc
is that the iterated expectation (1.8.31) and conditional variance formula (1.8.37) are
applicable, i.e.,

E[X]=E[E[X|C]] and V(X)=E[VX|O]+VE[X|C]). (7.27)

More generally, to compute the rth raw moment of X, denoted u/. (X) from the
notation in (1.4.38), first recall (1.8.26), which states that the expected value of function
g (X) conditional on Y is given by

Elg(X)|Y=y]= / g(x)dFxyy (x | y); (7.28)
xeR

6|n the first integral in (7.26), we use the notation dF¢, introduced and defined in (1.4.31), because the
same formula, and all subsequent ones which use it, will be applicable in the continuous case, discussed below
in Section 7.3.2.

7When working with infinite sums, the question arises regarding the validity of exchanging sum and
integral. Thisis alowed, and is a consequence of the dominated convergence theorem. See, for example, Hijab
(1997, p. 171) for a basic account with applications.
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in particular, for afixed r € N and ¢ € C,

E[X’|C=c]=p,;(X|C=c)=f Rx’dFX|C(x|c).
X€E

Taking expectations of both sides of (7.28) with respect to Y leads to the law of the
iterated expectation EE [¢ (X) | Y] =E[g (X)], i.e,

k
E[X"] = (X) = /cu; (X|C=c)dFc(e) =Y aeu (X|C=0¢). (7.29)
c=1
Similarly, the m.g.f. of X is the weighted average of the conditiona m.g.f.s:
k
E [etX] =Ec [E [e[X |C = C]] = /(;MXIC=c(I) dFe (c) = Z)"CMX\C=C(I) . (7.30)
c=1

Example 7.14 Let X ~ MixN(u, o, L), with density (7.25). Then, from the moments
of the normal distribution and (7.29),

k k
E[X] =) hmi E[X?] =3 ki (uf+0f).
i=1 i=1

from which V (X) = E [X?] — (E[X])? can be computed. ]

Example 7.15 Let X beanr.v. withc.df. Fy (x) = (2x — x2)" L) (x) + [j1.00) (x),
for v > 0O, as was considered by Topp and Leone (1955). The p.d.f. of X is

Fx v =20 (1 —x) (2x — x2)" oy (), (7.31)

whichisplotted in Figure 7.7 for several v. It isinteresting because fx can be expressed
as a mixture of beta densities when v € N, seen by writing

v—1
fxvy=20x""11-x)14+1-x)""t=20x""11-x) Z (” ; 1) (1—x)/

=0
v—1 v—1 ‘ v—=1
=2vZ( j )x”l(l—x)f+1 =:ij(v)fx|j (x;v),
j=0 j=0

where

L (v-1\T®I(+2 T+
w’(”)_2”< '>F<v+j+2>’ iV = o Geas ATV

257
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Figure 7.7 Density (7.31) shown for v = 0.5, 1, 5, 10, 50 and 100. As v increases, the mode of
the density moves from left to right

i.e, fxj; is the Beta(v, j +2) density. Z;?;é w;(v) =1, a bit of rearranging and
setting £ = j + 1 implies the nonobvious combinatoric identity

- k B 1
; W=+ 2@-D!

or, multiplying both sides by (2v!) and simplifying,

u 2v v [2v
Zk(v—k) - E(v)’ vel,
k=1
which is proven directly in Riordan (1968, pp. 34 and 84). [ |

7.3.2 Continuous mixtures

The extension of (7.24) to the case with C a continuous random variable with support C
follows naturally from the integral expression in (7.26). The random variable X is said
to follow a continuous mixture distribution if its (marginal) p.d.f. can be expressed as

i) = /C Fre (1 0) fe (&) de (7.32)

or, equivalently, if its c.df. is Fy (x) = [, Fx|c (x | ¢) fc (¢) dc. The mean and vari-
ance in the continuous mixture case are again given by (7.27), while the raw moments
are given by the integral expression in (7.29). Similarly, the m.g.f. of X is given by

E[eX] = /C My c=c(t) fc (c) de. (7.33)
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© Example7.16 Let(X| R =r)~ Poi(r),r € R.g,and R ~ Gam (a, b). Then, from
(1.11),

Mx|r=r(1) = exp{r (¢ — 1)},

and (7.33) implies that, withk = b+ 1 — €,

a

o b
Mx(t)zfo eplr(e -1} 1

= b / exp{—kr}r* tdr = ba F(a)=< b ) .
T (@) Jo T (a) ka h+l1—¢

r* lexp{—br}dr

Setting p = b/ (b+ 1), b = p/ (1 — p) and simplifying gives

a b
Myx(t) = P , or X ~NBin|{a, ,
1-1-p¢¥ b+1

from (1.97). Of course, we could also compute fx (x) = f0°° fxig (x| r) fr(r)dr and
use p = b/ (b + 1) to arrive a the p.m.f. of the negative binomial, which the reader
is encouraged to do.® [ |

© Example 7.17 (Dubey, 1968; Johnson, Kotz and Balakrishnan, 1994, p. 686) Let X
be a Weibull r.v. with location zero and p.d.f.

fx (x: B,0) = pOxPLexp{—0xP} Li0.00) (),

which is a different parameterization than that used in (1.7.19). Assume that 6 is not a
constant, but rather a realization of a gammar.v. ® with shape parameter » and scale

c,i.e,
b

fo 0:b.c) = ﬁebflexp{—ce}ﬂm,w) ©). (7.34)

Denote the conditional p.d.f. of X given ® =6 by fxje (x | B, 0). From (7.34), the
marginal distribution of X depends on 8, b, and ¢, and we write its p.d.f. with three
parameters as fy (x; B, b, ¢). Then, with u =6 (xf + ¢),

oo
fx (xs B, b, c) = / fxie (x| B,0) fo (0 b,c)do
—00

cbﬂxﬁ’l
T

foo 0" exp {6 (x” + ¢)} Li0,00) (x) O
0

8 A generalization of the negative binomial distribution useful for modelling a variety of data sets arises by
letting R follow a type of generalized gamma distribution; see Gupta and Ong (2004) for details.
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du

b
(xﬂic) exp{—u} Lo o0y (¥) ——

cbpxP-L [
- xB +c¢

Lo Jo
cbﬂ xP-1

= 0,00 x)/ u®™D L exp{—u} du

b xf
= bC IBWI[(O’OO) ()C) .

Carrying out the univariate transformation shows that the density of ¥ = X is
fr i b, c) =be? (y + )"V .00 (1), i€, from (1.7.29), Y ~ Parll(b, ¢), which
implies that X can be interpreted as a ‘power transformation’ of a type Il Pareto
random variable.

It is worth drawing attention to the important special case with 8 = 1: if (X | ® =
0) ~ Exp(9) and ® ~ Gam (b, ¢), then, unconditionaly, X ~ Parll(b, c). [ |

© Example 7.18 Asin the last example, let ® ~ Gam (b, ¢), with p.d.f. (7.34), and let
(X | ®=0)~ Gam(a, ), so that

fx (xia,b,c) :/ fxje (x | a,0) fo (0;b,c)dd

_ 1 cb
" T(a)T (b)

x4 (0,00) (%) / exp{—6 (x + ¢)}0° "~ 1dp
0

and, from the gamma density, the integral isjust I' (a + b) / (x + ¢)**?, so that

Cb xafl

B ((l, b) (x + c)a+b H(O.oo) (x) s

fx(x;a,b,c)=

which is the type Il generalized Pareto density (7.6). It is aso referred to as the
gamma—gamma distribution and expressed as

fx (5, b, ¢) = — ( * )H(l a )b_l ‘e @)
xX;a,b,c)= — o0) (X) 3
X B(a,b) \x+c x+c (x 4+ ¢)? 0.00)

see Bernardo and Smith (1994, Ch. 3). |
© Example7.19 Let (X |V =v)~N(u,v) and V ~ Exp(1). From (7.33) and the

m.g.f. of the normal, given in (1.10), the m.g.f. of X is,with7 =1 —¢?/2and T > 0
(i.e, |t] < v/22),

Mx(t)=/ exp{/qu%vtz} rexp{—Aiv}dv =Ae‘”/ exp{—vT}dv
0 0

aet 1
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n=10000; lam=1/2; unitexp = exprnd(l,n,1);

% unitexp are scale-one i.i.d. exponential r.v.s. This avoids having to
% figure out which parameterization Matlab uses, and makes the code
% more portable to other platforms

V=unitexp/lam; Z=randn(n,1); X=Z.*sqrt(V);

% When calculating the variance V, we divide by lam because,

% in our notation, lambda is an ’inverse’ scale parameter
[pdf,grd]l=kerngau(X);

% The following code thins out the output from kerngau.

% The plot looks the same, but takes up less memory as a graphic.
ind=kron (ones(1,floor(n/3)),[1 0 0])";

use=zeros(n,1); use(l:length(ind))=ind; use=logical (use) ;

thingrd=grd (use); thinpdf=pdf (use);

% Now compute the Laplace pdf for half the graph, and plot them.
xx=0:0.1:6; ff=0.5%exp(-xx);

h=plot(xx,ff, r-’,thingrd,thinpdf,’g-"); set(gca, fontsize’,16),
axis([-6 6 0 0.5])

Program Listing 7.2 Generates i.i.d. location-zero, scale-one Laplace r.v.s via the mixture
relationship discussed in Example 7.19, and plots their kernel density and the true density (see
Figure 7.8)

From (1.5), « is just a location parameter and can be set to zero without loss of
generality, and A serves as a scale parameter (the scaling parameter is 1/+/21), o it
suffices to examine Mix(r) = 1/(1 — ¢?) for |t| < 1. Recalling (5.12), we see that this
is the m.g.f. of a Laplace random variable. It is an example of a normal variance
mixture, which is discussed at length in Chapter 9. Normal variance mixtures are a
very genera class of distributions which are highly capable of modelling the variation
in awide variety of real data sets; Romanowski (1979) provides some intuition as to
why this is true.

Simulation can easily be used to verify that X ~ Lap. In particular, the mixture result
has the interpretation that, if V ~ Exp(1/2) is drawn, followed by (X | V =v) ~
N (i, v), then the latter will be an observation from a standard Laplace distribution.
The code in Listing 7.2 implements this, and creates Figure 7.8, which plots a kernel
density estimate of 10000 simulated draws, and, on the positive axis, the true p.d.f.
They are clearly the same.

Now consider a simple generalization. Let (X | ® =6) ~ N (0, 6) and ® ~ Gam
(b, ¢) with p.df. (7.34), so that, as before, and with H = ¢ —t?/2 and H > 0 (i.e,
lt] < v/2c),

_ * 1 5 ch b1
Mx(2) _/o exp{iet } %9 exp{—co}do
I e RO
= F(b)/o 0" exp{—0H}do = F(b)?
= (1—1%@20)) ", |t < V2. (7.35)

Of course, as before, ¢ serves as a scale parameter, and 1/+/2¢ could be set to unity
without loss of generality. This m.g.f. is not recognizable, but Example 2.10 showed
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Figure 7.8 Output from Listing 7.2. The solid curve is the true Laplace p.d.f., shown just on the
positive half line, and the dashed curve is the kernel density estimate of 10000 simulated draws

that (7.35) coincides with the m.g.f. of the difference between two i.i.d. scaled gamma
r.v.s.

That fx is symmetric about zero follows immediately from its construction as a
mixture of symmetric-about-zero densities, and also from the fact that ¢ enters the
m.g.f. only as a square, so that its c.f. is real (see the end of Section 1.2.3), i.e., from
(7.35),

ox(t) = Mx(it) = (1— (in2/ (20)) " = (14 %/ (20)) "

Example 1.23 discussed the use of the inversion formulae applied to the c.f. of X
to calculate its p.d.f. and c.d.f. The saddlepoint approximation offers an alternative.
Basic calculation shows that

—2b 4+ 2/ b? + 2cx?
Zx b

/ 2bt /
Kx(f)zm, Kx(f)z.x:>t=

and simplifying 12 < 2¢ with Maple easily shows that the value of ¢ with the plus sign
is the correct one. Thus, a closed-form s.p.a. can be computed for x # 0, which can
be ‘vector programmed’ in Matlab for virtualy instantaneous evaluation over a grid
of x-values, without any numeric problems. Similarly,

2c 412
(2c — 1)

the latter two required for the second-order s.p.a.

4bt (1% + 6c) K@) — 12bt4 + 1212¢ + 4c?
-V 7 By =12p———— - "

K{(t) = ,
¥ (2c —12)° (2c — 12)°*

Ky(t) = 2b
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The symmetry of fy and the existence of the m.g.f. imply that al odd positive
moments exist and are zero. For the even moments, (1.1.12) implies that

2\
MX(I) == (1 - Z_C)

o (OV(N L (P (Y L (2 (2
(@) (7)) +(3)E) -
2 b 3b(b+1)f

=14 4=t
+ 2l ¢ c? 4l
so that, from (1.3),

3b(b+1)

b
Wy = p2 = Var (X) = - Wy = 4

and, thus,
1
kurt (X) = 24 =3 (1 + —) . (7.36)
M“a b

This shows that the mixture has higher kurtosis than the normal distribution and, in
the limit as b — oo, the kurtosis agrees with that of the normal. In fact, letting ¢ = b
(which gives a unit variance), the asymptotic distribution is standard normal, because
of

: _ 2\’ 1,
Am =g (1-2)  =e{3)

and (1.10).

Thus, the s.p.a. will become increasingly accurate as b increases, recalling that the
s.p.a. is exact for the normal density, and might be expected to break down as 5 — 0.
To verify this, the p.d.f. inversion formula could be used, but it can exhibit numerical
problems for small 4. It turns out, however, that an expression for the density in terms
of a Bessel function is possible. In particular, working with the conditiona p.d.f. via
(7.32) instead of the m.g.f., setting & = ux/+/2c and using (1.7.61) gives, for x > 0,

Cb o0 x2
=—— | b2 {— 6 — —} do 7.37
fr= i o en o - (7.37)
b b—1/2 00
= \/gcl"(b) <j2_c> %./0 ub_s/zexp{—x ZZC (u-i—%)}du
2¢P x \2V?
= 7t o) <@> Kp_1/2 (x 2c) , x>0, (7.38)

as first given by Teichroew (1957), who also provides expressions for the c.d.f. An
expression for x = 0 is easily obtained from (7.37) for b > 1/2; otherwise, use of the

263
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Figure 7.9 (Left) The exact p.d.f. of r.v. X, where (X | ® = 6) ~ N (0,0) and ® ~ Gam (b, ¢).
With b = ¢, the variance is unity. (Right) The ‘view from the tail’

relation K,(z) = K_,(z) and (1.7.62) show that lim, o fx(x) = oo, which the reader
should verify.

Because specialized numeric routines are available for the highly accurate evaluation
of the Bessel functions, the p.d.f. of X can indeed be evaluated ‘exactly’. Moreover,
because K, (x) is evaluated so quickly in Matlab, particularly for vector arguments,
the s.p.a. is superfluous in this context (but the reader is invited to study its accuracy).

Figure 7.9 shows parts of the p.d.f. for three values of b, with ¢ = b, so that the
variance is unity and the p.d.f.s are comparable. |

© Example 7.20 A natura way of introducing asymmetry into the previously studied
normal —gamma mixture is to take

(X|©®=6)~N@m0,0), ©~Ganb,c), meR, (7.39)

so that, for mt/c +t2/(2¢) < 1,

cb ® 1 1, mt 2\
_ _ 1 (g
F(b)/o 0 exp{ 9<c mt 2t>}d@ ( " 2c>

The Taylor series expansion of Mx(7) (easily computed with Maple) is

2 D\ £? 1 3 1 2)\ 73
1+<bm>t+(§+mb(b+ ))t_+<3mb(b+ )+m b(b+1) b+ ))t_

My (1) =

c? 2! c? c3 3!
3BbB+1 6mPbb+1l)b+2 mbO+LB+2)B+3I) 4
+ >+ 3 + 7 —
c c C 41

from which we get (painlessly, with the assistance of Maple),

b (c + mz)
C2

9

bm
M:E[X]zT, p2 = Var (X) =
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K3y — 3upn + 2us _om (3c+ 2m2)

skew (X) =

and

W 6 2_34
|<urt(X)=“_‘2‘=“4 Halt + OLtah” — Sk

= Z:
3+ +m?(2c+m?) (b+2)
b (c—l—mz)2 ’

which simplify to the expressions for the m = 0 case given in Example 7.19 above.
The derivation of the density is similar to that in Example 7.19; with k = (m?/2+ c),

cb 3 1(x —mb)?
. _ —3/2 _= _
fx (x;m,b,c) = N /0 0 exp > 0 c ¢ do (7.40)
Cbexm oo x2
=—— | 032 {—ke — —} do,
V21T (b) /o P 20

which is the same form as (7.37) but with k& in place of ¢, so that, for x > 0,

2 bexm b—-1/2
fx (x;m,b,c) = «/ZC_JTF @) (\/lnzx*—i—Zc> Kp_1/2 (x\/ m2 4 20) . (741

For x < 0, inspection of (7.40) shows that

fx (x;m,b,¢c) = fx (—x; —m, b, c). (7.42)

Forx=0and b > 1/2,

c? o c? r'(b-1/2
O;m,b,c)=—— | 60" exp{—k0}do = ;
Sx (O;m, b, c) Nl /o exp{—ko} V2T ) (m2/2+ c)b—l/Z

otherwise, fx (0;m, b, ¢) = oo.

Random variable X is said to follow the variance—gamma distribution, and was
popularized by its use for modelling financia returns data by Madan and Seneta (1990).
It is a special case of the generalized hyperbolic distribution, examined in great detail
in Chapter 9. Setting A = b, B =m, a = v/m?+2c and n = 0 yields the variance
gamma density as given in (9.43).

Figure 7.10 verifies the correctness of the derivation by plotting the algebraic p.d.f.
and a kernel density estimate of n = 30000 draws based on (7.39).° Figure 7.11 plots

9 Note that the difference between the two is negligible in the right tail, where the slope of the p.d.f. is not
large, but is somewhat apparent in the left part of the density, where the slope is very high. This is an artefact
of kernel density estimation, and gets worse as n is reduced.
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Figure 7.10 The solid curve is the true p.d.f. given in (7.41) and (/.42), based on m = 2 and
b = c = 1.5. The dashed curve is the kernel density estimate based on 30000 simulated draws
from (7.39)
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Figure 7.11 The exact p.d.f. of r.v. X, where (X | ® =6) ~ N (m0,0) and ® ~ Gam (b, ¢)
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the density for several parameter constellations, illustrating the great flexibility of this
distribution. |

Instead of using a gamma distribution for the conditional normal variance, as in
the previous examples, one might entertain the — arguably less natural — choice of an
inverse gamma. Perhaps surprisingly, use of a specia case of the inverse gamma
leads to a quite common distribution: the Student’s 7. By taking u # 0, we obtain an
important generalization of the ¢, referred to as the noncentral Student’s ¢, which will
be discussed in detail in Chapter 10.

Example 7.21 Let (X | V =v) ~ N (uv Y2, v71) and kV ~ 2, with

fv (k) = Ve M2 g o) (v) . (7.43)

282 (k/2)

Then

Sfx (x;u):/ fxiv (x [ v) fv (vi k) dv

B %) vl/Z v 12 2 .
_/O mexp{—é(x—uv )’} v o do

1 Ktr2 = k-2 1

_ 1/2 2
= = IR0 Jo v exp{—§<(xv ) —l—kv)}dv

or, with z = v¥/2,

1 kk/Z 00

Sx (s p) = V2 22711 (k/2) Jo

Fexp {—% ((rz — w2+ kzz)} dz.  (7.44)

The random variable X is said to follow the so-called (singly) noncentral ¢ distri-
bution with & degrees of freedom and noncentrality parameter .

Imagine how a realization x from the unconditional distribution of X would be
generated. AskV ~ x2, let v bedrawn froma x? r.v., then divided by k. Conditionally,
(X |V =v)~N(uv 2 v71), so we would set

1
x:m(l/«‘i‘z),

where z isarealization from a standard normal distribution. We can write this procedure
in terms of the rv.skV ~ x2 and Z ~ N (0, 1) as

n+z

X = :
VvV
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and note that V is independent of Z. This is precisely how a (singly) noncentral
Student’s ¢ random variable is constructed, and observe that when . = 0, this reduces
to the usual Student’s r distribution, as was shown via multivariate transformation in
Example 1.9.7. In particular, for ;= 0, using the substitution y = z? (x? + k) /2 in
(7.44) and the fact that z is positive yields

o 2 | \—(k+D/2 _KPT(*k+D) /2
fx (x;0) =K (x*+k) , K_ﬁil“(kﬁ) ,

i.e, when u =0, X is Student’s ¢ distributed with k& degrees of freedom.
The momentsof X can also be straightforwardly computed using (7.29). For example,
withu) (X |V =v) =E[X | V = v] = pv~Y2and density (7.43), asimpleintegration

shows that
e _ _ k)
E[X]_/O /,L(X|V—U)fV(v)dv—M\/; F(%) :

Similarly, with 15 (X | V = v) = vt (14 u?),

]E[XZ]:/O M’z(XlV=v)fv(v)dv=(1+M2)m’

which the reader should verify. Alternatively, with C = kV and from (1.7.42), (7.27)
yields

o k1/2
E[X] =E [E[X | V]] = E[uV FWE[W}
= Wk PE[CTY?] = pyf 5
" [ I=n 21}

and, using the conditional variance formula (1.8.37),

VX)=E[VX W]+ VE[X | V) =E[V ]+ V(uVv 3
=E [i} +u’v (L/Z> =kE[C™Y] + u?kV (C7Y?)
kv (kV)?

k 1 arz(&h)
(i 1)
2

k—2 k—2 2 T12(%)

S0 that

k
E[X?] =V (X)+ (E[X])? = = (1+1?),

which agrees with the previous results. [ ]
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7.4 Problems

Usually when people are sad, they don't do anything. They just cry over their
condition. But when they get angry, they bring about a change.  (Malcolm X)

Tears will get you sympathy; sweat will get you change. (Jesse Jackson)

7.1. % Let Z ~ NormLap (c¢) as introduced in Example 2.16; let X ~ GED (p) with
density given in (1.7.73) and (7.1); and let Y be a continuous random variable
with density given by

1 1 1
fr (v; w):wﬁwp<—§y2>+(1—w)§eXp(—|y|), O<w=<1
i.e., the p.d.f. of Y is a weighted sum of a norma and Laplace density. This
weighted sum was first proposed and used by Kanji (1985) and subsequently by
Jones and McLachlan (1990). Each of these random variables nests the normal and
Laplace as special cases. Show that for the kurtosisof Z, X and Y we respectively

obtain
Ha _ 3y 3 ¢ (7.45)
— = —_—, = s .
u3 1+r24 2r 1-c
ma T G/pT(A/p)
13 I2(3/p),
and
M4 3 8—Tw

ns o 2—w?

These are graphically shown in Figure 7.12. For Y, interestingly enough, the
plot reveals that the kurtosis exceeds 6. Differentiating shows that the maximum
occurs at w = 2/7, for which the kurtosis is 49/8 = 6.125.

6.5

6
55}
5|
451
al
35}

3 +

25 ' ' ' '
0 02 04 06 08 1

Figure 7.12 Kurtosis of Z versus ¢ (solid); kurtosis of X versus p — 1 (dashed); and kurtosis of
Y versus w (dash-dotted)
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7.2. % If X ~ Beta(a, B), then

2.5

15¢

051

B X
TA—AX+ X

is said to follow a generalized three-parameter beta distribution, which is written

Y ~ G3B (a, B, ), for a, B, A > 0 (see Johnson, Kotz and Balakrishnan, 1995, p.
251 and the references therein). The p.d.f. of Y is given by

pe ya—l (1 _ y)ﬁfl

ya, B, A) = I . 7.46
Jr i B, 1) B B)[1— 11y ont 749

It has, for example, been used by Lee, Lee and Wei (1991) in the context of
option pricing. It simplifies to the standard beta density for A = 1.

This can be generalized to what we call the G4B distribution; if Z ~ G4B
(o, B, A, k) with a, B, A, k > O, then

a—1 1— p—1
fz (o, B, A k)= Cmﬂ(o,b(l)» (7.47)

where C™1 = B (a, B) - 2F1 (o, k, o + B, 1 — 1), and »Fy is the hypergeometric
function; see Section 5.3.

Figure 7.13(a) plots(7.46) fora = B = 3andA = 0.5, 1.0and 1.5. Figure 7.13(b)
plots (7.47) fora = =3, A =0.5 and k = 3,6, and 12, withk =6=a + 8
corresponding to the G3B density.
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Figure 7.13 Generalized beta distributions: (a) (7.46) for« = g =3; (b) (7.47) fora = =3
and A = 0.5

(a) Verify via transformation the p.d.f. of Y.

(b) Give an expression for the mth moment of Y in terms of the » F7 function.

(c) Give an expression for the c.d.f. of Y.
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Remark: It can be shown that, with A = «/8, the mode of the G3B density
occurs at y = 0.5 when o > 1 and 8 > 1. To see this with Maple, issue the
commands

assume (o, positive) and assume (B, positive),
compute

d oy la—yPt
dy [1— @ —a/B)y]**""

set the resulting expression to zero and solve for y. This yields the two roots
y = 0.5 and

a—l_l—a

yzﬂa—ﬂ_l—)u'

Fora >1and 8 > 1,themodeoccursat y =05.ForO< g <landa > 1,
the density has its mode at 1, a local minimum at 0.5, and a local maximum
at ,3;‘%;. The same holds for 8 > 1 and 0 < o < 1, but the density has its
mode at 0. |

(d) Give an expression for the mth moment of Z in terms of ,F; functions.

% % Let Y ~ G3B (¢, B, 2). The random variable W =Y/ (1—7Y) is said to
follow the generalized F distribution, denoted G3F («, 8, 1) (Dyer, 1982).

(a) Expressthe c.d.f. of W in terms of the c.d.f. of Y.

(b) Derive the density of W.

(c) For what parameter values «, 8, and A does the density of W coincide with
that of a standard F distribution F (x; n1, n2)? Denote the values (as functions
of ny and nyp) as o/, B/, and )\'.

(d) Let U = c¢W for ¢ > 0. Derivethe p.d.f. fy (u; @, B, A, ¢) of U. Next, derive
values A, B, and C such that fy (u; «, 8, A, c) and fw (u; A, B, C) coincide.
Finally, derive that value ¢ such that U follows a standard F random variable.

(e) Calculate the rth raw moment of W ~ G3F («, B, A).

(f) Verify that the mean and variance of W ~ G3F (o', B’, ') coincide with those
of the standard F distribution.

* % Let G; " Gam (n;, 51), with

S}’l

T (n)

fc, (gin,s) = e_sgg"_ll[(oyoo) (g), s,n>0.

(Note that s is the scale and n the shape parameter.) Define R = G1/ (G1 + G2),
Y=1/R,W=G1/G,and V=1/W=G,/G1=Y — L
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7.5.

7.6.

(8) From Example 1.9.11, we know that, if s; = s» = s, then R ~ Beta(n1, ny).
By calculating the density of R for s1 # s, show that R ~ G3B (n1, n2, s1/52)
(see also Bowman, Shenton and Gailey, 1998).

(b) State an expression for the jth raw moments of R.
(c) For s =s1 = 5o, derive the p.d.f. of Y, compute E [Y/] and simplify E[Y].
(d) For s1 # s, derive the p.d.f.s of ¥ and V. Then show that

W ~ G3F (n]_, np, Sl/SZ) .

(e) Cdculate the jth raw moment of W.

(f) Give (i) the mean, (ii) an expression for the higher integer raw moments, and
(iii) the variance of Y.

(9) Derive an expression for E [Y/] for j € R and specify when it is valid.
(h) Derivethep.df.of R = 3", G;/>*_, G; forknown 1 < < k and assum-
ing s =s; Vi.

% % Let X ~ Log(x; o, B) with p.d.f. givenin (1.7.51) by

-2
fX(x;“’ﬂ):ﬂ_leXp{_%}(Hexp{_x;a}) .4y

for « € R and 8 € R. ¢, and support on the whole real line.
(a) First verify that

u du

=0.
1—u

1
0] /Inxdx:xlnx—x and (ii) / In

0
Then evaluate E[X] = ffooo xfx (x)dx by using the transformation

_x—a

e s

u =

1+e_%

(b) From My(¢), the m.gf. of ¥ = 871 (X — @), calculate E[Y] and V (¥) and,
hence, E[X] and V (X).

% % The so-called type IV generalized logistic distribution is a useful general-
ization of (7.48), with (location zero, scale one) density

1 e
B(p.q) (14e )P’

fGLog ('x7 P9, 07 1) = P.q € R>07 (749)

with support on the whole real line. It first appeared in Fisher (1921) and has been
studied by Ahuja and Nash (1967), Prentice (1975), Barndorff-Nielsen, Kent and
Serensen (1982), and McDonald (1991, 1997).
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Let X ~GLog(x; p,q,0,1).
(a) Show that [ fx (x)dx = 1.

(b) More generally, derive an expression for the c.d.f. of X in terms of the
incomplete beta ratio.

(c) Calculate the m.g.f. of X.

(d) Cdculate E[X] and V (X) in terms of the digamma function (see Prob-
lem 219). Hint:

2

d 2 /
32l @ =T +v ®],
where ¥/ (s) = d?InT (s) / ds? is the trigamma function.

% % The generalized asymmetric r (GAt) density is given by

()
(Hﬂ) ifz<o,

Vv

a\ ()
<1+ @) . ifzs0,

d,v,0 € R.gp. It is noteworthy because limiting cases include the GED (7.1),
and hence the Laplace and normal, while the Student’s ¢ (and, thus, the Cauchy)
distributions are special cases. For 6 > 1 (6 < 1) the distribution is skewed to the
right (left), while for & = 1 it is symmetric. It has been shown by Mittnik and
Paolella (2000) and Giot and Laurent (2004) to be of great use in the context of
modelling the conditional returns on financia assets, and Paolella (2004) for so-
called partially adaptive estimation of a macroeconomic model of money demand.
Let Z ~ GAt(d, v, ).

feat(z:d,v,0) = K x (7.50)

(a) Caculate the rth raw integer moment (0O < r < vd) and, in doing so, derive
the constant K. Hint: One possible substitution for the integral over z < 0
isu=14+ (—z0)¢v=1 followed by x = (u — 1) u~L. As a specia case, the
mean of Z is

02 —6072 B(2/d,v —1/d) 1d

Bzl =755 (1/d, v)

(7.51)

when vd > 1.

(b) Derive an expression for E [(|Z| — yZ)"] for |y| < 1. Hint: Use the previous
result.
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(c) Show that the c.d.f. of Z is

By (v,1/d)
1+6°
By (1/d. v)
1462

, if z <0,
Fz(z) =

+ (1—1—92)71, if z>0,
where B is the incomplete beta ratio,

v . (z/0)!

vt vt /o)

Relate this to the c.d.f. of a Student’s ¢ random variable. Program the c.d.f.
in Matlab.

(d) Show that S, (¢) =E[Z" | Z < ¢] for ¢ < O is given by

(146%) BL(—r/d,(r+1)/d) I v
(o7 +07+2) B, (v,1/d), T v (=)
7.8. % % Let T ~ JoF (a,b), a, b € R, with p.d.f. (7.i4).

(a) Verify that, for a = b, the distribution of 7' reduces to that of a Student’s ¢
r.v. with 2a degrees of freedom.

(b) Let B ~ Beta(a, b), k = a + b, and define S to be the r.v. given by

Sy (¢) = (=1 v/

= : _ Vk@B-1
S=g(B), whereg : (0.1 ~ R, (B) =5 mm=s (752)
Show that
(i) B = g X(S), where g~2(s) = 1/2+s (s2+k) 7%/ 2,
(||) dg_l(S)/dS —k (S2 +k)_3/2/ 2,
(iii) S ~ JOF (a, b) and »

(iv) Fs (t) = By (a, b), wherey = 1/2+ ¢ (t> + k)~ '* /2 and B istheincom-

plete beta ratio.
(c) Let U ~ x2(2a) independent of V ~ x?2(2b) and define

k(U -V
R:M, k=a+b. (7.53)
2JUV
Show that R ~ JoF (a, b). Similarly, let W =aF/b, where F ~ F(2a, 2b).
Show that
vk

Z="> (WY2 — wY2) ~ JoF (a, b).

Hint: State and use well-known relationships between beta, gamma, x?, and
F random variables.
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(d) Derive a general expression for the integer moments of S and show that, as
a special case,

(@a+b)Y?T (a—-1/2)T (b—1/2)
2 T (a)T (b)

E[S] = (a — b) (7.54)

from which it is clear that, for a = b, E[S] = 0.
(e) Compute the expected shortfall of S ~ JoF (a, b),i.e, E=E[S| S < c].
* Let (X | P = p) ~Bin(n, p) independent of P ~ Beta(a, b). The uncondi-

tional distribution of X is often referred to as the beta-binomial distribution,
denoted BetaBin(n, a, b), withn e N and a, b € R..

(a) Cdculate fx (x).
(b) Cdculate E[X] and V (X).

(c) For n = 15, compute values ¢ and b such that E[X] =6 and V (X) =9 and
plot the resulting mass function.






The stable Paretian distribution

For tests of significance and maximum likelihood estimation, the comprehensive
assumption of normally-distributed variables seems ubiquitous, even to the extent
of being unstated in many articles and research reports!

(Hamouda and Rowley, 1996, p. 135)

The stable distribution exhibits heavy tails and possible skewness, making it a useful
candidate for modelling a variety of data which exhibit such characteristics. However,
there is another property of the stable which separates its use from that of other, ad
hoc distributions which also possess fat tails and skewness. This is the result of the
generalized central limit theorem, which, as its name suggests, generalizes the standard
central limit theorem (Section 4.4). In particular, it relaxes the finite-mean and finite-
variance constraints, allowing the sequence of r.v.sinthe sumto beany set of i.i.d. r.v.s.

This chapter provides a very basic introduction to the univariate stable Paretian dis-
tribution. The emphasisis on its computation and basic properties. Detailed monographs
and collections on various aspects of stable Paretian distributions include Zolotarev
(1986), Samorodnitsky and Tagqu (1994), Janicki and Weron (1994), Nikias and Shao
(1995), Adler, Feldman and Tagqu (1998), Uchaikin and Zolotarev (1999) and Nolan
(2007). Those which concentrate more on the applications of stable Paretian r.v.s in
finance include Rachev and Mittnik (2000), Rachev (2003) and the contributions in
the special issues of Mathematical and Computer Modelling, volumes 29 (1999) and
34 (2001).

8.1 Symmetric stable

Example 7.9 demonstrated how the Cauchy and normal r.v.s could be easily nested
via use of their characteristic functions, i.e., by taking

©x (t;a):exp{—|t|°‘}, O<a <2 (8.0

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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Fora = 2, px (t; ) = exp {—1?}, whichisthe same asexp { —1%0%/2} with o2 = 2,
i.e, asa — 2, X approaches the N(0, 2) distribution.

Listing 8.1 uses the inversion formulae from Chapter 1 to compute the p.d.f. and
c.d.f. corresponding to ¢x (¢; ). Equivalently, as in Example 1.22 for the Cauchy c.f.
but using (8.1),

o0

27 fx (x) =/ e el g

—00

0 0
:/ cos(tx) e ° dt—i/ sin(tx) e dr

—00 —00

o o e o
+/ cos(tx)e”’ dt—i/ sin(tx)e™" dt
0 0

or o
fx (x) = l/ cos(tx)e " dr. (8.2)
7 Jo

L ocation and scaleparametersareincorporated asusual by settingY = ¢X + u,c > 0,
and using fy (y:a, i, ¢) = c L fx ((y — ) /c). For numerically computing (8.2), use
of the substitution u = 1/ (14 t) asin (1.60) leadsto

1 _ _ a
fx (x) = L / cos (x ! u) exp (— (l_u) ) u ™2 du, (8.3)
7 Jo u u

whileuse of u =1t/ (1+t) leads to

1 a
fx (x) = 1/ cos (x ! )exp (— <L> ) (1—u)~2? du. (8.4)
T Jo 1—u 1—u

Either one can be used; the integrand in (8.4) is the same as that in (8.3), but flipped
about u = 1/2. When a large number of p.d.f. points is desired, use of the FFT and
linear interpolation will be (much) faster, as discussed in Section 1.3. The c.df. is
computed via (1.71).

It can be shown (see Lukacs, 1970, Section 5.7, and the references therein) that only
values of o such that 0 < @ < 2 give rise to a valid c.f. For illustration, the ‘p.d.f.’
corresponding to @ = 25 is shown in Figure 8.1; it is negative for intervals of x. While
no density can be negative, multimodality is, in general, certainly possible. However,
for 0 < a < 2, it can be shown (Lukacs, 1970, Section 5.10) that the p.d.f. is unimodal
(this also holds for the asymmetric case discussed below).

The characteristic function (8.1) with 0 < o < 2 defines a class of distributions
which nests the Cauchy and normal; it is called the symmetric stable Paretian distri-
bution with tail index «, or the a-stable distribution for short. Note that, as ¢x (7; @) is
real, fx must be symmetric about zero. The study of this, and the more genera asym-
metric case shown below, goes back to the work of Paul Lévy in the 1920s and 1930s.
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Figure 8.1 Inversion of the c.f. exp{—|7|%®}, which does not lead to a proper p.d.f.

We will write S, (i, ¢), where © and ¢ > 0 are location and scale parameters,
though the notation SaS (‘symmetric alpha stable’) is also popular and emphasizes
the symmetry. Note that, if Z ~ S, (0,1) and X = u +cZ, then X ~ S, (u, ¢) and
px (1) = exp(ipnt — c*[t]%).

One of the most important properties of the stable distribution is summability (or
stability, hence part of the name): with X; nd Sy (i) and S =301 X;,

s (1) = [ Jox, () = exp(ipat — c§ 11%) -+ exp (ipent — & 1t])
i=1

= exp(ipt — c* [t]%),

n
S~ 8¢ (,0), where /’L=Z/’Li and C:(Cit+"'+cg)l/a_

t=1

The word ‘Paretian’ in the name reflects the fact that the asymptotic tail behaviour
of the S, distribution is the same as that of the Pareto distribution, i.e., S, has power
tails, for 0 < o < 2. In particular, it can be shown that, for X ~ S, (0,1), 0 < o < 2,
asx — 00,

Fx(x)=Pr(X>x)~k(@)x % where k(a)= n_lsin(mx/Z) I' (),

(85)

and a ~ b means that a/b converges to unity as x — oo. Informally, differentiating
the limiting value of 1 — Fx (x) gives the asymptotic density in the right tail,

fx (x) ~ ak (@) x % (8.6)

Expressions for the asymptotic left-tail behaviour follow from the symmetry of the
density about zero, i.e, fx (x) = fx (—x) and Fy (x) = Fx (—x). The term Paretian
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goes back to Mandelbrot (1960), who pointed out that Vilfredo Pareto had suggested
the use of distributions with power tails at the end of the nineteenth century (far before
the stable class was characterized) for modelling a variety of economic phenomena.

Recall the discussion in Chapter 1.7 on power tails and how the thickness of the tails
dictates the maximally existing moment. From the Pareto moments (1.7.25) and result
(8.5), it follows that, for 0 < o < 2, the (fractional absolute) moments of X ~ S, of
order o and higher do not exist, i.e., E[|X|"] is finite for r < &, and infinite otherwise.
(We will detail this below in Section 8.3.) For o« = 2, al positive moments exist. This
indeed coincides with the special cases Cauchy (¢ = 1) and hormal («¢ = 2). If o > 1,
then the mean exists,' and, from the symmetry of the density, it is clearly zero. The
variance does not exist unless o = 2.

Figure 8.2 shows the densities of X ~ S, (0, 1) (on the half line) corresponding to
several values of «. The plot on the right better illustrates the power-tail behaviour of
the density, and the increasing weight of the tails as « moves from 2 to 0.

0.014
— a=0.9
03 ez 0.012
a=1.9
0.25} 0.01}
02y 0.008 |,
0.15} 0.006 |
0.1 0.004
0.05 0.002 f
0 T o0
0 1 2 3 4 5 5 10 15

Figure 8.2 Density functions of symmetric stable Paretian r.v.s

Numeric calculation of the density is unfortunately not as simple as it appears. As «
moves from 2 towards 0, and as |x| increases, the integrand in (1.60) begins to exhibit
increasingly problematic oscillatory behaviour. Thus, in the worst case, the tail of the
density for small values of « is practically impossible to determine numerically via
(1.60). The use of the FFT to obtain the density will also suffer accordingly; see Menn
and Rachev (2006) and Mittnik, Doganoglu and Chenyao (1999) for further details on
the use of the FFT in this context. Fortunately, for most applied work, interest centres
on values of « larger than 1, and observations (x-values) ‘excessively’ far into the tail
do not occur.?2 Moreover, the simple limiting approximation for the p.d.f. from (8.6)

1 Distributions with & < 1 might appear to be of only academic interest, but there exist data sets, such as
file sizes of data downloaded from the World Wide Web, whose tails are so heavy that the mean does not exist;
see Resnick and Rootzén (2000) and the references therein.

20f course, al values on R are possible, and for small «, values ‘extremely’ far from zero have non-
negligible probability. In practice, use of S, is only an approximation to the distribution of real data, which
are often restricted to a finite-length interval. For example, the lowest return on a financial asset (say, a stock
price) is —100 %, while an upper limit could be approximated based on structural characteristics of the relevant
financial and monetary ingtitutions. Note that such constraints will ultimately apply to all conceivable situations
in the universe, so that any distribution with infinite support can only be an approximation.
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becomes increasingly accurate as one moves further into the tails, obviating the need
to grapple with the numeric complexities of exact evaluation.

8.2 Asymmetric stable

The symmetric stable Paretian distribution can be extended to allow for asymmetry. To
help motivate the (much less intuitive) c.f. in this case, let X be Cauchy, or S1(0, 1),
and consider introducing a parameter, say 3, into the c.f. such that, for g #0, X is
skewed. If wetake theform ¢ (1) = exp{—|t|(1 + Bh(t))}, where h(¢) is some function,
then summability still holds. Let S ="} ; X;, where X; are independent r.v.s with

ox, (1) = exp{—|t|(L+ B:h(1))}. Then, with B =n"13""_ | B;,
INgs (1) = Ingx, @) + -+ Ingy, (1) = —nt|[1+ Br(1)].

i.e, the c.f. of S is dill of the form ¢(r) = exp{—|7|(1 + Bh(¢))}, but with the intro-
duction of a scale parameter n.

The c.f. of the asymmetric stable Paretian distribution with tail index « = 1 and
skewness parameter 8, —1 < 8 < 1, takes h(¢) to be (2i /) sgn(z) In |¢|, where sgn(-)
is the sign (or signum) function, so that

2
Ing (1) = —clt] [1+ i,B; sgn(z) In|t|] + iut, (8.7)

designated Sy 5(u, ¢). Thus, with X; % S14 (0,1), S=3",X;, ad B=n"1
Z:'l:l ﬁi’

Ings (t) = —n |1 [1+ iﬁé sgn (¢) In|t|] ,

i.e, S~ S;5(0,n). The density is clearly symmetric for g = 0 and skewed to the
right (left) for B > 0 (8 < 0). When |B| =1, the density is said to be maximally
or totally skewed. The p.d.f. and c.d.f. can be computed by computing the usua
inversion formulae applied to (8.7). Figure 8.3 plots the density correspondingto 8 = 0
(Cauchy) and 8 = 1. Numerically speaking, in this case, the integral is quite ‘stable’
(pun intended) for the x-range shown, and al |B| < 1.

The most general case is the asymmetric stable Paretian distribution, with tail index
o, 0 < a < 2, and skewness parameter 8, —1 < 8 < 1. For brevity, we refer to this
as just the stable distribution, and write X ~ S, (1, ¢). The stable c.f. is given by

et [1 — iBsgn(s) tan %“] Fipr, ifasl,
Ingx (1) = (8.8)

2
—clt| [1+iﬁ;sgn(t)|n|t|} +iut, ifa =1.
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Figure 8.3 Cauchy (solid) and ‘totally skewed Cauchy’ (dashed) computed by inverting (8.7)
withg =1

As o — 2, the effect of g diminishes because tan(r«/2) — 0; and when o = 2,
tan(r) = 0, and B has no effect. Thus, there is no ‘skewed normal’ distribution within
the stable family.

The form of (8.8) does not lend itself to much intuition. It arises from character-
izing the class of distributions for which summability holds, and is quite an involved
derivation well beyond the scope of this text; see Lukacs (1970, Section 5.7) and the
references therein for details. As in the symmetric case, summability means that the
sum of independent stable r.v.s, each with the same tail index «, aso follows a stable
distribution. In particular,

n

. ind

if  Xi~ Sep (misc)), then §= E Xi ~ Sap (1, c),
i=1

where

Brcf + -+ Bucy

. 1/
= i, c=(c{+-+c)", ad B=
z ;uz (cf ") b= T

The class of stable distributions is the only one which has the property of summabil-
ity (or stability). Of course, it also holds for the normal and Cauchy, which are nested
in the stable family. (Recall that sums of independent gamma r.v.s are also gamma,
but only if their scale parameters are the same.)

Using the program in Listing 8.1, Figure 8.4 shows the p.d.f. for various « and
B = 0.9 (and location zero, scale one). It appears somewhat strange but it is correct:
for positive 8, as« 1 1, the mode driftsto +oco, whilefor « | 1, the mode driftsto —oo.
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function [f,F] = asymstab(xvec,a,b)

bordertol=le-8; lo=bordertol; hi=l-bordertol; tol=le-7;
x1=length(xvec); F=zeros(x1l,1); f=F;
for loop=l:length(xvec)
x=xvec (loop); dopdf=1;
f(loop)= quadl(@fff,lo,hi,tol,[],x,a,b,1) / pi;
if nargout>1l
F(loop)=0.5-(1/pi)* quadl(@fff,lo,hi,tol,[],x,a,b,0);
end
end;

function I=fff(uvec,x,a,b,dopdf);
for ii=1:length(uvec)

u=uvec(ii); t = (1-u)/u;
if a==1
cf = exp( -abs(t)*( 1 + i*b*(2/pi)*sign(t) * log(t) ) );
else
cf = exp( - ((abs(t))"a) *( 1 - i*b*sign(t) * tan(pi*al/2) ) );
end
z = exp(-i*t*x) .* cf;
if dopdf==1, g=real(z); else g=imag(z)./t; end
I(ii) =g / u"2;
end

Program Listing8.1 Computesthe p.d.f. and c.d.f. of the asymmetric stable Paretian distribution.
Thevalue of bordertol dictates how close the range of integration comes to the edges of [0, 1];
avalue of 108 was found to work well in practice. The tolerance on the integration error is passed
as tol to the function quad1; its optimal value depends on x, «, and B, with too small a value
resulting in ‘ chaotic’ behaviour and gross errors. Values between 10~7 and 10~° appear to work best

0.35

0.3}

0.25¢

0.2}

0.151

0.1}

0.051

Figure 8.4 Densities of S,.09(0, 1) for various o
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At o = 1, themode is near zero (and depends on B). This phenomenon is of course less
pronounced when B is not so extreme; Figure 8.5 shows p.d.f.s using the same val ues of
a asin Figure 8.4, but with g = 0.2. There are other parameterizations of the S, g C.f.
which are more advantageous, depending on the purpose; Zolotarev’'s (M) parameteri-
zation (Zolotarev, 1986, p. 11) avoids the ‘erratic mode’ problem. Nolan (2007) offers
a detailed discussion of the various parameterizations and their respective advantages.

0.4

0.35}

0.3}

0.25}

0.2}

0.15¢

0.1}

0.05}

Figure 85 Same as Figure 8.4, but with 8 = 0.2

The same power law (rate of decay) applies to the tail behaviour of the asymmetric
stable Paretian distribution, but the parameter 8 dictates the ‘relative heights' of the
two tails. In particular, for X ~ S, 4 (0, 1), as x — oo,

Fx(x)=Pr(X >x)~k(@)1+p8) x“ (8.9

and
fx () & ak (@) (L+ ) x %71, (8.10)

where k («) is given in (8.5). For the |eft tail, the symmetry relations fy (x; o, B) =
fx (=x;a, —p) and Fx (x; a0, B) = Fx (—x; a, —B) can be used. Figure 8.6 shows an
example of the quality of these asymptotic results by plotting the RPE of using (8.10)
to approximate the density, with « = 1.5 and 8 = 0.5. The magnitude of the ordinate
x in each tail was chosen such that, for larger values, the numeric integration (8.2)
began to break down.?

3 Obviously, this is not an absolute statement on the use of (8.2) (via (1.60)) for these parameter values,
but rather an artefact of the simple implementation we used, based on Matlab’'s general integration routine
quadl with convergence tolerance 10° and range of integration 0+ ¢ to 1 — €, with € = 10°8, in (1.60).
More sophisticated methods of integration exist which are designed for oscillatory integrands, though, for our
purposes, this is adequate. Of course, use of better routines would also prevent the glitches in accuracy which
are apparent in Figure 8.6.
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Figure 8.6 Relative percentage error of using (8.10) to approximate the S15 05 density in the left
and right tails

From the asymptotic tail behaviour, we can ascribe a particular meaning to param-
eter . Let « <2 and X ~ S, 4(0,1). Then, from (8.9) and the symmetry relation
Fx (x;a, B) = Fx (—x; a, —B), acalculation devoid of any mathematical rigour sug-
gests (correctly), as x — oo,

PX>x)—PX<—x) k()@QA+Bx*—k()(1—-pB)x*
PX>x)+PX <—x) k@@A+px*+k@(l-pBx®
2k (@) Bx—¢

- 2k (o) x—«

:'B’

i.e., B measures the asymptotic difference in the two tail masses, scaled by the sum of
the two tail areas.

There is one more specia case of the stable distribution for which a closed-form
expression for the density exists, namely when o« = 1/2 and g = 1, which is often
referred to as the Lévy, or Smirnov, distribution. If X ~ S51,51(0, 1), then

fx(x) = 2m) Y2x 3267 V@4 ) (). (8.11)

The Lévy distribution arises in the context of hitting times for Brownian motion
(see, for example, Feller, 1971, pp. 52, 173). Example 1.7.6 showed that it arises as
a limiting case of the inverse Gaussian distribution, and Example 1.7.15 showed that,
if Z~N(0,1), then Z—2 follows a Lévy distribution. Example 1.19 discussed the
relationship between its m.g.f. and its c.f.

Two applications of I’ Hopital’s rule show that fy(x) | Oasx | 0. The exact density
(8.11) is plotted in Figures 8.7 and 8.8. (Numeric inversion of the c.f. also works in
this rather extreme case, but only for about x < 10.) The tail approximation (8.10)
simplifies in this case to (27)~1/2x~%/2, which should be obvious from the density
(8.11). It is dso shown in Figure 8.8.
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Figure 8.7 The p.d.f. of the Lévy distribution (8.11)
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Figure 8.8 Lévy p.d.f. (solid) and tail approximation (dashed)

Other than the normal, Cauchy and Lévy distributions, no other cases exist with
closed-form p.d.f.s, athough in 1954 Zolotarev expressed the p.d.f. of a handful of
other cases in terms of higher transcendental functions, these being (« = 2/3, 8 = 1),
(@=2/3,6=0), @=3/2,=1), («=1/3,=1),and (¢« =1/2, -1 <B <1
(see Lukacs, 1970, p. 143).
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8.3 Moments
8.3.1 Mean

As in the symmetric casg, it is clear from (8.10) that moments of X ~ S, g of order o
and higher do not exist when o < 2. When 1 < o < 2, the mean of X ~ S, g(u, ¢) is
1, irrespective of 8. This appears implausible for g # 0, but recall Figure 8.4, which
shows that, for 8 > 0, the mode of the density is negative, and continues to move left
as « | 1, so that the mass in the thicker right tail is balanced out by the mass around
the mode. Consider how this would be numerically verified: using (8.10), the p.d.f. can
be approximated by K_ (—x)~ @™ asx — — o0, and by K, (x)"@*D asx — + o0,
where

K_=n"tal (@)sin(ra/2) (1— B), Ky =7l (@)sin(ra/2) 1+ ),

so that the mean (for « > 1) can be approximated by

14

E[X] %K_/

—00

h 00
x (—x)" @D gy + / xfy (x)dx + K+/h x ()" @D dy,
¢
(8.12)

where the interval £ < x < h denotes the region for which the c.f. inversion formula
for the p.d.f. fx can be accurately evaluated. Writing the first integral as

—00

4 4
/ x (—x) " dy = / (=1) (=) (=)~ dx

14
— _/ (_x)l—(a+1) dx = / ul—(ot+l) du
—00 00

1—
¢ l-« ’

and the third as

o0 hl—a
/ xl—(a+1) dx = —
h

1—o

(8.12) reduces to

K_(—0Y¥* K, nl@ h
E[X] ~ 0" Ky +/

1o 1o ) xfx (x)dx. (8.13)

Evaluating (8.13) for « = 1.5 and 8 = 0.5, with £ = —120 and & = 140 (these low
and high cutoff values were found during the exercise which produced Figure 8.6) and

287
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an integration error tolerance of 1076, we get —8.5 x 10~8, which seems quite good,
given the use of the tail approximation.*

8.3.2 Fractional absolute moment proof |

In empirical applications, the quantity ]E[ | X" ] i.e., the rth fractional absolute moment,
r < a, is often of value® We derive an expression for E[ |X|"] via two methods,
restricting attention to the case of o # 1, u = 0, and ¢ = 1. The derivations are some-
what long, but just involve a variety of basic concepts from calculus which we give
in great detail, so that they are both readable and instructive. They can, of course, be
skipped; the final result is given below in (8.26).

The first proof we illustrate follows that given in Kuruoglu (2001) and the ref-
erences therein, and involves a nonobvious trick, namely working with a particular
function times E [|X |’]. The interested reader could also pursue the references given
in Samorodnitsky and Tagqu (1994, p. 18).

First we consider the case of r > 0. Let

o ()= /‘00 u= D sin?(u) du. (8.14)
0

A closed-form expression for (8.14) is given in Hoffmann-Jargensen (1994, p. 128)
and can be easily derived from the general result in Gradshteyn and Rynhik (2007,
formula 3.823, p. 460), which states that

/wu(u—l) Sn2(bu) du = () cos(um/2)
0

ST b > 0. Re(n) € (-2.0)\ (-1},

(8.15)
By settingb =1 and u = —r, r € (0, 2) \ {1}, in (8.15), we have

p(r)=—=2"(-r) cos(—%) = 2"1%1“(1 —r) cos(%).

It can be shown (e.g., using the dominated convergence theorem) that p (r) depends
continuously on r, and the expression for p(1) is then obtained as follows. From
Euler’'s reflection formula (1.14) and the well-known relation

Sina = 2sin(a/2) cos(a/2), (8.16)

4To illustrate just how heavy the tails are, integrating ‘only’ from —10000 to 10000 (replacing the oo
with 10000 in (8.12)) resultsin —0.0060. This accuracy of this result is questionable, however, depending on
numerical issues inherent in the procedures and tolerances used for c.f. inversion and numeric integration. The
interested reader is encouraged to investigate this in further detail, possibly using more sophisticated software
for its evauation.

5 For example, in empirical finance, it plays a central role in the so-called stable GARCH process; see
Mittnik, Paolella and Rachev (2002) for details.
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2r71 T 2rfl

pr)=

so that, for r = 1,

W= =2
P = T2sn@=/2) ~ 2
Thus,
_ r~127-10 (1 — r) cos(nr/2), if O<r<2,r#1,
PIY=1 22 if r=1
Then
p (MHE[1X]"] - u” " sin? () du foo x| fx (x) dx

o0

A
=fooo D §n?(u) du /:Ox’(fx(x)-i-fx(—x))dx
/0 x"(fx(x) + fx(=x)) Uoou—<f+1>sm2(u)du]dx
or, withr = u/x,
p(ME[IXI"] = /0 X (fx 0 + fr(-n) [ /0 T i) dr} dx
_ /o ~ /O 0 () (fx () + fx (=) i di.

The integral jooo sin?(rx) fx (x) dx is clearly convergent for 7 € R, and as

0

fo sin?(ex) (fx () + fx(—x)) dx = / sin?(tx) (fx (x) + fx(—x)) dx

—00

we have
p(ME[IX]"] = / =+ [/ Sinz(IX)(fx(X)+fx(—X))dX}dt
0 0

= /Ooot"”’ E /OO Sin?(1x) (fx () + fx (=) dx} d

where the exchange of integrals can be validated by Fubini’s theorem.

T cos(E) = i cos( 2~
r o sin(rm)C(r) <7)_ r 2sin(rm/2) cos(rm/2)T(r) (7)
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Next, as sin(z) = (€7 — e7%) / (2i),

2

1 oo oo eitx _ aitx
p(NE[IXI"] = > /0 =D |:/ %(fx(x) + fx(—x)) dxj| dr

_ _% /oo (D |:/OO (eith —24 e_iZ’x) (fx(x) + fx(—X)) dxj| dr
0 _

[e¢]

1 / 0D [ (20) + gx (—20) — 2, (8.17)
0

4
where ¢y is the stable c.f. (8.8), for u =0and ¢ = 1.

Observe that, up to this point, neither the particular form of the p.d.f. nor of the
c.f. of the stable distribution has been used, so that (8.17) is actually a general result,
perhaps of use (algebraic or computational) with other distributions.

It is now convenient to write the c.f. as

ox (@) =exp{—z,1} and @x(—1) =exp{—z,1*}, >0, (8.18)

where
zp=1—iptan(mra/2) and z,:=1+iftan(ra/2). (8.19)

Use of the transformation w = (2¢)* then gives

1 [ /[yl —(r+D 1
o (r)IE[ |X|r] = __/ [(px(wl/a) T ox(—wle) — 2] i VO B
4 Jo 2 2ua

r—2 oo
_ _2a /O w1 [y wY?) + oy (—w®) — 2] dhw
2r—2 00
=-= f w exp (—z,w) + exp (—z,w) — 2] dw.  (8.20)
0

Now let
u=exp(—z,w) +exp(-z,w) —2 and dv=w""*""dw,
so that
du = [z, exp (—z,w) + z, &Xp(—z,w) Jdw and v = _gw-r/a‘

Integration by parts then gives

2r—2 50 0
p(NE[IXI"] = - " {uv‘ —/0 vdu}

0

y—2
= <2r ) [exp (—zpw) + exp (—z,w) — 2] (w™"7*) | (8.21)

2r—2

r

"‘f_

f w[z, exp (—zpw) + 2, &XP (—z,w) [ dw.  (8.22)
0
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Term (8.21) evaluated at w = oo is clearly zero. For w = 0,

|:e—zpw + e—z”w _ 2i|

lim [(e7%r® + e " —2) w™"/*] = lim —Ta

w—0 w—0

and I’Hopital’s rule is applicable.® Using it gives

[z — e e _ _ _
lim P — = lim [— (—zp€ " — z, &) wt ’/"]
w—0 w’/e=1 (r/a) w—0Llr

=0, O<r<o.

This explicitly shows why moments for r > « do not exist. For the term (8.22), use
of the transformations m = z,w and m = z,w easily leads to

1
o) E[ |X|’] = ;2’_21" (1 — 2) (z;/a + Z,r/“) , O<r<a. (8.23)

This is essentially the result: together with (8.19), (8.23) can be used to evaluate
E[ |X]"] numerically if complex arithmetic is supported.

If desired, the term 2/ + z;/* can be simplified so that complex numbers are not
needed. Let 6 := arctan { tan(r«/2)}. Then, as

sing (€T —e ) /@) e

tanz = = - . = — —,
CcoSz (elZ + e—zz) /2 i(e7 + )

we have
r/o rla __ _ s 7'[_0[ r/e . JT_C( rle
Geale= (1-ipen(G)+ (1risten ()
=1 —itan)’* + (1 +itan)’/®
gt _ g-io\"/* gt _ gif\"/®
( e¢9+e—19) +( +e10_|_e—19>
2r/oz

_ m [(efié))r/a I (eie)r/a] '

But, as cosz = (€° + &%) /2,

0 "2 0
x 2cos<r—> =2(1+ta?0)"”? cos(r—) :
o o

where the latter equality follows by dividing cos? x + sin®x = 1 by cos?x and taking
square roots.

r/a rla __
Gt = (cosf)"/*

6 Notice that w is real, and only the numerator contains complex numbers. The numerator approaches zero
iff itsreal and imaginary parts do, and is differentiable iff itsreal and imaginary parts are (real) differentiable. A
version of |"Hopital’s rule applicable when both the numerator and denominator are complex analytic functions
of complex argument w, nonconstant in a disc around zero, is given in Palka (1991, p. 304).
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Findly, let t := tan6, so that
gl =2(1+ 72)"/% cos(i arctan r)
o

and, thus,

p(ME[IX]"] = %2"11“ (1 - é) (1+ rz)r/Za cos(g arctanr)

(8.24)

(8.25)

or (writing the final result with the wider range —1 < r < « instead of 0 < r < «, &S

will be verified below)

E[1x ] =«7'r (1~ 2) (14 2)"7* cos(é actant), -1l<r<a,

where

_ | r@—-rycos(mr/2), if r#1,
| n/2, if r=1.

(8.26)

It is easy to see that (8.26) is also valid for r = 0, and the extension in (8.26) to

—l<r<ainstead O < r < & is now shown.
Let —1 < r < 0. From the inversion formula (1.54),

1 oo o0 .
E[IX"] = 5 / / 1" gy (u) s ch

1 © oo ) '
= o7 /—oo/o lx|" [€7" px (u) + €"“px (—u)] du dx
1 o oo ) )
~ o f / x" (&7 4 €M) (@x () + @x (—u)) du dx
0

0
= 1/ |:/ x" cos(ux) dx:| (px (1) + @x(—u)) du.
0 0

T

Gradshteyn and Ryzhik (2007, formula 3.761(9), p. 437) give the result

00 r
/ x*~Lcos(ax) dx = Tw cos(ﬂ), a>0, O0<Reu) <1,
0 at 2

from which, fora =u O <u <oo)and u =r +1 (-1 < r < 0), we obtain

rad+r) Sin(rrr)
— 5 )

o0
r P
/0 x" cos(ux)dx = o

S0 that
1 .
E[1XI"] =T (1—|—r)S|n<

rmw

> )/0 u™ " (px () + ox (—u)) du.
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Now, from (8.18), the transformations w = z,u® and w = z,u*, and (8.24),
1 . o0 .

E[1XI']=-=T @+ nsn(=) / uE (@Xp (—2pu®) + eXp (—z,u))
g 2 0

- —%r 1+ r)sin (%)gr (—2) [/ + 2/%]

- #:r) sin(%)l“ (1— 2) 2 (1+ rz)r/za cos(é arctanr).

From Euler’'s reflection formula (1.14) and basic properties of the gamma and sine
functions,

r 1+ ) i T _ mw . m
A+ = [(—z)sin(m +zr) TA—zsn@+zr) T'(d-z)sinin)’
(8.27)
giving
, 25|n(r71/2) r r/2a r
E[1X]"] = r(1_r)sm(m)l“ (1— 5) (1+179) cos(a arctanr)
or, via (8.16),
r rd—r/a) 1 o\ r /2 r
E[1X]"] = CA=r) 0502 (1+79) cos(& arctanr), -1<r<0,
(8.28)
which justifies (8.26).

8.3.3 Fractional absolute moment proof Il

The second method of proving (8.26) is outlined in Zolotarev (1986, Sections 2.1 and
2.2), and aso uses a nonobvious trick. One starts with the general relation

_28n(x/T(r + 1)
T

|xl”

/ 1~0+D (1 —cos(xr))dr, O<r <2 (829
0

which we first prove, using (8.15).” Using the identity 2sin’z = 1 — cos(2z), we can
write (8.15) as

/Oo }t("*l) (1 — cos(2bt)) dr
o 2
_ D cos(ur/2)

i b >0 Re(u) € (=2.0)\ (-1,

"This is from Zolotarev (1986, p. 63, eq. 2.1.10), but his equation is erroneously missing the 7 in the
denominator.

293



294 The stable Paretian distribution

or, because cos(z) = cos(—z), as

©1
/ Et(“‘l) (1 — cos(2br)) dt
0

I'(n) cos(um/2)
Settingb =x/2and u = —r,0<r < 2, leads to

B I'(—r)cos(—rm/2)

x|~

/ =D (1 — cos(xt)) dt = , xeR, re0,2)\{1},
0

or

=D @ —cos(xt))dr, e (0,2)\ {1}

)" = —

1 o0
['(—r)cos(rz/2) /0

Finally, using (8.16) and the relation I'(z)I"(—z) = —n/ [z Sin(z7)], which easily
follows from (8.27) and I'(z + 1) = zI'(z), we get

. rsin(rm)Lr) [ S+ g
|x|" = g — cos(r/2) Jy t (1 —cos(xt)) dr
_2sin(z/QT(r +1)

T

/ =D (1 — cos(xt)) dt,
0

which is (8.29).
Thus, for any random variable X, taking expectations on both sides gives
2si 2T 1) [ o
B[ 1x] = SSNE/2TC D / [/ - COS(xt))dt} fx(x) dx
T —00 0
i oo 00 jtx —itx
_ 28N/ +1) / [/ (D (1— e te’ )dz] fr(0 dx
T —00 0 2
i 2T 1) [ o0 . .
_ Sn@/arr+ 1) f [ / (D (2 g — e_”x)dti| Fr(x)dr
T —oo LJO

or, switching the order of integration,

E[|X|r] _ sn(ﬂ'/Z)F(V + 1) Am t—(r+1) I:/OO (Z_eitx _e—itx) fX(x) dxi| dr

g

_sin(@/2T(r +1)
N s

/ e [2— ¢ () — ¢ (—0)]dr.
0
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Using (1.45), we arrive at

_ 28n(/QT(r + 1)
T

E[1X]"] /Oooz—““) [1-Re(p()]d:, O<r<2,

(8.30)

which is of interest in itself.
Now let X be a stable Paretian random variable. Using (8.18),

_sn(@/2)T(r+1)

Bl1x ] = D [ g ) — g (o

_ _sin(n/Z) Lr+1 /oot—(r-i-l) [(exp{—zpta} + exp{—znta}) — 2] dr.
0

T

Using the transformation w = ¢,

sin(z/2)T(r+1)
B e

X / (wl/o‘)_(rH) [exp (—zpw) + &xp (—z,w) — 2] éwl/o‘*l dw
0

E[1xI"] =

_ _S.n(ﬂ/zozyl;(r +1) /OO [exp (_pr) +exp (—zyw) — 2] w1 dw.
0

This integral is the same as that in (8.20), so, following the same derivation which
led to (8.25) and again using T = tano,

E[1XI"] =

_sin(@/2r(r +1) [_2_0‘1"(1 - ﬁ) (14 2)"* cos(g arctan r)i|

o r o

. 25|n(7r/2)F(r + 1) r o7 /2x r
= — F(l— E> (1+1°) cos(a arctanr)

B 2sin(m/2)T(r) r onr/2 r
_71“(1—5) (1+79) cos(aarctanr).
Using (8.27) with z = r — 1 now gives

ZSin(JT./Z) F( T
I'A—r)sin(rm)
_I'A—=r/a) 1
 T'(1—r) cos(rn/2)

E[1X"]= a) (1+ 'L'Z)r/za cos(g arctanr)

(14 72)"* cos(i arctan r),
o

which is (8.26).

8 Equation (8.30) differs from Zolotarev (1986, p. 63, eq. 2.1.9) because the latter contains two errors: the
7 in the denominator is missing, and the exponent of 7 in the integral is erroneously r — 1.
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296 The stable Paretian distribution
© Example81 Witha =1.5and 8 = 0.5, (8.26) with r = 1 gives E[|X|] = 1.75009.
For numeric evaluation, take
¢

]E[|Xlr] %K_/ (—)C)r (_x)*(OPFl) dx

—00

h o
+ / lx|” fx (x) dx + K+/ X (x)" @D gy
¢ h

or, viaa similar calculation which led to (8.13),

gy W h
B~ k-0 ks [T ode @3

r—uo r—o

Computing this for « = 1.5, 8 = 0.5 and r = 1 with the same low and high cutoff
values as before yields E[|X|] ~ 1.749996, which is virtually the same as the exact
answer.

A program to compute the exact and numeric values is given in Listing 8.2. [ |

function m=stabmom(r,a,b,1,h)

if r==1, k=pi/2; else, k=gamma(l-r)*cos(pi*r/2); end
m=gamma (1-r/a) /k;

if (b~=0)
tau=b * tan(a*pi/2); f1 = (1 + tau™2)"( r/(2*a) );
£f2 = cos( (r/a) * atan( tau ) ); m=m*fl1*f2;

end

mexact=m

if nargin>3 % compute numerically also
tmp = a*gamma(a)*sin(pi*a/2)/pi; Km=tmp* (1-b); Kp=tmp* (1+b);
d=r-a; I=-(Km/d)*((-1)"d); III=-(Kp/d)*(h"d);
II=quadl(@ff,1l,h,le-6,1,r,a,b); m=I+II+IIT;

end

function I=ff(xvec,r,a,b) % compute |x|"r * f(x)
I=zeros(size(xvec));
for ii=l:length(xvec)

x=xvec (ii); f = asymstab(x,a,b); I(ii) = ((abs(x))”"r)
end

R

Program Listing 8.2 Computes (8.26) and, optionaly, (8.31)

8.4 Simulation

A method for simulating stable Paretian r.v.s was developed in Chambers, Mallows
and Stuck (1976); see also Janicki and Weron (1994) and Weron (1996). Let U ~
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Unif (—m /2, 7/2) independent of E ~ Exp(1). Then Z ~ S, 4 (0, 1), where

sina (6 + U) [cos(a9+(a—1)U)Tl_“)/“ it 21
9 a Y
(cosaf cosU)Y® E

2 /7 (w/2) E cosU . _
;[(E—i—ﬂU)tanU—ﬂln(W)], if a=1,

and 6 = arctan (B tan (ma/2)) /o for o # 1. Incorporation of location and scale changes
is done as usual when o # 1, i.e, X =pu+cZ ~ Sqp (i, c), but for a =1, X =
w+cZ+ (2Bclne)/mw ~ S1p (1, c) (note that the latter term is zero for B =0 or
c=1).

For example, Figure 8.9 plots a kernel density estimate (see Section 1.7.4.2), trun-
cated to (—10, 10), of asimulated i.i.d. data set of 20000 observations for « = 1.2 and
B = 0.9. Overlaid is the true density, which is indeed very close to the kernel density,
even in the tails.

0.25}
0.2¢
0.15}

0.1f

o \

0 7 . —_—

-10 -5 0 5 10

Figure 8.9 Kernel density estimate (solid) of the S1209(0, 1) p.d.f. based on an i.i.d. sample of
size 20000, and the true density (dashed)

8.5 Generalized central limit theorem

Let X1, Xo, ... be an i.i.d. sequence of r.v.s (with or without finite means and vari-
ances). The generalized central limit theorem states that there exist real constants
a, > 0 and b,, and a nondegenerate r.v. Z such that, asn — oo,

@Y X;—by -5 2,
j=1

iff Z ~ Sy p(u, ). In the standard CLT, a, = n~/2. In the generalized CLT, a, is
of the form n~/*, which nests the « = 2 case.
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This can be invoked in practice in the same way that the CLT is used. The norma
distribution is justified as the appropriate error distribution in many applications with
the reasoning that the discrepancy between the model and the observations is the
cumulative result of many independent random factors (too numerous and/or difficult
to capture in the model). If these factors have finite variance, then the CLT states
that their sum will approach a normal distribution (and no other). Based on the same
reasoning and assumptions, except allowing for infinite variances of the random factors,
the generalized CLT states that the asymmetric stable Paretian distribution (with special
case the normal) is the only possible candidate for modelling the error term.

It is indeed the case that there are many data sets, from a variety of disciplines, for
which the data points consist of a set of independent observations® but exhibit much
fatter tails than the normal, and sometimes considerable skewness as well. Such data
are much better modelled by use of a stable distribution instead of the normal. The most
notable example is in the field of finance, where many observed quantities, such as the
daily returns on financial assets (stock prices, exchange rates, etc.) deviate remarkably
from the normal distribution, but are quite well fitted by a stable distribution. This also
holds for the returns on real estate (see Young and Graff, 1995). Even Hollywood is far
from ‘normal’: De Vany and Walls (2004) demonstrate the outstanding ability of the
asymmetric stable distribution to model the profit in the motion picture business, and
provide reasonsfor its success (see also Walls, 2005, for use of the skewed ¢ distribution
for modelling box-office revenue). Other fields include telecommunications, biology,
and geology; see, for example, Uchaikin and Zolotarev (1999) for avariety of examples.

9 The extent of the observations being identically distributed is more of amodelling assumption, and depends
on what other r.v.s are being conditioned on.



9

Generalized inverse Gaussian
and generalized hyperbolic
distributions

The significant problems we face cannot be solved at the same level of thinking
we were at when we created them. (Albert Einstein)

This chapter, and its problems and solutions, were written by Walther Paravicini.

9.1 Introduction

Chapter 7 introduced a variety of flexible distributions, with particular attention paid to
ones with skewness and fatter tails than the normal, resulting in, for example, numer-
ous ad hoc generalizations of the Student’s 7. Chapter 8 introduced the asymmetric
stable Paretian, which is theoretically well motivated, but has the drawback that the
variance does not exist, an assumption which might be deemed too extreme for certain
applications.

This chapter discusses the family of generalized inverse Gaussian distributions,
which generalize the inverse Gaussian distribution presented in Section 1.7.2, and the
family of generalized hyperbolic distributions, which generalize the hyperbolic distri-
bution, also introduced in Section 1.7.2. The GHyp are fat-tailed and skewed, but with
afinite variance, and also possess other interesting and desirable properties. Also recall
that the logarithm of the hyperbolic density function is a (possibly skewed) hyperbola,
while that of the normal density is a parabola.

The GHyp was introduced in Barndorff-Nielsen (1977) and has since found a great
variety of applications. For arecent discussion of its multivariate extension, see Mencia
and Sentana (2004). A standard reference for the GIG is still Jargensen (1982).

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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In discussing the properties of the GIG and GHyp families, use of continuous
mixture distributions (introduced in Section 7.3.2) and the modified Bessel function of
the third kind (mentioned in the context of the hyperbolic distribution in Section 1.7.2)
will be omnipresent. We begin with a more detailed discussion of the latter.

9.2 The modified Bessel function of the third kind

The integral representation of the Bessel function is the one most suitable for our
purposes, so we simply take (1.7.61) as its definition: for every v € R, the modified
Bessel function of the third kind, here simply called the Bessel function, with index v
is defined as

1 [ _
K,(x) = 5/ - lemgrHh dr, x>0. (9.2)
0

This choice of integral representation is interesting, because it is similar to the
gamma function. Below, we will discuss how the two functions are related. As with the
gamma function, values of the Bessel function can sometimes be computed explicitly,
but in general, numerical methods are necessary. In Matlab, K, (x) is computed with
the built-in function besselk (v,x).

We can deduce some simple computational rules that enable us to treat the Bessel
function analytically. For example, we have

K,(x) = K_,(x), veR, x e Rog. (9.2)

To derive this, substitute s = ¢~ in the integral expression (9.1) to get

1[0 -
Ku(x) — é/ Sl—l)e—%x(d‘-‘r.&‘ 1)(_5—2) dS

o0

= %/Oos”1e%x(s+s_l) ds = K_,(x).
0

Also, the Bessel function can be stated explicitly for v = 1/2, with

b
Ki2(x) = K_1/2(x) = /Ze_", x € Rog. 9.3

In addition, a recursive formula that can be used to derive explicit expressions for
the Bessel function is given by

2
Kop1(x) = 2K, (x) + Kv1(x), veER, x € R, (9.4)
X
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This can be derived as follows. If v = 0 we just have to show that K_1(x) = K1(x),
afact we aready know. So let v £ 0. Let 0 < @ < b < oo. Then, using integration by
parts,

b v
}/ -la=3xHh g — t_ef%x(wrz*l)
2/, v

b b
1 tY 1 1 -1
— 2| —(-Zx@-r?)e ¥t Dy
a Z/a V( 2™ )>

b b
+ i/ (" =172 e sxeH Y g
v J,

v
= D dresd

Vv

a

Now if a — 0 and b — o0, the l.h.s. approaches K, (x), whereas the second term
onther.h.s. convergesto 5-(K,;1(x) — K,_1(x)). The first term on ther.h.s. vanishes.
By rearranging the equation, we get (9.4). See also Problem 9 2.

For x = 0, the Bessel function has a singularity. The following formulae explain
how the function behaves for small values of x. For v = 0,

Ko(x) ~ —In(x) forx |0, v=0, (9.5
whereas for v #£ 0,
K,(x) ~T2"=1x= " forx | 0, v 0. (9.6)
Further information on Bessel functions can be found in Lebedev (1972), Andrews,
Askey and Roy (1999), and also Appendix C of Mencia and Sentana (2004).

Later in this chapter, we will frequently meet the following integral which is closely
related to the Bessel function:

Ky (x, V) ::/0 ¥ Lexp [—%(Xx_l—i-wx)}dx. (9.7)

This integral converges for arbitrary A € R and x, v > 0. In this case we have,
using the notation n := /x /¢ and w = /x ¥ and the substitution x = ny,

/°° #Lexp [_}(Xx—l + wx)} dr = /Oo texp [—}co(()c/n)‘1 + X/n)] dx
0 2 0 2
00 1
= /0 (my)texp [—éw(y‘l + y)} ndy

1 [ 1
= 277*5/ Yy Lexp [—Ew(y‘l +y)} dy
0

= 2" K; (o),

301



302

Generalized inverse Gaussian and generalized hyperbolic distributions

S0 that

r/2
i O ) = 20K () = 2 (%) K (Vi) Ck)

The integral in (9.7) also converges in two ‘boundary cases'. If x =0 and ¢ > 0,
it converges if and only if (iff) A > 0. On the other hand, if x >0 and v =0, it
converges iff A < 0. In the first boundary case one gets

00 -2 poo -2
f xx_le_%‘/”‘ dx = <£> / e dx = (ﬂ) ro,
0 2 0 2

whereas, in the second case, we use the substitution y = v x~1/2 to compute

/000 xkfle*%”fl dx = (%)A /000 y M levdy = (%)A '(=A).

Hence we have

w —A
k. (O, w>=(§) ro) ©9)
and
A
K (X 0>=(§) [(=A). (9.10)

The function k; (x, ¥) possesses some symmetries, namely
Kn O ) =k (8 ) (9.11)
and
ki O, ¥) =k (r . ry), (9.12)

for dl r > 0. To prove the latter formula, one could either check that it is true for
the three explicit expressions for k; (x, ) that we have just derived, or proceed as
follows: substitute x with ry in the definition of k; (x, v) to get

ko O %) :/0 Lexp [—%(Xx_lﬁLlM)}dx

o 1
= /0 (ry)* texp [—E(x(ryrlwry)}rdy

e 1
=r /0 ¥y texp [—E«rlx)yl + (rzﬁ)y)] dy

=r'k, (rflx, ry).
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9.3 Mixtures of normal distributions

9.3.1 Mixture mechanics

The technique of constructing (countable or continuous) mixture distributions was
introduced in Section 7.3, and will be used heavily in what follows. Here we consider
a specia type of mixture, called the variance—mean mixture of normals, which will
be seen to give rise to a variety of interesting examples. As the name suggests, it
is a mixture of normal distributions such that the mean and variance of the mixed
distributions are in a specia (affine-linear) relation. But let us be more precise.

Suppose Z is a positive random variable and 1 and g are constants. If X is a
random variable satisfying

X|Z~Nu+pZ, 2),

then we can calculate the density function fy of X as follows. If Z is a continuous
random variable with p.d.f. fz, then

fx(X)Z/O SNG4 Bz, 2) f2(2) dz,

and if Z is adiscrete r.v. with mass function fz, then

fx) =Y NGBz, 2 f2(2).

z>0

fz(2)#0

The distribution of X isthus constructed by taking normal distributions and mixing
them together using the random variable Z. The density of X depends on Z only
via the p.d.f. or p.m.f. of Z, hence only through the distribution of Z. To streamline
the notation, we will denote the distribution of X by Mix, (u, 8), where = is the
distribution of Z, subsequently called the weight, and X | Z ~ N(u + BZ, Z). The
distribution of X has u asalocation parameter, seen by settingy = X — u, y = x — u,
and, in the continuous case, using the usua univariate transformation (1.7.65) to get

fr) = fxG+w =/O NG+ s e+ Bz, 2) f2(2) dz =/O NG Bz, 2) fz(2) dz,

which does not involve p. If the parameter B8 is nonzero, then the distribution will
usualy be skewed. In the ssimplest case, the random variable Z has finitely many
possible values, i.e., the weight 7 has finite support, and we are mixing a finite number
of normal distributions, as in Example 7.13.

The situation is far more interesting with continuous weights, as the next example
shows.
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© Example9.1 LetZ ~ Exp(A) and u =8 =0. Then

IMixgepu) 0,0) (%) =/0 NG 0, 2) fexp(z; A) dz

00 1 x2 .
= exp| —— | re™**d
/o V2rz p[ ZZ} ‘

— L /oo Z71/2 exp |:_} (xzzil —+ 2)\,Z)i| dZ
V21 Jo 2
©n A 2
_ —Kk x°, 2\
T 2 ( )
2o ( LYk, (v
- — E— X
Jor \ vz Y2
(9.3 A ( x| )1/2 T e—«/ﬁ\x\ _ N Zke—ﬂlxl.
V2r  \V2x 2422 x| 2

This is the Laplace density with scale parameter 1/+/24, as was obtained in Exam-
ple 7.1S via use of the m.g.f. |

Now the question arises as to which distributional class is obtained when taking
a more general distribution family as mixing weights, such as gamma. Before treat-
ing this problem, a rather general distribution family is introduced which nests the
gamma. Plugging this family into the mixing procedure will provide the vast class of
distributions referred to as generalized hyperbolic.

9.3.2 Moments and generating functions

One of the features of constructing a distribution by mixing is that one can essentially
read off the properties of the distribution given the properties of the chosen weight.
The central tools we require for the moments and generating functions are as follows.
Suppose Z ~  and X ~ Mix, (u, 8). Then we have expected value

E[X] = u + BE[Z], (9.13)

variance

V(X) = E[Z] + B2V(2), (9.14)
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third central moment

n3(X) = 38V(2) + 3us(2), (9.15)

moment generating function

Mx(r) = &Mz (Bt +1%/2), (9.16)

and characteristic function

ox(v) = €My, (Bv+ in/Z) . (9.17)

In these formulae, if the right-hand side exists then so does the left-hand side.

Furthermore, the mixed distribution Mix,; (i, 8) depends on 7, 1, and g in a con-
tinuous fashion. This makes it easier to determine the limiting cases of certain families
of mixed distributions by analysing the limiting cases of the family of mixing weights
involved.

© Example 9.2 To prove (9.13) when Z is a continuous random variable, first note that,
for every z > 0, the integra

/ xfn(x; u+ Bz, z) dx

[e¢]

is just the mean of a normal distribution with parameters 1 + 8z and z, so an appli-
cation of Fubini’s theorem gives

E[X] :/ xfx(x)dx:f xf NG e+ Bz, 2) f2(z) dz dx
— —00 0

[e¢]

=/O / XfN(x;quﬁz,z)dez(z)dz:/o (1 + B2) fz(z) dz

=/0 Mfz(z)derﬁ/O ef2(2)dz = u + BELZ].
which is (9.13). [ |

© Example 9.3 Anaogously, to prove (9.16) when Z is a continuous random variable,
we use the equation

/ € fu(x; n+ Bz, z) dx = exp [(u + Bt + %tz] ,
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which is just the moment generating function for a normal distribution with parameters
u+ Bz and z, where z > 0 is arbitrary (see Example 1.3 or Table 1.C.7). Thus

+00 —+00 [e%¢]
Mx(t) = e"‘fx(x)dxz/ e"‘/o NG o+ Bz, 2) f2(2) dzdx
[e%e] +00
=/ € fn(x; n+ Bz, 2) dxfz(z) dz
0 —00

= /0 exp| (1 + Bor + %rz] F2(2) dz = & My(Bt +12/2),
which is (9.16). |

One can derive the other equations in a very similar fashion (see Problem 9.3).

9.4 The generalized inverse Gaussian distribution

9.4.1 Definition and general formulae

The generalized inverse Gaussian (GIG) p.d.f. is given by

1
foic(x; A, x, ¥) = lexp [—Euxl - wx)] T (0,00 (X),

.
K (X, ¥)

where k;, (x, ) isthe function defined in (9.7) depending on the parameters A, x, and
¥. We denote the parameter space by ®g g, which consists of three cases given by

Oacic == {(h, x, ¥) e R3: LeR, x>0, v >0 (norma case),
oo A>0, x=0, ¥ >0 (boundary case l),
o L<0, x>0, v =0} (boundary case Il).

One can show that the GIG distribution depends continuously on its parameters
A, x, and ¢. The GIG distribution generalizes quite a number of distribution families;
for example, the GIG reduces to the gamma distribution in boundary case I. The normal
case of the GIG distribution, i.e., if the parameters have values A € R and x, ¥ > 0,
is usually considered to be the GIG distribution in the strict sense. The boundary
cases are included in the definition of GIG because it helps organize al the interesting
subfamilies and limit cases that we will detail in the next section.

The simple program in Listing 9.1 computes the GIG density in the nor-
mal case. Numericaly integrating the density via quadl (@gigpdf,lo,hi,le-
8,0,lambda,chi,psi) (where 1o and hi specify the range of integration) indeed
yields 1.0 to (over) eight significant digits. Figure 9.1 shows the GIG density for several
parameter values.
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function f=gigpdf (x,lambda,chi,psi)

eta = sqrt(chi/psi); omega = sqrt(chi*psi);

c =1/ (2 * eta®lambda * besselk(lambda,omega));

pl = ¢ * x."(lambda-1); p2 = -0.5 * (chi ./ x + psi * x);
f = pl .* exp(p2);

Program Listing 9.1 Computes the GIG p.d.f. inthenormal case (A € R, x >0, ¥ > 0)
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Figure 9.1 The GIG p.d.f.: in al cases, nonspecified parameters are unity, e.g., in the top graph,
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We will now compute general expressions for the moments and the m.g.f. of the
GIG distribution using the function k;, (x, ¥ ). Afterwards, we will apply these results
to the subclasses of GIG and discuss the actual existence of the moments — in general,
a somewhat precarious' endeavour.

Assume that (1, x, ¥) € Ogic and X ~ GIG(A, x, ¥). Then the rth raw moment

of X is
HXW=A X foi (o x. ) e
_ T 1
= o W)/o X exp[ 2()(x +1//x)i|dx
Kptr (x5 )
=" 9.18
Ky (X, ¥) (9.18)
It follows that
kK O )
and

kA (X7 1//) k)»+2 (X7 1//) - (k)»+1 (X7 1/,))2 (9 20)
(ks O, V)2 -

The moment generating function of X can also be determined:

V(X) = E[X?] — E[X]? =

M%@N%W=ﬁ & foi (53 2 10 ) e

S S 1o B
_kx(x,l//)/o ! eXp[ ST+ (Y 2t)x)i|dx

ki (X, ¥ —21)
=27 9.21
kv (x5 ¥) ©20

9.4.2 The subfamilies of the GIG distribution family

For an overview consult Table 9.1 and Figure 9.2.

9.4.2.1 The proper GIG distribution (if A € R, x > 0, ¢ > 0)

Here, in the normal case, an interesting alternative parameterization of the GIG distri-
bution is available: set n := /x /¥ and w := /x . Then the parameters A and w are

1 Precarious is a word that contains all vowels exactly once, like equation, Austin Powers, Julia Roberts,
sequoia, and behaviour (at least in the UK). There are words in foreign languages as well: Alufolie (German,
‘tin foil”), vino spumante (Italian, ‘sparkling wine’) and lubmandiké (Chinese, ‘romantic’), and, among the
shortest, oiseau (French, ‘bird’) and aiuole (Italian, ‘flower bed’).
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Table 9.1 Specia cases of GIG

Name Parameter range

normal case reR x>0 v >0
gamma (Gam) A>0 x=0 v >0
inverse gamma (1Gam) A <0 x>0 v =0
exponential (Exp) A=1 x=0 v >0
positive hyperbolic (pHyp) A=1 x>0 v >0
Lévy A=-1/2 x>0 v =0
inverse Gaussian (1G) A=-1/2 x>0 v >0
limiting case Dirac A,, x >0 | A e R n—x w— 00

proper GIG

Exp [Dirac] [Levy]

Figure 9.2 The subclasses of the GIG distribution: solid arrows point to subclasses, dashed arrows
indicate limits

scale-invariant, and 7 is a scale parameter (see Problem 9 5). We will switch between
the parameterizations throughout this chapter whenever it seems useful. Note that, in
the normal case, the p.d.f. of the GIG distribution can be expressed as

Fais(x; A w)—;G)Hex _1, (f)_l+f T(0,00) (X)
GIG ) ) X’ - an)\ ((,()) 7] p 2 T’ 77 (0,00) ’

which, recalling the location—scale form (1.7.1), confirms that n = /x /¥ is a scale
parameter. This distribution possesses all moments, and a moment generating function
on a neighbourhood of zero: if r € R, then the rth raw moment of X ~ GIG(A, x, V)
is

r K)Hrr ((1))

. 9.22
K; () (922

E[X"] =/0 X foic (X A, x, ¥)dx =1

This equation can be derived by plugging (9.8) into (9.18). In Problem 9.8 we use
this equation to prove

LK (w)

E[lnX] = L
[InX] =Inn+ K, (@)

(9.23)
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By making use of (9.19), (9.20), and (9.21), the following can be shown:

K 11(w) > Ki(@) K 2(0) — Kip1(0)?
E[X] = , V(X)) = ,
[X]=n X, @) X)=n K, @)
and
Maic(t; 2, x, ¥) = Kalov1=2/%) —o0o <t <Y/2

K (o) (1—2t/y)"?

9.4.2.2 The gamma distribution Gam (if . > 0, x =0, ¥ > 0)
In boundary case I, the GIG distribution reduces to the gamma distribution

Gam(x, ¥/2) = GIG(L, 0, ¥).

(9.24)

(9.25)

It possesses a moment generating function on a neighbourhood of zero, and all
positive, but not al negative moments. Let r € R. Then the rth raw moment of X ~

GIG(A, 0, ) exists iff r > —A, and then

> T -
E[X] =/0 X" foic (x; 4,0, ¢)dx = (r(j:)r) (%) )

(9.26)

This formula is well known, and we can easily read it off equation (9.18) using

(9.9). Similarly,
E[X] = L V(X) = L
Y2 (/2%
and
20\
Maig(t; 4, 0, %) = (1— E) , —oo<t<y/2

9.4.2.3 Theinverse gamma distribution IGam (if A < 0, x > 0,4 = 0)

(9.27)

(9.28)

In boundary case |1, the GIG distribution reduces to the inverse gamma distribution

with density
Sicam(x; =X, x/2) = faic(x; A, x, 0)

= (g)_A r(—» " texp [—%xfl] L0,00) ()
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(see Problem 1.7.9). It possesses al negative, but not al positive moments. Its m.g.f.
is only defined on the negative half-line. Let » € R. Then the rth raw moment of
X ~ GIG(}, x, 0) exists iff r < —A, and

r1 _ * r . _ F(—)\,—V) X\
E[X"] —/0 x" foig (x; A, x, 0)dx = YT <E> . (9.29)
The mean (and variance) exist if A < —1 (and & < —2); these are
__x 1 _ (XY !
E[X] = -5 ad V()= (2) T T (9.30)

The preceding equations follow from (9.18), (9.19), and (9.20), respectively, by an
application of (9.10). The moment generating function can be computed from (9.21),
but we have to be somewhat careful. The numerator of (9.21) has to be computed
using (9.8), whereas (9.10) is needed for the denominator:

21()L («/ —ZXt)
T(=A) (—xt/2)*?

Mgic(#; A, x,0) = —00 <t <0, (9.31)

where Mgic(0; A, X 0 =1

9.4.2.4 The exponential distribution Exp (if A =1, x =0, ¢ > 0)
If A=1, x =0and ¥ > 0, then the p.d.f. of the GIG distribution reduces to

feic(x:1,0,¢) = %GXD [—%X} L0,00) () = fExp(¥/2),

i.e., an exponential distribution with parameter /2,
Exp(v/2) = GIG(1, 0, ¥),

this being a specia case of the gamma distribution mentioned above.

9.4.25 The positive hyperbolic distribution pHyp [if A =1, x > 0, ¢ > Q]

The log-density of this distribution is a hyperbola and, like al GIG distributions, it is
positive (i.e., it is supported on the positive half-line), hence the name. Below, we detail
the hyperbolic distribution family Hyp, the log-density of which is aso a hyperbola,
but living on the whole real line. To avoid possible confusion, one could alternatively
deemthe GIG distribution with A = 1 ageneralized exponential distribution, because we
havejust seenthat GIG(1, O, ) isan exponential distribution. However, we have already
given thisnameto the GED distributionwemet in (1.7.73) and (7.1). Moreover, the name
positive hyperbolic distribution is widespread in the literature, where it is, for instance,
used to model particle size data collected by the Viking Mars landers (see Garvin, 1997;
and Christiansen and Hartmann, 1991, pp. 237—248, and the references therein).
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We parameterize it as follows:

PHYP(x. ¥) == GIG(L x. ¥), x >0.¢ >0.

It is a matter of taste whether to include the case x = 0 in the pHyp family; to be
consistent with the literature, we treat GIG(1, 0, ¥), i.e., the exponential distribution
Exp(y/2), as alimiting case (x — 0) rather than a subcase of the positive hyperbolic
distribution. The p.d.f. of pHyp is given by

Joryp(xs X5 ) = faic(x: 1, x, ¥)

_ 1 el it
20K (o) eXp[ P+ ‘/’x>] Loooy@®).  (9.32)

The moments and the m.g.f. of the pHyp distribution can be obtained by evaluating
the formulae for the normal case stated above for A = 1.

Note that the parameter space of the exponential distribution, considered as a
subfamily of GIG, is located precisely where the parameter spaces of the gamma
distribution (x = 0) and the positive hyperbolic distribution (A = 1) meet.

9.4.2.6 The Lévy distribution (if » = —1/2, x > 0, ¢ = 0)

The Lévy distribution is avery interesting subfamily of the inverse gamma distribution,
Lévy(x/2) = IGam(-1/2, x /2) = GIG(-1/2, x, 0),

which we have already encountered in (1.7.56) and (8.11). Its p.d.f. is

Frow(xs x/2) = (%)” 2 32 exp[—%] 0,00 (%) (9.33)

The moment generating function of this distribution can be calculated as follows
fort <O:

2K12 (V=2x1) 22 =2yt Yie V2
L2 (—xt/27" m(—xt/
= 2172714 14e=vV =211 — exp [—ﬁ«/—Zt] , r<0. (9.34)

Miew(t, x/2) =

Thisformulaimplies that the sum of independent Lévy-distributed random variables
again follows a Lévy distribution. We will show how to derive this fact when we
discuss the analogous result for the IG distribution. As we saw in Example 1.7.6, the
Lévy distribution is a limiting case of the inverse Gaussian distribution, which in turn
can be found to be a subfamily of GIG, as detailed next.
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9.4.2.7 Theinverse Gaussian distribution IG (if A = —1/2, x > 0, v > 0)

If A =—1/2, then the GIG distribution in the normal case reduces to the inverse
Gaussian distribution:

1G1(x, ¥) :=GIG(-1/2, x,¥), x,¢¥ > 0.

Note that we introduced an alternative parameterization, 1G,(X, ), in (1.7.54). The
p.d.f. of alGi(x, y) random variable is

flGl(x; X W) = fG|G(-x; _1/27 X W)

-t x "2 exp [—}(xx‘l + IﬁX)] I0,00) (%),
K_172 (X, ¥) 2
with
- [T o 2m\ Y% _
Koz O ¥) = 207V K ap@) = 2072 [0e = —e = (7) °

where w ;= /xy and n := /x/¢¥. That is,
1/2 1
et = () e ep| <ot 4y [Tom . 039
T 2

asin (1.7.55).

Remarks:
(a) Expressing (9.35) as

1/2 1
fiostei ) = (555) e [w — St wm] L0 (@)
1/2 1
= (525) e [—Eux—l —2/x¥ + wx>] Lo.00) (%),

using the relation

2_2 2 N2
wx L= 20 + = Zern =1//(x n)

X

and v = x/n? (from the definition of n above), the IG density can also be written as

X \¥2 X (x—n)?
(rw) o [_2_;727} {00000

which is (the same form as) (1.7.54).
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(b) Asin the case of pHyp and Exp, it is again a matter of taste whether one should
consider the limiting case . = —1/2, x > 0, ¥ = 0, i.e, the Lévy distribution, to be a
subclass of I1G. We decided, for the sake of consistency with the literature, to exclude
the Lévy distribution from IG, so it is just a limiting case. However, there are some
conceptual properties that both distribution families share, indicating that Lévy and IG
could also be put into a single family. |

The moments of the I1G distribution are calculated in Problem 9.12. The m.g.f. of
the |G distribution can be expressed in the following simple form:

Migy(t x. ¥) = e[ Vi (V¥ = V¥ —2)], —ec<r=w/2  (936)

Indeed, from (9.25) and (9.3), the m.g.f. of the |G distribution reduces as follows:

Kl/z (a) /1— %)

K12 (w) ( - %)71/4

= —1/a
w1 2gw (1 — %)

o)l

This makes sense whenever r < /2. Note that this formula also makes sense for
¥ = 0, and, in this case, we get the m.g.f. of the Lévy distribution. We now discuss the
distribution of the sum of independent I1G r.v.s by analysing the m.g.f. The following
argument also holds for the Lévy distribution by plugging in ¢ = 0.

Recalling from (2 2) that, for independent r.v.s X and Y, My, y(z) = Mx(¢) My(2),

it followsthat, if X; nd 1G1(xi, ¥), thenthem.g.f.of S = X; + Xo + --- + X, isgiven
by

Mg, (t, x, ¥) = Maic(t; =1/2, x, ¥) =

M(t) = li[exp [ﬁ( ¥ — VY- ZI)] (9.37)

i=1

o) (3 5) (V9 - v973) | - e[ (V5 - v72).

1/2 1/2 1/212

foral t € (—oo, ¥/2), where x = (/" + x5+ -+ + xa’*)". Because the m.g.f. of
a nonnegative r.v. uniquely determines its dlstrlbutlon as discussed in Section 1.2.4,
we can conclude that S ~ IG1(x, ¥). If we let v = O, then the same argument shows
that the sum of independent Lévy r.v.s also follows a Lévy distribution.
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9.4.2.8 The degenerate or Dirac distribution as a limiting case

Suppose that X is a constant r.v. having some constant value x € R. Then X has
a distribution which we call the degenerate or Dirac distribution with value x, and
denote it by A,.

Let » € R and x € [0, oo). Then, with w = /xv¥ and n = /% /¥,

GIG(A, x,¥) —> Ay  fornp— x and @ — oo where x, ¥ > 0. (9.38)

These special cases are presented in Table 9.1, and a synopsis of the connections
between the various specia casesis given in Figure 9.2.

9.5 The generalized hyperbolic distribution

The family of generalized hyperbolic (GHyp) distributions is obtained by mixing
normals using the GIG family as weights. This approach would give us a natura
parameterization of the GHyp family, taking the three parameters A, x, and ¢ of
the GIG distribution plus the parameters 8 and n appearing in the mixing procedure.
But historically, another parameterization has dominated the literature, which we will
also use. As such, we show how to convert between the two parameterizations. This
enables us to work with either of them, switching from one to the other whenever it
iS convenient.

9.5.1 Definition, parameters and general formulae

For given parameters «, 8, and §, set x := 82 and ¢ := «® — 2. Now define the
generalized hyperbolic distribution (GHyp) as follows. Let «, 8§ € Rso, A, u € R and
B e[—a,a]. For (A, x,¥) € Ogs, We define the generalized hyperbolic distribution
GHyp(A, a, B8, 8, n) as a GIG(x, x, y)—variance—mean mixture of normal distribu-
tions, i.e.,

GHyp()\,, o, ,B, 5, ,bL) = MiXGlG(A,BZ,az—ﬁZ)(M’ ,3) (939)

The domain of variation of the parameters of the GHyp distribution is A, u € R,
a,8 >0, B € [—a, «] such that the following conditions are satisfied:

1Bl <« and 5>0 if A=0,
1Bl <« and §>0 if A >0,
1Bl =« and §>0 if A <O

In order to calculate the p.d.f. of the GHyp distribution, we have to solve the
integrals appearing in the mixing procedure. At first glance, this does not appear to
be an attractive activity! In order to save time and effort, we do the calculation just
once, in its most general form, giving us a somewhat mysterious formula for the
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p.d.f. involving the function k; (x, v) (which has already appeared as the normalizing
constant of the GIG distribution). When discussing the subfamilies of GHyp, we will
deduce more explicit formulae for the p.d.f.

Let A, u € R, a,8 >0, B € [—a, «] such that (1, 82, a® — B?) € Ogic. Then from
(9.39),

Soryp(xs A, a, B, 8, 1) = fwmix (x; s B)

GIG(r,8202—p2)

= / NG i+ Bz, 2) faie(z; A, 82, a® — B2 dz
0

[ e g
_/0 2z exp{ 2 z }

1 A—1 1 2 1 2 2
K (0% @ — )" eXP{—§(5 T (@ = p2) [ dz
B : / OoZl_l‘%e*%(Zil[(x*f“zﬁzl+Zla27ﬁ2+ﬁ2]—Zﬁx+2ﬁ;t) dz
V27 K (82, a2 — p2) Jo

= 1 ePr—w) > [)»—%]—1 *%(Zil[(x*M)ZJrSZ]Jrzaz)d
V271 K; (52’ a2 — ﬁz) 0 < S Z

:k)\i% ((x—w)2+82, a2)

or

k)\_% ((x — )+ 82, Olz)

Ve O (9.40)

fGHyp(x§ )"» o, ﬂv 8’ :u“) =

Before we arrive at more explicit, but less general, expressions for the density, we
derive the general formulae for the mean, variance, and m.g.f. of GHyp. To calculate
the expected value, we use (9.13) for mixtures of normals, and the expression calcul ated
for the mean of the GIG distribution. Suppose X ~ GHyp(A, «, 8, 8, u), and define
x =382 and ¢ = a® — B2 For Z ~ GIG(%, x, V), we proved above that

kK O ¥)
B =

so, by the mean equation (9.13), it follows that

k)»-‘rl (X ) w)

E[X]=pn+BE[Zl=n+8 K O )

Similarly, it follows from

ki Oty ) Koz (x5 ) — (Kiga (X, ¥))2
(K. (x, ¥))2

V(Z) =
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and (9.14) that

Kit1 (X, ¥) 2K G V) Koz (X, W) — (Kiga (X ¥)?

2
VOO=RZI+ VO =R 0y T (< O, V)2

Admittedly, this latter expression is somewhat complicated and not particularly
handy.? But this complexity precisely illustrates the utility of the mixture approach,
viathe GIG distribution. Attempting to calculate the variance of the GHyp distribution
directly would be clumsy and unnecessarily difficult.

Analogously to the above computations, we use (9.16) and the general formula
(9.21) for the m.g.f. of the GIG distribution to get

K (X ¥ — 2081 +12/2))

_ it 2 _
Mix(r) = €Mz (Br 4 1%/2) = & <O )

Now

U — 2Bt +12/2) =a? — B% — 2Bt — 1> = a? — (B + 1),

ok (8%, a® — (B +1)?)
Mx(1) = ¢ k. (62, a2 — B?)

This holds for al r such that —a« — 8 <t <o — B.

9.5.2 The subfamilies of the GHyp distribution family

The GHyp distribution family is quite flexible, but this comes at the price of complexity.
However, we can use the mixing mechanics as a tool to get an overview of the vast
number of important subfamilies. As GHyp is constructed as a GI G mixture of normals,
it follows that to every subfamily of GIG there corresponds a subfamily of GHyp, and,
moreover, this GHyp subfamily inherits properties from the mixing weights used. This
is the reason for having discussed the subfamilies of GIG in such detail.

9.5.21 The proper GHyp distribution (if A e R, >0, 8 € (-, @), 8 > 0, u € R)

It follows that x := 8% > 0 and ¢ = «® — 2 > 0, SO we have a mixture of proper
GIG distributions. The normal case (x > 0, ¥ > 0) can be considered to be a GHyp
distribution in the strict sense, and we can use (9.8) to derive its p.d.f. from the general
formula (9.40),

2 Mencia and Sentana (2004) give impressive expressions even for the skewness and kurtosis of GHyp in
the multivariate case.
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Jeryp(x; A, o, B, 6, )
©.40) K- ((x = )% + 62, o?)
VEk (. o7~ )
2
05 (2= F)? K 1@/ —w?+8%)

Y =3 )
o \/Zakoﬂ‘%l(,\(a Fz_ﬁ) (x — )2+ 82 2ebl—n

eﬂ(x—u)

or, with| y, =82+ (x — )2,

A A—3
(a® — p?)Zy; 2

V2R 384K, (8/a? — B2)

Soryp(x: A, e, B8, 1) = K3 (ay) €7,

(9.41)

Remark: There is a considerable amount of confusion in the literature about the suit-
able domain of variation for the parameters of the GHyp distribution. Because we have
introduced GHyp as a GIG mixture of normals, we decided to give GHyp the rather
complicated parameter space which is described on page 315, reflecting the fact that
the natural domain of variation for the parameters of the GIG distribution comprises
two boundary cases. Various authors give GHyp this larger parameter space but intro-
duce it having the p.d.f. (9.41), which does not make sense on the boundary, e.g., for
a = B =0. In fact, the general formula (9.40) represents the p.d.f. of GHyp on the
whole parameter space and (9.41) is only true for the ‘normal case’ which we termed

the proper GHyp distribution. |

Listing 9.2 gives a program which computes the GHyp p.d.f. in the normal
case. Numerically integrating the density via quadl (@ghyppdf,lo,hi,le-
8,0,lambda,alpha,beta) (where 1o and hi specify the range of integration)
verifies that the density is proper. Numeric integration can also be used to calculate
the c.d.f. Figure 9.3 shows the GHyp density for several parameter values.

function f=ghyppdf (x,lambda,alpha,beta,delta,mu)

if nargin<6, mu=0; end

if nargin<5, delta=1l; end

a=alpha; b=beta; lam=lambda; % just easier to work with
c=sqrt(a”2 - b"2); y = sqrt(delta”2 + (x-mu).”"2);

tl=c”lam * y.”(lam - 0.5);

t2=sqrt(2*pi) * a”(lam-0.5) * delta”lam * besselk(lam,delta*c);
dl=besselk(lam-0.5,a*y) .* exp(b*(x-mu));

£ = (tl./t2) .* d1;

Program Listing 9.2 Computes the GHyp p.d.f. in the normal case
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Figure 9.3 The GHyp p.df. for § =1 and © = 0: (top) « =2 and B = 1; (middle) » =1 and

B =1 (bottom) A=1land o =2

In the normal case, we use the abbreviations
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Suppose X ~ GHyp(%, «, B, 8, n) and Z ~ GIG(%, x, ¥). To deduce an expression
for the mean, we could either use the genera formula for the mean of GHyp derived
above, or apply equation (9.13) for mixtures of normals and the expression calculated
for the mean of the GIG distribution in the normal case,

K;11(w)

E[Z] =n K@)

implying

Kj1(w)

E[X] = u+ BE[Z] = n + Bn Ko@)

By a similar argument,

Km(w) + 2 2 Ko (@)K 42(w) —Km(w)z_

— 2 —
VOO =B[Z)+ 52V(2) = F AT

An expression for the m.g.f. of the GHyp distribution in the normal case can be
derived in the same way using (9.16) and (9.25), but we can aso directly deduce it
from the genera formula. In any case,

K, (5 o — (B + t)Z)
K, (s/a7— ) ()

with convergence strip given by those values of ¢ such that —o — 8 <t < a — B.
Using the abbreviation v, := a® — (8 +1)?, and recalling that x =462 > 0 and ¢ =
a? — B? > 0, this can aso be expressed as

My(r) = € (9.42)

K. (V)

My (z) = .
X0 K (VXW) Wi 92

9.5.2.2 The variance—gamma distribution VG (if A > 0, @« > 0, 8 € (—«, ), § = 0,
w € R)

Then x =82 =0and ¢ = «® — B2 > 0, resulting in a gamma mixture of normals. If
we want to apply the general formula (9.40) to compute the p.d.f. in this case, we
have to be careful. As § = 0, we have to use (9.9) rather than (9.8) to compute the
denominator in (9.40), whereas the numerator can be calculated as in the normal case:

2(“) ey

) _ X =K _ (x—p)

.fGHyp(-x7 )"a a, 137 O’ /'L) - \/EF()\,) ( o ) K)L—%(a|x M')eﬂ K *
(9.43)
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We will refer to this as the variance—gamma distribution (VG), so that

VG(A, «, B, 1) := GHyp(A, «, B, 0, ).

It was derived directly in Example 7.20, with © = 0, and substituting b = A, m = 8,
and ¢ = («? — p?)/2 yields (7.41).

This distribution was popularized by Madan and Seneta (1990) in their study of
financia returns data,® and continues to receive attention in this context; see Seneta
(2004) and the references therein. Bibby and Sgrensen (2003) also propose the name
normal —gamma (NG) distribution. See Problem 3.5 for expressions for mean, variance,
and m.g.f. of the GHyp distribution in boundary case I, i.e., of the variance—gamma
distribution.

9.5.2.3 The hyperbolic asymmetric (Sudent’s) ¢ distribution HAt (if . < 0, 8 € R,
a=1|B],6 >0, ueR)

Now, x =682 > 0 and ¥ = a? — % =0, and we have an inverse gamma mixture of
normals. There are two cases to distinguish, « = || > 0and o« = 8 = 0.

For the former, note that the denominator of (9.40) has to be computed using (9.10),
and the numerator can be treated as above to get

2(5%/2)" ( y

A BL B S ) = ——— |
e 1 1B, .81 = <=

=3
) K,y (Bl &7, (9.44)
where
Y=+ (x — w2
In the second case, where @ = 8 = 0, the equation changes quite dramatically. Both
the numerator and the denominator of (9.40) have to be calculated by the use of (9.10),
yielding
foryp(x; 4,0,0,8, u) = / NG 1, 2) fais(z; x, 8%, 0) dz
0
(9.40) k,\_% (x = w?+6%0)
kY, 2w k)\ (52, O)
_1
@10 ((x =2 +6%)" 20 (-2 +3)
V27 (82)" T (=)
_ =241

r(=%t) 1 (x— w2\ ?
eI 14— . (9.45)

eo'(x )

3Madan and Seneta (1990) only consider the symmetric case, and use a different parameterization than
the one we adopt. To convert to their notation, set v = 1/, 02 = (21)/a?, and m = 1. To convert from their
notation, set § =0, A = 1/v, and o? = 2/(c%v).
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322 Generalized inverse Gaussian and generalized hyperbolic distributions

which (as g = 0) is symmetric about . If §2 = —24 =: n, then this is a Student’s ¢
density with n degrees of freedom. The parameter § is just a scale parameter of the
distribution GHyp(%, 0, 0, 8, ), and u is alocation parameter.

In light of (9.45), we see that (9.44) can be interpreted as (yet another) skewed ¢
distribution. Running out of names for generalized ¢ distributions, we term this the

hyperbolic asymmetric (Student’s) ¢, or HAt, given by
HAt(n, B, 11, 8) := GHyp(4, |Bl. B. 8, w),

wheren = =21, n >0, 8, n € R, § > 0, and A, = —n/2. Bibby and Sgrensen (2003)
refer to it as the asymmetric scaled ¢ distribution, whereas Aas and Haff (2005, 2006),
who have also analysed its applications to skewed financial data, name it the (gener-
alized hyperbolic) skew Sudent’sz. For g # 0, this distribution has p.d.f.

n+l

27n+18n . _%
Sfratxsn, B, 1, ) = m (%) K_%l (I1Blyx) eﬁ(xfmv (9-46)

where, as before, y, = /62 + (x — u)2. Asin (9.45), if B =0, it reduces to the Stu-
dent’s ¢ p.d.f.

nt+l

rg) 1 x—u\?\ %
Jrat(xsn, 0, 1, 8) = O 1+< : ) '

More precisely, thisis the usual ¢ distribution with n degrees of freedom if we set
82 = n. Figure 9.4 illustrates the density of HAt for three values of 8.
For a discussion of the mean, variance, and m.g.f. of GHyp in boundary case Il, the

reader is referred to Problem 9.10.
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Figure 9.4 Hyperbolic asymmetric ¢ density (9.46) for u =0and§ =1
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9.5.2.4 The asymmetric Laplace distribution ALap (if . =1, a > 0, 8 € (—a, ),
3=0,ueR)

Then x =0, v > 0,and A = 1, i.e,, we have an exponential mixture of normals.
Thisis a subfamily of the variance—gamma distribution, the resulting density being

2

2
o —
fALap(X, a, 137 /’L) = fGHyp(X, 1’ o, ,Ba 07 /’L) = TIB e—alx—m+ﬁ(x—u)’ (947)

with distributional notation

ALap(a, B, n) := GHyp(L, , B, 0, ).
Note that, with 8 = 0, this simplifies to

& a—alx—pl
2

which is the usual location—scale Laplace p.d.f. (1.7.17); more precisely,

GHyp(L, @, 0,0, 1) = Lap (1, ™) .

This agrees with Example 9.1, which showed that the exponential mixture of nor-
mals results in a Laplace distribution. So the question arises as to what we get if we
take the positive hyperbolic distribution, which generalizes the exponential distribu-
tion, as the mixing weight. The answer is Hyp, the hyperbolic distribution, which we
discuss next.

Remark: The density of the asymmetric Laplace distribution can be reparameterized
in the case i = 0 as follows. Define B :=«a — B and B~ =« + B, then

e @Bl = Bl jf x >0,

e—a|x|+ﬂx —
e_(a"rﬂ)‘x‘ — e_ﬂ7|x|’ if x < 0.

So the asymmetric Laplace can be constructed by taking two Laplace densities with
parameters 8+ and B, one for the positive and one for the negative half-line. We have
met this way of producing asymmetric from symmetric distributions in Chapter 7,
and indeed, if we apply the formula (7.9) of Fernandez and Steel to the Laplace
distribution, we get ALap. More precisely, remembering that the density of Laplace
iS fiap(x; o) = 1/(20)€*V/°, we are looking for 6 and o such that B+ = 1/(c6) and
B~ =0/0. Itis straightforward to check that

1 Ny

0=—— ad 0=-———
az_ﬂz oa—pB

give the solution. |
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9.5.2.5 The hyperbolic distribution Hyp (if A =1, ¢ > 0, 8 € (—a, ®), § > 0,
w € R)

Heel =1, x >0, ¥ > 0, so thisis a pHyp mixture of normals. The hyperbolic dis-
tribution, Hyp, is defined as the distribution®

Hyp3(Ot, :37 87 ,LL) = GHyp(lv o, /37 87 M)

The density, as derived in Problem 911, is

| _ Ja R R
nypS(x’ 06’18’8’ H‘) - 20[5K1(6\/m) eXpI:—Ol 52+ (X _M)2+,B(x - M):I .
(9.48)

In the boundary case § — 0, we have /62 + (x — u)2 — |x — u| and we get the
skewed Laplace distribution we met in (9.47), this being an Exp mixture of normals
as we have seen above.

As aready mentioned, the name of this family originates from the shape of the log-
density. The log-densities of the hyperbolic distribution are hyperbolae, even in the
skewed case (B # 0), while the log-density of the normal distribution is a parabola.
Exactly as parabolae are limits of hyperbolae, the normal distribution is a limit of
hyperbolic distributions.

9.5.2.6 Anasymmetric Cauchy distribution (if A = —1/2, 8 e R, = |B],§ > O,
w € R)

Thisisaspecial case of the hyperbolic asymmetric ¢ distribution HAt, discussed above.
If we use the Lévy distribution as a mixing weight, then we get a distribution having
the following p.d.f. (just take the p.d.f. of HAt for A = —1/2):

2(82/2)"? (y )‘1 _
c—1/2, 8,8, 0) = ————— (=) K_ L) PO
Sfrat(x; =1/2, 8,6, 1) Tt B 1 (IBlyx)
_ 8181

K_1(1Blys) €071,

X

for B # 0 and letting

Yo =82+ (x — w2
In the symmetric case, i.e., with 8 = 0, we get
1)
7 (824 (x —p?)’

i.e, HAt(—=1/2,0,8, u) is a Cauchy distribution. The Cauchy distribution does
not possess a moment generating function, but we can prove that, if X follows

frat(x; =1/2,0,8, p) =

4We write Hyp, for this parameterization because, in Chapter 1.7, we have aready introduced two alter-
native parameterizations, called Hyp; and Hyp,.
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fuar(x; =1/2, 8,8, n) with B #0and —a — B <t < o + B, then
My(r) = et e Ve ~(B+n?, (9.49)

Note that, as « = |8], the m.g.f. is not defined on a neighbourhood of zero but
rather on a closed interval such that one of the borders is zero.

We do not bother to give HAt(—1/2, 8, §, 1) a name of its own. It is a subfamily
of the hyperbolic asymmetric ¢ distribution HAt and a limiting case of the following,
rather general subfamily of GHyp, which is of much greater importance in our context,
and the calculations concerning the m.g.f. can be done in this more general situation.

9.5.2.7 The normal inverse Gaussian distribution NIG (if . = —1/2, « > 0,
Be(—u,a)d>0 uek)

The normal inverse Gaussian (NIG) distribution is defined as
NIG(e, B, 8, ) = GHyp(=1/2, a, B, 8, ),

and has density

) _ S e2—p2 ad 2 — 2) B0
e a, B, 8, 1) = € anl (oc\/S +(x—p) )eﬁ 2
(9.50)

The preceding formulastill makes senseif « = |8| > 0 and it isthen just the p.d.f. of
the asymmetric Cauchy distribution that we have just met. So the asymmetric Cauchy
distribution is a limiting case of NIG, and if «, 8 — 0, we get the usua Cauchy
distribution.

The formulae for the mean, variance, and skewness for the NIG distribution take a
much simpler form than for the genera case of GHyp. If X ~ NIG(«, 8, 8, i), then

n2 n2 ?
E[X] = p+pn, VX)=n+p°~, pa(X)=88—+36""5, (951

where n = §//a? — B2 and w = §\/a? — 2. For the m.g.f., we obtain
Mx(f) — e{l,tes(\/olz—ﬂz_\/ﬂlz—(ﬂ'H)z)’ —o — ,B <t<a+ ,B (952)

Problems 9.11 and 9.12 derive these results.

By definition, the NIG distribution is an |G mixture of normals, and we have already
seen that the family of inverse Gaussian distributions has a stability property in that
the sum of independent |G r.v.s is again |G distributed. This carries over to the NIG
distribution, as we shall see in the last section of this chapter.

Remark: Above we have seen that the Lévy distribution is a limit of |G distributions
and could even be considered as a subcase. In the same way, the (asymmetric) Cauchy
distribution could be considered a subfamily of the NIG distribution with « = |B|. That
this would make sense can be underpinned by the fact that the Cauchy distribution
and the NIG distribution share important properties such as stability under sums of
independent r.v.s. However, we decided to exclude the Cauchy distribution from NIG
to be consistent with the literature, and also to ensure that it is easier to reparameterize
the NIG, as we will see below. [ |
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Tables 9.2 and 9.3 and Figure 9.5 provide an overview of the results pertaining to
the GHyp distributional class.

Table 9.2 Specia cases of GHyp

Name Abbrev. Parameter range

variance—gamma VG A>0 | a>0|Be(—aa) =0 |nelkR
asymmetric Laplace AlLap Ar=1 |a>0|pe(—n,a)| =0 |pekR
Laplace Lap A=1 | a>0 B=0 =0 |nek
hyperbolic Hyp A=1 |a>0|Be(—a,a)] §>0 |nueR
hyperbolic asymmetric ¢ |HAt A<0 |a=]|8] B=>0 >0 [nekR
Student’s ¢ t A<0 | a=0 =0 >0 [neR
Cauchy Cau A=-1/2| « =0 B=0 >0 |pek
normal inverse Gaussian|NIG A=-1/2| « >0 |Be(—a,a)| §>0 |nuelR
normal (as a limit) N LeER |a—>oo| B—Po [2—>0%|neR

Table 9.3 Connections between GIG and GHyp

Mixing weight Resulting distribution
proper GIG proper GHyp

gamma (Gam) variance—gamma (VG)
exponentia (Exp) asymmetric Laplace (ALap)

exponential (Exp) with 8 =0 | Laplace (Lap)
positive hyperbolic (pHyp) hyperbolic (Hyp)

inverse gamma (1Gam) hyperbolic asymmetric ¢ (HAt)
inverse gamma with 8 =0 Student’s ¢

Lévy an asymmetric Cauchy

Lévy with 8 =0 Cauchy

inverse Gaussian (1G) normal inverse Gaussian (NIG)
Dirac A, withx >0 normal distribution

proper GHyp

[NIG|]  [Studentst|

Normal Cauchy|
Figure 9.5 The subclasses of the GHyp distribution: solid arrows point to subclasses, dashed
arrows indicate limits
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9.5.3 Limiting cases of GHyp

There are two limiting cases of the GHyp distribution which are noteworthy: the normal
distribution and the GIG distribution. The first is of obvious practical and theoretical
interest, whereas the second limit just shows what happens as the GHyp distribution
becomes maximally skewed, and is primarily of ‘academic interest’.

As mentioned in (9.38), the one-point distribution is a limiting case of the GIG
distribution family. Taking the one-point distribution as a mixing weight results in a
degenerate mixture, i.e., just a normal distribution. To be more precise, let 1, fo € R
and 02 € R, so that

MiXa_, (1, Bo) = N(ut + foo?, 0%).

As the mixture depends continuously® on the weight and the mixing parameters, we
can conclude that, if GIG converges to a Dirac distribution, then GHyp converges to
a normal distribution; hence the following convergence behaviour of GHyp.

Normal distribution as a limiting case: Let ag > 0 and o, Bo € R. Then, for all
A eR,

GHYp(., @, B, 8, 1) = N(uo + Boo§, 03)
aSoz—>oo,8—>oo,y,—>,uo,and,8—>ﬂowith5/a—>002.
Similarly, as is shown in Eberlein and Hammerstein (2004) for the proper GIG
distribution, direct calculation reveals the following.
GIG distribution as a limiting case: Let 1o € R and g, xo > 0 such that
(X0, x0, ¥o) isin the parameter space Ogg of the GIG distribution. Then

GHyp (Ao, @, B, 8, 0) — GIG(Ao, x0, Vo)

asa — 00, B — oo, and § — 0 such that o — B — /2 and as? — xo.

Note that the condition « — 8 — /2 means that 8 and « converge ‘at the same
speed’ to infinity, so the GHyp distribution with these parameter values becomes more
and more skewed to the right until there is no mass remaining on the negative half-
ling; this results in a positive GIG distribution. Doing the same thing, but bending the
GHyp distribution more and more to the left, we get a symmetric picture, namely the
reflected GIG distribution on the negative half-line, which we denote by — GIG:

The reflected GIG distribution as a limiting case: Let Ao € R and v, xo0 > 0
such that (Ao, X0, Y0) € Ocic. Then

GHyp ()"Ov o, 137 87 O) - — GIG()"Oﬂ X0, 1)00)

asa — 00, B — —oo, and § — 0 such that o + B — /2 and ad® — xo.

5The notion of continuity (or convergence) that has to be used at this point is the notion of weak continuity
(or weak convergence) which also gives rise to the term convergence in distribution for random variables (see,
for example, Fristedt and Gray, 1997). As we do not want to say too much about this topic here, we prefer
not to give the precise definitions and proofs. If desired, the reader may consider checking that the density
functions converge pointwise in the two cases of convergence that we mention in this paragraph.
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In both cases, if u # 0, we have to shift the resulting distribution by & (yielding a
shifted GIG or — GIG distribution).

9.6 Properties of the GHyp distribution family

9.6.1 Location-scale behaviour of GHyp

If X ~GHyp(,a, 8,68, 1) and a, b € R with a # 0, then
aX + b~ GHyp(r, af/lal, B/a, Sla|, an + D). (9.53)

This fact can be proved in severa ways. We choose the brute force method and
calculate the p.d.f. of aX + b using the general formula (9.40) for the p.d.f. of GHyp
(we usethe abbreviationso’ = «/|a|, B’ = B/a, and 8’ = §|a| aswell as ' = au + b):

Fax+6(x) = a * fouyp((x —b)/a; A, a, B, 8, 1)

L ((x =b)/a — p)* + 82, a?)
V2r k; (82, a? — B?)
ki (= b—ap?/a® + @lal)?/a®, a*(@/la])?)
V21 k; (8la))?/a?, a2 ((@/la))? — (B/a)?))

N2 s2) 2 2 72
:ailk)\_% (((x — ) +4é )/a , a’a ) Fe) _ a)
V2 k;, (S/Z/az, a? (0/2 — ,8/2))

Now use formula (9.12) in the numerator and denominator:

B ((x—b)/a—)

g(Bla)(x—b—ap)

(a?)~ 0= kx—% ((x —u)2+62, oz/z)

() =a"t Farar e
V2 @)k, (82, a2 — B?)
282 2
— g2t k*—% ((x W)+t ) &f =1

T Y2k (87,07 87)

= fGHyp(-x; )\‘7 a/» /3/’ 8/» /-'L/)'

Remark: Thereisanother way to analyse the location—scale behaviour of GHyp which
givesus more insight than the direct calculation. By our construction, GHyp isamixture
with mixing weight GIG, and there is close relation between the scale behaviour of
the weight and the location—scale behaviour of the resulting mixed distribution that
we will now outline.

First, an obvious bit of notation. If 7 is a distribution on R and a, b € R, then
we write amr + b for the distribution with the property that, if Z ~ x, thenaZ + b ~
arw + b. Now the following theorem is true.
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If 7 is a positive (continuous) distribution and a, b € R such that a # 0, then for
dl B, ueR:

a Mixz (. B)) + b = Mix,2, (ap + b, B/a).
To see this, let X and Z be random variables such that Z ~ 7 and (X | Z) ~
N(uw+ BZ, Z). Then, by definition, X ~ Mix, (i, 8). To derive the distribution of
aX + b we use

@X +b|2Z2)~aNu+BZ,Z)+b=N(au+apZ +b,a*Z).

Because aX +b | Z and aX + b | a®Z describe the same distribution, we can
rewrite the formula for it as

(aX +b|a*zZ) ~N ((a,u +b)+ g(aZZ), aZZ) :
making it possible to use the definition of the mixed distribution again, which says that
aX 4+ b~ Mix,z, (an + b, B/a).
If weuser = GIG(%, 82, «® — %) as amixing weight, then we can use the formula
rGIG(, x, ¥) = GIG(, rx, r 1),
proved in Problem 9.5, to get

aGHyp(L, @, B, 8, 1) + b = a (MiXgig.s2.42—p2)(1t- B)) + b
= MiX,2g160,52.42-p2) (au + b, B/a)
= MiXeiG( @912, a/lan2—(p/a2) (@ + b, B/a)
= GHyp(x, a/lal, B/a, as, ap + b),

providing a conceptual proof of the above result. [ ]

9.6.2 The parameters of GHyp
The GHyp parameters admit the following interpretations.

e « isthetail parameter, in the sense that it dictates their fatness. The larger « is, the
lighter are the tails of the GHyp distribution. When « = 0 and —2A = § =: n, the
GHyp reduces to a ¢ distribution with n degrees of freedom.

e B €[—a, «] isthe skewness parameter. As |3| grows (compared to «), so does the
amount of skewness, and the distribution is symmetric when g = 0.

329
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Note that g aso influences the fatness of the tails of the GHyp distribution in that
it can shift mass from one tail to the other. More precisely,

Saryp(r; A, @, B, 8, 1) oc |x M TN as x — too. (9.54)

Observe how the limiting form of the p.d.f. is the product of the function |x|*~*
and an exponential-tail law (at least if |8] < «); hence, the tails are referred to as
‘semi-heavy’ (see Barndorff-Nielsen, 1998; Prause, 1999, eg. 1.19).

If |8] =« > 0, then one of the tails is a (heavy) power-tail and the other is semi-
heavy, while, if « = g = 0, then both tails are heavy. Note that |3| = « means that
we are in boundary case Il (with 1 < 0), so we are talking about the hyperbolic
asymmetric ¢ distribution HAt. Aas and Haff (2005, 2006) discuss the unbalanced
tails of the HAt distribution and demonstrate its usefulness for modelling financial
data.

e 1 is alocation parameter. When g = 0, the distribution is symmetric, and n coin-
cides with the mean, if the first moment of the distribution exists.

e §isa‘peakedness parameter, and controls the shape of the p.d.f. near its mode. The
larger § is, the flatter the peak of the density becomes. If § assumes its minimum
allowed value of zero, then the GHyp reducesto a (generalized) Laplace distribution,
with its characteristic pointed peak.

e ) is ashape parameter which influences the p.d.f. in a nonspecific way.

9.6.3 Alternative parameterizations of GHyp

There is one obvious parameterization for GHyp that we have aready used in
Section 9.5.1 when we first introduced GHyp and calculated its moments:

O, By xo ) With x =682, ¢ 1= a? — B2

In our context of representing GHyp as a GIG mixture of normals, this is the
natural parameterization. It is obviously quite close to our standard parameterization
A, a, B,8, n) and we only use the variables x and v as abbreviations to streamline
our formulae.

There are at least four aternative parameterizations, three of which can be found
throughout the literature. They differ from the parameterizations given above in that
they parameterize just the proper GHyp distribution with |8] < « and § > O.

1. The proper GHyp distribution has the feature that x > 0, ¥ > 0, so the mixing
weights are proper GIG distributions. So we can use the aternative parameterization
for proper GIG to get an alternative parameterization for proper GHyp:
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_ 8
(oo B ) Withw =yxy =3ve® =% ni=Va/v = o=

This parameterization was introduced on page 319 and facilitates calculations for
the proper GHyp distribution.

2. As we have seen in (9.53), the standard parameters of GHyp cannot be divided
up into a location parameter, a scale parameter, and three location- and scale-
invariant parameters. However, quite obviously, w is a location parameter and a

direct consequence of (9.53) is that
(A, @, B,8, u) witha :=as, B:= 88

is a parameterization such that § is a scale parameter and A, @, B are location- and
scale-invariant.

3. Another common parameterization of proper GHyp is

(A C,p, 8, 0) Wwithe :=8ya?2 - B2=w, p:= g.

Again, 1 and § are location and scale parameters, respectively, and A, ¢, p are
location- and scale-invariant. This can be deduced from the fact that ¢ and p can be
expressed in terms of @ and B, namely ¢ = (@ — BHW and p = B/a. Asw and
B are both location- and scale-invariant, so are ¢ and p. The parameter p is already
a good measure for the skewness of the distribution: if p — 1, then the right tail
of the distribution becomes heavy, whereas the left tail stays light, and vice versa
if p— —1.

4. A rather instructive reparameterization of the proper GHyp distribution is

O pyg, 8,0 With p = (1+¢)"Y2, q:= pp,

with ¢ and p defined in case 3 above. Because p and ¢ are formed out of
the location- and scale-invariant parameters ¢ and p, they (and 1 as well) are
again location- and scale-invariant; i and § are a location and a scale parameter,
respectively. Let us describe the domain of variation of these parameters. Obvi-
oudy, A, u € R, § > 0. The parameter ¢ is alowed to be any positive number, so
O<p<lAs—-l<p<l1l weget—p <gqg < p.Sothe parameters p and g vary
in the so-called shape triangle defined by

{g.p eR?*|0< gl < p <1},
which we analyse in the next section.

Note that, whenever 8 = 8 = p = ¢ = 0, the GHyp distribution is symmetric. Thus,
in the respective parameterizations, these parameters measure the asymmetry of GHyp.
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9.6.4 The shape triangle

The shape triangle was introduced by Barndorff-Nielsen, Blassild, Jensen and Sgrensen
(1985), who realized that the skewness (1) and the kurtosis (y») of the GHyp distri-
bution behave like

(v1, v2) ~ (3¢, 3p?

for small values of ¢ and p. So it seems natura to take the parameters ¢ and p to
measure asymmetry and kurtosis of the (proper) GHyp distributions. As mentioned
above, the parameters (g, p) vary in the triangle {(g, p) e R? | 0 < |¢| < p < 1},
referred to as the shape triangle of the (proper) GHyp distribution.

What is it good for? Imagine you are working with a particular data set which
lends itself to modelling with a GHyp distribution, or, better, several such data sets.
To get an impression of the shapes of the estimated GHyp distributions, represent the
estimated parameters ¢ and p corresponding to each data set as points in the shape
triangle. If the point is in the middle, the density is symmetric, while the more to the
left or right the point is, the more the distribution is skewed. The further down the
point is located, the less excess kurtosis is present in the distribution, and the lower
value (g = 0, p = 0) represents the normal distribution. The upper boundary (p = 1)
is, for A > 0, formed by the variance—gamma distribution; in particular, we find the
Laplace distribution at the upper boundary.

Let us be more precise. We have adready analysed the various limiting cases of the
generalized hyperbolic distribution for our standard parameterization. Now we want
to find the limiting cases again in the shape triangle parameterization (1, p, q, 8, 1);
this is done in great detail in Eberlein and Hammerstein (2004), and an instructive
illustration can be found in Bibby and Sgrensen (2003, p. 217).

For convergence considerations, it is convenient to look at the GHyp distribution
for fixed A, u € R, to let the parameters ¢ and p vary in the shape triangle, and to use
the parameter § to rescale the distributions if necessary to achieve convergence when
approaching the boundary of the triangle.

Before we discuss the behaviour of the GHyp distribution at the boundary of the
shape triangle, have a look at Figure 9.6. This depicts the domain of variation of the
parameters p and ¢ for various choices of A. The upper edge corresponds to p = 1,
the dashed line in the middle corresponds to the case ¢ = 0, i.e., distributions with
parameters on this line will be symmetric. On the right-hand side, they will be skewed
to the right; on the left-hand side, to the left.

Note that, for A < 0, there are many different distributions that are concentrated in
the upper left-hand and and upper right-hand corners. For § > 0, we get hyperbolic
asymmetric ¢ distributions, depending on §. For § — 0, the distribution gets more
skewed, and, for § = 0, we have an |Gam distribution in the upper right-hand corner,
and the reflected distribution, — 1Gam, in the upper left-hand corner.

To get a better idea of the boundary behaviour, consider Figure 9.7. This displaysthe
domain of variation not only of the parameters p and ¢, but also of the scale parameter
8 > 0. In this diagram, which might be called the shape prism of the GHyp distribu-
tion, we have the shape triangle as the top view of the prism. Note that distributions
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HAt HALt
Variance-Gamma (skewed io the left) Student’st (skewed t(l) theright)

A <0
Asymmetric Cauchy Asymmetric Cauchy
ALap (skewed lto the left) Cauchy (skewed io theright)

A =1

Normal Normal

Figure 9.6 The shape triangle for A > 0, 2 < 0 and the special cases » = 1 (Hyp) and & = —%
(NIG)

which are at opposite parts of the prism, such as the normal distribution and the GIG
distribution, are very close to each other in the triangle.

e The lower corner: If p — 0, ¢ =68/a? — B2 — oo, SO we need to inspect the
cases ¢« — oo and § — oo. A way (and presumably the only nontrivial way) to
achieve convergence of the distributions is in fact

a—> 00, B — Bo, &— o0, 8/a—>aoz,

with o € R and op > 0. Aswe have seen in Section 9.5.3, this implies convergence
to the normal distribution N(1 + Boo, of).

e The upper boundary:
— If A > 0, we can achieve convergence at the upper boundary by considering
oa—>ag, PB—Po, §—>0, —ag<Bo<ap.

Note that ¢ = §\/a?2 — 2 — 0 and, hence, p — 1, as well as ¢ — Bo/ao, SO
(g, p) indeed converges to some point in the upper boundary. In this case we
get as alimit distribution ssimply GHyp(A, «g, Bo, 0, 1), i.e., avariance—gamma
distribution.
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Figure 9.7 The shape prism for » > 0 (top) and » < 0 (bottom). The top view yields the shape
triangle

— If x =0, there seems to be no interesting convergence behaviour at the upper
boundary.

— If A < 0, we can consider the case

a— |fol, B— Bo, 86— o, PB/ou— po,

with —1 < pg < 1,80 > 0, Bo € R. If Bg # O, then pg is automatically either —1
or 1. On the other hand, if By = 0O, then this means that both « and 8 converge
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to zero, but their quotient, 8/, converges to some fixed number pp € [—1, 1].
Now ¢ =8y/a?2—- 82— 0 and p — 1. On the other hand, ¢ — pg, SO we
are a the point (po, 1) of the upper boundary. The resulting distribution is
GHyp(x, |Bol, Bo, 8o, 1), i.€., @ hyperbolic asymmetric Student’s ¢ distribution.

If Bo =0, we get the (symmetric) Sudent’s ¢ distribution as a special case.
Note that, if Bp =0, then the distribution does not depend on pg, so at the
whole upper boundary we get the same, symmetric distribution depending only
on i, é and u.

If Bo # 0, then we are either in the upper left-hand corner (8o < 0), and the
distribution is skewed (heavily) to the left, or we are in the upper right-hand
corner (Bo > 0), and the distribution is skewed to the right.

e Theright boundary: To achieve convergence in this case, we want to ensure that
¢ = 8y/a? — B2 converges to some o > 0. We do this by letting

a—>o00, B—>o00, &§—>0, a—ﬂe%, oe82—>X0,
where xo, Yo > 0 are such that (1, xo, ¥o) is in the parameter space of the GIG
distribution. Then

B8% = as? — %52 — X0
and, hence,

82(a? — %) = (%a + 8°B) (@ — B) — ZXO% = xovo,

S0 that

-1/2
¢ — Vxo¥o and P—>Poi=<1+\/Xolﬂo> .
On the other hand,

B_a=V¥o/2_, Yo _

o o 2

so that p — 1 and hence ¢ — po. So we get something (namely (po, po)) on the
right boundary, the limiting distribution being a shifted generalized inverse Gaussian
distribution GIG(%, xo, ¥o) + u; see dso Section 9.5.3.

Pay particular attention to the upper right-hand corner: pg = 1 is equivalent to
xovo = 0. If A > 0, thiscan be achieved if xo = 0, resulting in agamma distribution
in the upper right-hand corner. If A < O, this is possible for ¢ = 0, giving us an
inverse gamma distribution in the upper right-hand corner.

e Theleft boundary: By an argument completely symmetric to the one for the right-
hand boundary, we can achieve convergence to — GIG(%, xo, o) + n a the left-
hand boundary.
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9.6.5 Convolution and infinite divisibility

Suppose X and Y are independent random variables with distributions 7 and p,
respectively. The distribution of X + Y is obtained using the convolution formula,
as introduced in Section 1.8.2.6 and used subsequently in many chapters. Note that the
distribution of X + Y depends on X and Y only through their distributions 7= and p.
As such, a popular notation to designate the convolution of two r.v.sis * p, read as
the convolution of = and p. If = and p have probability density functions f, and f,,,
then the p.d.f. of = * p is, from (1.8.42),

+00

fﬂtp(t)z fn(t—s)fp(s)ds.

—00

If 7, p and o are distributions, then the following rules easily carry over from the
addition of random variables:

TxpP=p*xT and (Txp)xo=mx(p*x0o).

The n-fold convolution of = with itself is abbreviated by 7*", i.e.,

T =T xT *x---xTT.
_—

n times
A distribution p is caled an nth convolution root of 7 if p** =x. If 7 is a
distribution on (0, o), i.e., 7 is positive with probability one, then we want p to be
positive as well. There are distributions which do not possess convolution roots. A

distribution 7 is called infinitely divisible if, for every n, an nth convolution root of =
exists (see also Problem 1.13).

Example 9.4 Suppose 1 € R and o > 0. Then the normal distribution N(u, 0% is
infinitely divisible. To see this, let n € N. If X; '~ N(u/n, 02/n), then

S=X1+--+X, ~Nnu/n, naz/n) = N(u, 02).
So N(u/n, 02/n) is an nth convolution root of N(u, 0'2). [ |

A mixture of normals behaves well under convolution. In particular, suppose = and
p are distributions on (0, oo) and p,, i,, B € R. Then

Mixn*p(ﬂn + p, B) = MiXy (i, B) * Mixp(ﬂp’ B). (9.55)

In words, it does not matter whether you take the convolution product first and then
mix, or mix first and subsequently build the convolution product.
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To show (9.55) if = and p have p.df.s f, and f,, respectively, write

Mo (12,8 (X) = fo INGS i+ 1 + B2, 2) frap(2) dz

+00

= f NG e 4+ + Bz, 2) fa(z—5)fp(s)dsdz

—00

+00
f / NG i+ 1 4+ B2, 2) fr (2 — 5) f(s) dz ds

+0o0 +0o0
/ // NG =T + Bz —5),2—5)

X N3 pp + Bs, s) drfr (2 — ) f, (s) dz ds

+o00 “+oo [e’e)
=f / /0 ING =15 pr + B(z—5),2—5)

X fa(z = s)dz fn(rs o + Bs, ) fp(s) ds dr

+o0 +o00
= / IMise e, py (X = 1) fN(Fs 1 + Bs, 8) [ (s) ds dr

o0 —00
+o00 +oo
= IMixe (uz ) (X = T) INGs o + Bs, ) fp(s) ds dr

+o0
:/ Mixe () (X = 1) fMix, (. (r) Or

o]

= IMixz (e, B)#Mix, (1. 8) (X)-

Barndorff-Nielsen and Halgreen (1977) show that the GIG distribution is indeed
infinitely divisible. In the specia case of the IG distribution, we have derived above
the explicit formula (9.37) which shows that the convolution of two |G distributions
isagan IG:

1G1()1, ¥) * 1G1(x2, ¥) = IG1((V/X1 + Vx2)?, ¥)- (9.56)

This applies aso to thelimiting case v — 0, i.e,, the Lévy distribution is also invari-
ant under convolution. Analogous statements were shown to be true for the Cauchy
(Example 1.8.16) and normal (Examples1.9.6 and 2.5). All three cases are nested in
the stable Paretian family, which is invariant under convolution; see Chapter 8.

From the result of Barndorff-Nielsen and Halgreen (1977) mentioned above, it
follows directly that the GHyp distribution is infinitely divisible (see Problem 9 13).
Again, we have an explicit formulaif A = —1/2, i.e., for the NIG distribution, which
is derived in Problem 9 14. This indicates why the NIG is an important subfamily:

NIG(a, B, 81, u1) * NIG(a, B, 82, n2) = NIG(a, B, 81 + 82, i1 + 12). (9.57)

Thisresult aso appliesto the limiting case«x = |8, i.e., for the (asymmetric) Cauchy
distribution.
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9.7 Problems

Success is a matter of luck. Just ask any failure. (Earl Wilson)

Some succeed because they are destined to, but most succeed because they are
determined to. (Roscoe Dunjee)

Das Wort Schwierigkeit mul3 gar nicht fir einen Menschen von Geist als existent
gedacht werden. Weg damit! (Georg Christoph Lichtenberg)

9.1. % Prove the following convenient expression for the derivative of the Bessel
function:

— ZKL(/V) = Kv—l(x) + Kv+l(x), veR, xe R>0. (958)
Hint: Use Leibniz' rule for differentiating under the integral sign.

9.2. % Show the equations

Ks3/2(x) = E+1 ,/le‘* and  Kspo(x) = i+§+1 | e
Y2 =\ 2x S =2 Ty 2x

Hint: Use equations (9.3) and (9.4).

9.3. % % Proceed asin Section 9.3.2 to prove the equations for the variance and the
third moment, when Z is a continuous random variable.

9.4. Show that, if X ~ GIG(A, x, ¥), then
X1~ GIG(=1, ¥, x).

This means that X follows boundary case | iff X~ follows boundary case 1. In
this sense, they are inverses to each other. Because of this, the GIG distribution
in boundary case Il is the inverse gamma distribution (IGam).

9.5. Show that, if X ~ GIG(A, x, ¥) and r > 0, then
rX ~ GIG(A, ry, r_11//).

9.6. Verify the formulae for the raw moments and the m.g.f. of the GIG distribu-
tion for boundary case | and I, i.e, for the gamma and the inverse gamma
distribution.

9.7. % Assume A € R.p and r € R with r > —A. Let v > 0. Show that, as x | O,
the rth raw moment of GIG(A, x, ) as given in formula (9.22) converges to
the rth raw moment of the gamma distribution GIG(x, 0, ¥) given in (9.26).
Use the relation given in formula (9.6).



9.8.

9.9.

9.10.

9.7 Problems

* % Assume X ~ GIG(A, x, ¥) with A e R and x, v > 0.
(a) Let Z :=InX. Giveaformulafor My(r) for al r € R. Hint: Equation (9.22).

(b) Prove formula (9.23) for E[Z] = E[InX] using the cumulant generating
function of Z.

(c) Use the same trick to determine E[In X] when X is a Gamma r.v. Compare
your result with Example 1.8, where the special case X ~ sz is treated.

(d) Do the same for an inverse gammar.v.

Show that the mean, variance, and m.qg.f. of the GHyp distribution for boundary
case |, i.e., for the variance—gamma distribution, are given by

S o+

E[X] = . V(X)) =2 :
[X] ;LJrﬁW2 (X) v

and

) o2 — ﬁz A
M) =& (m) |

where X ~ GHyp(A, o, 8,0, ), —a — B <t <a — B, and ¥ = a? — B2

Show that the mean and variance of the GHyp distribution for boundary case I1,
i.e., for the HAt distribution, are given by

E[X] = u— 51 (ifr < -1,

2% +1
_x Tl ey T
‘WX%_2A+1+ﬁ<2)(A+D%A+3 (it 2 <=2,

where X ~ GHyp(*, «, B, 8, i), writing x = 8% and « = |B].

Note that substituting » = —n /2 yields the expressions for the mean and variance
found in Aas and Haff (2005, 2006); they also give expressions for the skewness
and kurtosis of HALt.

Show that the m.g.f. is

2K, (/=2x (1 +12/2))

r'(=x) (M)A/z )

Mx(t) = e

where —28 <t < 0.

Discuss what happens if 8 =0, i.e., if X is symmetric.
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9.11. Verify the formulae (9.48) and (9.50) for the densities of the Hyp and the NIG
distribution.

9.12. (a) % Suppose that X ~ 1G1(x, ¥), where x > 0 and ¢y > 0. Show that
’72
E[X]=n, V) =— pnaX) = 3w 2,

where n = /x /¢ and w = /x . Hint: Use the explicit formula (9.3) for
the Bessel function.

(b) % Calculate the mean, variance, skewness, and m.g.f. of the NIG distribution
asgivenin (9.51) and (9.52). Hint: Use the equations from Section 9.3.2 and
the results of part (a).

9.13. (a) Show that, if p is adistribution on (0, co) and B8, u € R, then
Mix, (i, )" = MiX,mn (ne, B).

(b) Arguethat, if 7 isaninfinitely divisible distribution on (0, o) and i, 8 € R,
then Mix, (u, B) is aso infinitely divisible.

9.14. (a) Show the convolution (9.57) formula for the NIG distribution using the
convolution formula (9.56) for the IG distributions and our knowledge of
mixtures.

(b) Show (9.57) using the formula (9.52) for the m.g.f. of the NIG distribution.

(c) % % Show the following formula for the variance—gamma distribution:
VG (A1, a, B, n1) * VG (A2, &, B, n2) = VG (k1 + A2, «, B, 11+ p2)

foral A1, 220 >0, >0, B € (—a,a), w1, u2 € R.
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Noncentral distributions

The intelligent man finds almost everything ridiculous, the sensible man hardly
anything. (Johann Wolfgang von Goethe)

Seriousness is the only refuge of the shallow. (Oscar Wilde)

The derivations of the Student’s r and F densities in Examples 1.9.7 and 1.9.8, along
with result (2.4) for the x? distribution, hinge on (i) independence and (ii) zero means
of the relevant normal random variables. The noncentral x2, F and ¢ distributions relax
the mean-zero assumption. They arise in a variety of statistical contexts, most notably
for determining the power function of certain popular test statistics, though they also
Crop up in numerous other areas, such as engineering and finance applications. We will
see that accurate calculation of their density and distribution functions entails much
higher computation cost than that associated with their central counterparts, though
in each noncentral case a saddlepoint approximation is applicable, underscoring once
again their value. The p.d.f.s, c.d.f.s, and moments of the noncentral distributions are
summarized in Tables A.9 and A.10.

10.1 Noncentral chi-square

The noncentral x? distribution arises directly in goodness-of-fit tests for contingency
tables and likelihood ratio tests, and is fundamental for constructing the noncentral
F distribution, which is ubiquitous in statistics. Perhaps somewhat unexpectedly, the
noncentral 2 aso has anumber of usesin finance; see Johnson, Kotz and Balakrishnan
(1994, pp. 467—-470) for an overview.

10.1.1 Derivation

Let X, U N@u.1), i €R, i=1....n of X=(Xq,....X,) ~N, (1), with

o= (1, ..., 1) € R, sothat fx(X) = (27) "2 exp{— Y 1_; (xi — )2 /2}.

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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Interest centres on the distribution of X = Y7_, X2 Define 6 = p'p = > ", pu?,
which is referred to as the noncentrality parameter. Starting as in Rao (1973, p. 181)
and Stuart, Ord and Arnold (1999, Section 22.4), let B be an orthogonal n x n matrix
(i.e., B'B =BB' =1) with first row given by w/6~Y? if # > 0, and take B =1, if
6 = 0. These conditions imply that Bu = (9%/2,0, ..., 0)’.! For example, with n = 2
and n = 3, and assuming 6 > 0,

1 L2 M1 Mn2 Mm3
B, =06"%2 ( v —u > , B3=6""2| —paup/U U —ppus/U ,
usd¥?/U 0  —u10Y2/U

(10.1)

where U =,/ uf + p% satisfy the constraints (though are not unique); see Prob-

lem 104. Let Y = BX, with E[Y] =Bu and (Bu)' Bu = u'p = 0. From the results
in Section 3.2, Y ~ N (B, |), so that the Y¥; are independent, unit variance, normal
rv.swith E[Y1] = 6Y2 and E[Y;] =0, i = 2, ..., n. They have joint density

1 n
(202~ 33 52).
=2

NI =

fr (y) = (2m)™"/? exp{ -

Thus,
X=XX=XBBX=YY =Y+ Y+ +Y)=Y?+2Z,
where Z 1= (Y7 + -+ Y?) ~ x2_; (see Example 2.3) with density

1

(n=1)/2-1g-2/2]
20=D/2T ((n — 1) /2)Z (0,00 (2)

fz (2) =

and, from Problem 1.7.6,

1 1 +0
fy12 » = ﬁﬁ exp (‘%) (exp (Ql/zﬁ) + exp (_el/zﬁ)) L0.00) ()

11 Y0 o (60
_ﬁmexp(— > )ZWH(O,oo)()’),

i=0

noting that

e +e’ 2 A 5
=1+ —-+—+4+—+---=cosh(z).
2 tatatet @

From (2.7) with
. 1
©20-D/20 ((n — 1) /2) V21

1To see this, let b; denote the jth row of B. Then, from the condition on the first row of B, w' = b;6%/?
and, from the orthogonality of B, byp = bib}6Y/2 = 6%2 and, for j = 2,...,n, b; p = b;b}6Y2 =0, i.e,
Bu = (#Y2,0,. .., 0).



10.1 Noncentral chi-square
and substituting u = (x — y) /x,

= [ fr0) sz =y

—K ~1/2 _rrY
[Lreen(-5

(y0)' 1e1)/2-1 —(x—y
xZ Gnrles ) (=0T e g (6 = y) dy

or
— —X = 91’ * i— n— —
e (1) = Ke ™% /2Z®/0 VY2 (¢ — D2 gy
i=0 ’

00 i 1
o <
= Ke"2e 2y mx,—l/z+(n—1>/2 / (L= w) Y2 0-D2-1 gy 10 (x)
— (2)! 0

1 o G+ 1/2)
x/2 n/2+1 1
BN Z (21)' TG 12 000 &)
= e 2 0/2) 1 La+12 .
— ax/2 n/2+t -1 _~ 9i— n/2 )
12(:) 2)! N T 12 0@
Then, using the relations
1.3.5....(2—1) 27 , 1.3.5...-(2i — 1)
20)! T (i+1/2) 2 \a
(10.2)
from (1.1.3) and (1.1.51) respectively, we obtain
‘n,0) = —x/2 rz/2+1—12—n/2 I
fx (¥ n,6) ;) —an Fitn Moo @
x —6/2 6/2 i n/2+i—-1
_ o ¥/2 € 0/2) X I
; i 22N (g2 @0 W)
= Z wi o 8n+2i (X), (10.3)
i=0
where g, denotes the x?2 density and w; o = €7%/2(0/2)"/i! are weights corresponding

to a Poisson distribution. Thus, X is a countable mixture distribution, as introduced in
Section 7.3.1.
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The c.d.f. Fx can thus be expressed as

X S X 0
Pr(X <x)= fo fx@dy =) wig /O gnia () dx =) wip Gurai (x),
i=0 i=0
(10.4)
where G, isthe c.df. of a x2 random variable. We will use the notation X ~ x?2 (n, 0)
to denote a x?2 r.v. with n degrees of freedom and noncentrality parameter 6. Thus,
the notation X ~ x?2 is equivalent to X ~ x2 (n, 0).
Starting from (10.3), simple manipulations show that the p.d.f. of X ~ x2 (n, 6) can
be represented as

& / —2)/2+2i
2

T (i + (1 - 2) /24 1) L0,00) (x)
- %e—uw)/zx (=214~ o 12(VOX) (0,00 (x) . (10.5)
where N I
e
L@=Y_ TreriiD

i=0

is the modified Bessel function of the first kind (which also arose in Example 1.6.11
for the difference of two independent Poisson r.v.s, and in Example 1.8.9 for Moran’s
bivariate exponential).

Analogous to the central x? case, it should be clear that, if X; nd %2 (v;, 6;), then
SK X~ x2(v,6), wherev =Y v and 6 = Y5, 6.

10.1.2 Moments

The expected value of X ~ x2(n, 6) is, with P ~ Poi (6/2),

o0

E[X] =) wis /0 xgn+2i (x) dx
i=0
o e—9/2 (9/2)1

0 n+2)=E[n+2P]=n+0, (10.6)

i=0
using (1.7.42) and (1.4.34).2 Similarly,

2 Note that, if W ~ N (i, 02), then W/o ~ N (/0. 1) and (W/0)? ~ x? (1, u?/0?). Thus, from (10.6),

2
E[W/o)?]=1+5 and E[W?]= o E[(W/0)?] = o+ 42,

which agrees with the former expression in (1.7.67).
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00 —6/2 i
E[x?] =Zei7(|9/2)(n+2k)(n+2k+2)
i=0 ’

=n’+2n+4E[P?+ P (n+ 1]
=n’+2n+4[0/24 (0/2°+ (n+1)6/2]
=n?+2n+40 + 6%+ 20n, (10.7)

so that
V(X) =n?42n+40 + 6%+ 20n — (n +60)> = 2n + 46.

More generdly, for s € R with s > —n/2, E[X*] = 0°° x* fx (x) dx is given by

00 00 00

Wi stn/2+i-1 gyery (X dy = 29 T(/2+i+5)
;2"/2+"F(n/2+i) o " P(-3) ;“”*" T2+

(10.8)

From the relation al/IT () = I' (@ + j) and (5.25), this can be written as

ee]

G 2 T@/245) < 0/ (n/2+ 5)!
EX)=Gr Tom 2 i (n/2)1

2 I'(n/2+5) .
= e@/zT/Z)lFl(n/z-f-S,n/z,Q/Z), (10.9)

where 1 F; is the confluent hypergeometric function (see Section 5.3 for details).
For s = —1, (10.8) simplifies to

> 1
EX =Y oy
= n+2i -2

i.e, E[X1 = E[(n + 2P — 2)~1], where P is a Poisson random variable. Further-
more, using the integral form of 1 F; from (5.27),

1
E[X—l] _ 2_1e_9/2/ YII2-20v/2 gy,
0

which can be repeatedly simplified by integration by partsfor n even. For example, with
n = 4, this simplifies to (1 — e %/2) /6 for 6 > 0. For 6 = 0 and n > 3, it simplifies
to1l/(n — 2).

For s € N, it can be shown (see Johnson, Kotz and Balakrishnan, 1994, p. 448) that

7 o ny s s\ (6/2)
IE[X]_2F<s+2>z<i>7r(i+n/2). (10.10)

i=0
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This yields n + 6 for s = 1 while, for s = 2, (10.10) indeed simplifies to (10.7).
Problem 10 6 shows that the m.gf. of X is®

My(r) = (1 — 2r)7"/? exp{lt_—GZt} , t<1/2. (10.112)

With c.g.f. Kx(r) = InMy(r), it follows that Kj(r) = n (1 —26)"1 +6 (1 —21)72,
with higher-order terms easily computed, from which we obtain

i =KP0) =271 —)! (n +i0) .

For i =1 and i = 2, this immediately yields the mean and variance. For the third
central moment, us3 = k3 = 8(n + 36) while, from (10.10),

oo ny (1 0/2 ©0/2? ©0/2°
E[x] =2 (3+ 2) (r(n/z) T3 a2 Tr e T T e

=8<2+%> (1+%) (g)+129 (2+%) (l+%>+692(2+%>+93

=+ n+2)(n+30)+302(n+4) +6° (10.12)

Of course, using this in conjunction with (1.4.49) yields 3 = ujy — 3ubu + 2u% =
8(n + 30) after simplifying.

10.1.3 Computation

Both fx and Fyx can be computed to any desired degree of accuracy by directly
evauating (10.3) and (10.4) using a finite number of terms in the sum. Alternatively,
the expression in (1.74), obtained by inverting the characteristic function of X, can
be evaluated with numerical integration. Other methods exist, along with a variety
of approximations (see Johnson, Kotz and Balakrishnan, 1994, pp. 458—467 and the
references therein). The simplest approximation is to use a multiple of a central x?;
equating the first two moments of X ~ x2(n,6) and Y ~ cx? (k) impliesn + 6 = ck
and 2n + 460 = 2c%k, or

n+20  (n46)?
Con+60 T n+20°

Thus, Fx (x) = Pr(X < x) is approximated by Gy (x/c), where Gy, is the c.d.f. of
a x2 (k) random variable.

The simple form of the cumulative generating function obtained from (10.11) implies
that the saddlepoint approximation can be easily implemented. In particular, we require

3 This was also derived for n = 1 in Problem 1.7.18, which directly computed E[ exp (¢(Z + 5)?)], where
Z~N@©O, D andY = (Z+b)?*~ x?(10?).
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the solution to x = K(#), or the zeros of 4xt2 — 2t (2x —n) —n — 6 + x, given by

ti=%<2x—n:|: n2+4x9).

Rearranging and using the facts that (i) the constraint + < 1/2 from (10.11), (ii)
6 >0, and (iii) the interior of the support of X is R.g (i.e, x > 0), easily shows
that r_ is aways the correct solution. This is another example of when a closed-form
solution to the saddlepoint equation and, thus, the approximate p.d.f. exists. It appears
that this application of the s.p.a. was first observed by Hougaard (1988).

10.1.4 Weighted sums of independent central x?2
random variables

There are many examples of test statistics (in particular, when working with linear
regression models and time series analysis) in which the distribution of a weighted
sum of independent x2 r.v.s arises. The special case with central x2 r.v.s is of most
importance, so we consider it separately now; the general case is discussed below.

Let X; nd x2 (n;) and define X = Zf;la;Xi, a; # 0. No simple expression exists
for fx or Fy, athough several numerical methods exist for their approximation. First
observe that the m.g.f. takes on avery amenable form: with9; = 9; (s) = (1 — 2sa;) 71,
the m.g.f. of X is

k

k k k
Mx(s) = [ [Max,(9) = [ [Mx (@) = [[ Q- 2a) ™2 =] 9%, (1013)
i=1

i=1 i=1 i=1

which is valid for s such that 1 —24;5 >0,i=1,..., k. The saddlepoint approxi-
mation is clearly applicable. To use it, it is necessary to consider the following three
cases, depending on the ¢;. Let ¢ = 2ming; and @ = 2maxa;. If a > 0, i.e, dl q;
are positive, thens <a 1. If @ < 0, i.e, al a; are negative, then s > a 1. Otherwise,
a~t<s <a L Itiseasy to verify that

k

k k

1

Kx(s) = > Zn,- Inv;, Kx(s) = Zniaiﬁi, Ky(s) = ZZniaizﬁl-z,
i=1 i=1 i=1

so that the s.p.a. can be straightforwardly applied. For k = 2, an explicit expression
for the solution to the saddlepoint equation K (5) = x can be obtained. Otherwise, it
needs to be solved numerically. The most important applications are such that a < 0
and @ > 0, in which case a1 < § < @—*. Knowing bounds for § (along with the fact
that a unique value of § which satisfies the saddlepoint equation exists in that range)
greatly simplifies the numerical search for the saddlepoint.
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The c.f. of X is given by

k k
ox (1) = Mx(it) = [ ] (1 - 2a;it) "//* = exp —% > njIn(1-2q5it) } (10.14)
j=1 j=1

(the r.h.s. is better suited for numerical purposes), so that the inversion formulae for
the p.d.f. and c.d.f. can be evaluated.

Toillustrate, let k = 5,a= (a1, ...,as) = (=3,—-2,—1,1,2) and eachn; = 1. The
density over a large range of x is shown in Figure 10.1(a) (solid line) along with the
first- and second-order saddlepoint approximations. Figure 10.1(b) shows the RPE of
the latter approximation along with the asymptote of —2.843, obtained by evaluating
the RPE for x = —450.
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Figure 10.1 (a) Density of 3>, 4; X;, where a = (-3, 2 -1,1,2) and X; . %2 (1). Solid

line computed as (Fx (x +8) — Fx(x — 8))/(28) for § = 10~7 and Fyx computed using Pan’s pro-
cedure. Dashed and dash-dotted lines are the first- and second-order saddlepoint approximations
computed with Program 10.3 given in Section 10.1.5. (b) Relative percentage error of the second-
order s.p.a

A specific method for the c.d.f. has been developed by Grad and Solomon (1955)
and Pan (1968) and is valid for this case (i.e., a weighted sum of independent central
x2 r.v.s), but aso with the restriction that al the degrees of freedom are one, and

that the weights are all distinct, i.e, X = Z _1a;X; for X; e 21 and g; #aj.

The derivation involves contour integration applied to the inversion formula, and we
omit it and just state the result (see aso Durbin and Watson, 1971, for a proof, and
an improvement, which we implement below). Let the a; be in descending order, i.e.,
ai1>az>--->ag andlet §, = (1 —(—1)¥)/2 and v such that a,;1 < 0 < a,. Then

\-U/ZJ azi—1 k/2—1
Fy(x) =1+ — Z( v [ ky—l/ZeXp<—zi) dy
2 H- 11y = ail Y (10.15)
1 yk/2-1 N
—( 1 exp| —5- ) dy.
1_[1 1|y —4ai |1/2 2y
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Because the integrals in (10.15) can also be expressed as

Lv/ZJ y/zc'—z 1/2
Fx(x) =1+ = Z( 1)’/ 5 j(z) exp( 5 )(1 2y~Y2 d
L i V2) (10.16)
Ov L= yU X _2\-172
ey /_ 0] exp( 2yv> oo
where
k k
Pity= ] Go—ad). Py =]]Ov—an
#2721 oy
and
1 1 1 1
yoj = é(azj—l +az;) — E(QZj—l —agj)t, Yo =Sy — Eavt,

they can be approximated via (see Farebrother, 1980a)

1 .
f@® _ ) w o @2j—Dm
/;1mdt lim — E f( ), y] —COST, (1017)

N—»m>Af

where f denotes the functional form in (10.16) without the term (1 — 2)~Y/2, A value
of only N = 20 has been found to yield quite high accuracy in typical cases.

Durbin and Watson (1971) recommend using (10.15) if x > 0, or if x =0 and
v < k — v. Otherwise, one should use

Ltk—v)/2]

1 ) k/2-1 x
Fx(=— 3 (—1>f/ P e (—5> dy
j=1

a1 [lica |)]’(/; Cl’i +2 (10.18)
) fk— k—v+1 v+l |)’| B X
o [lizaly —al Y

The integrals in this expression can aso be transformed so that (10.17) can be
applied. The program in Listing 10.1 implements this method.

function F=pan(xvec,a,N)
if nargin<3, N=20; end;
a=reshape(a,length(a),1l); F=zeros(size(xvec));
yin=cos ((2*cumsum(ones (N,1))-1)*pi/ (2*N));
for loop=l:length(xvec)

x=xvec (loop) ;

if all(a<o0), F(loop)=1-AS_R52(-x,-a,yin);
else, F(loop)=AS_R52(x,a,yin); end;
end

Program Listing10.1 Computesthec.d.f. of X = Zf.‘zl a; X; a x, for X; g x2 (@) anda; #aj;.
The a; are input as vector a, and vector x indicates the points at which to evaluate the c.d.f. Input

N dictates the number of termsin the sum (10.17), with default value 20. The program is continued

in Listing 15.2

349
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function F = AS_R52(c,lambda,yin)
lambda=-sort(-lambda); m=length(lambda);n=length(yin) ;
v=min(find(lambda<=0))-1; if isempty(v),v=m; end;
deltav=0.5*(1-(-1)"v); deltamv=0.5*(1-(-1)"(m-v)); F=0;
if ¢>=0 | (c==0 & v<=m-v)
for j=l:floor(0.5*v)
F=F+((-1)"j) * mean(panintegrand(yin,c,lambda, [2*7,2%j-1]));
end
F=1+F;
if deltav>0
F=F+(deltav)*(-1)"(0.5%(v+1l)) *mean(panintegrand(yin,c,lambda,v)) ;
end
else
for j=l:floor(0.5* (m-v))
F=F+ ((-1)"j) *
mean (panintegrand (yin,c,lambda, [m-2*j+1,m-2*j+2]));
end;
if deltamv>0
F=F+(deltamv)* (-1)"(0.5* (m-v+1))
*mean (panintegrand (yin,c,lambda,v+l));
end
F=-F;
end;

function I=panintegrand (tvec,c,lambda,outind)
m=length(lambda); outnumber=length(outind); inind=1:m;
for i=1:outnumber;
inind=inind (find (inind~=outind (i)));
end
sv=1; if outnumber==2, sv=[1 ;-1]; end
I=zeros(size(tvec));
for tloop=1l:length(tvec)
t=tvec (tloop);
yv=0.5* (sum(lambda (outind)))-0.5* (lambda (outind) ’*sv) *t;
if yv==0
helper=0;
else
helper=(exp(-c/(2*(yv))));
end
I(tloop)=helper
*sqrt (abs (((yv) " (m-outnumber))/prod(yv-lambda(inind))));
end;

Program Listing 10.2 Continuation of the program in Listing 10.1

The following code provides an example of Pan’s procedure. The output can be com-
paredto thecall tomyimhof, whichisamore general (but far slower) routine devel oped
below. The last line computes the saddlepoint approximation, also discussed below.

lambda=[-3,-1,3,4]; xvec=-10:4:20;
df=ones(1l,length(lambda)); noncen=zeros(l,length(lambda));
pan(xvec,lambda)’

myimhof (xvec,lambda,df,noncen,500)

[pdf,cdf] = spaweightedsum(2,xvec,lambda, df, noncen); cdf
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10.1.5 Weighted sums of independent x2 (nj, 6;) random
variables

Generalizing the central case, let X; nd %2 (ni, 6;) and define X = ZleaiXi, a; # 0.
Notice that, because of the independence, the moments of X are just straightforward
functions of those of the X;. However, as before, tractable expressions for fx and Fy
are not available. From (10.11),

) = (- 2as e AT 1oziso0 019)
so that
k
Mx(s) = [ [Mx,(ais) (10.20)

i=1

for s in a sufficiently small neighbourhood of zero — the conditions for which are
stated below equation (10.13). For convenience, let ¥; = v¥; (s) = (1 — 2sa;)~L. Then
straightforward calculation yields

k k k
1
Kx(s) = E ;n,’ Inﬂi —i—s;a,ﬂiﬁi, K)/((S) = ;a,’ﬁi (n; +6;v;)

and

k k
Ky(s) =2 " a?0? (ni + 20,0) . Ky(s) =8 a0 (ni +30;0;)
i=1 i=1

and KE?)(s) —48%"F , a*0? (n; + 46;0;), from which the s.p.a. can be calculated once
§ is determined.

Observethat, as6; > 0,i = 1,..., k, Ky(s) > 0, and K (s) is monotone increasing.
Thus, the saddlepoint equation K (5) = x always has a unique solution for x in the
interior of the support of X. The situation with mina; < 0 and maxa; > O arises often
and so is of particular importance. In that case, with ¢ = 2ming; and @ = 2max q;,
al<s<a?lie, s liesin aknown, finite-length region, which can greatly assist
its numerical determination.

A program for calculating the saddlepoint approximation to the p.d.f. and c.d.f. of
X isgivenin Listings 10.3-10.5. The saddlepoint is obtained using Newton’s (or the
Newton—Raphson) method.*

The s.p.a. in this context is computationally fast and yields high relative accuracy
which is usually enough for practical work. However, there are situations in which

4That is, if f : [a, b] — R is a continuously differentiable function on the closed interval [a, b] such that
3z € [a, b] such that f(z) = 0and f'(z) # 0, and {x,} isasequence in [a, b] defined by the recursion x,+1 =
Xn — f(xn)/f (xn) (Where x; is an arbitrary starting value in [a, b]), then x,, will converge (quadratically) to z.



352 Noncentral distributions

function [pdf,cdf,svec] = spaweightedsum(daniels,xvec,a,df,q,s);

if nargin<é, s=0; end
if nargin<5, q = zeros(length(a),1); end
if nargin<4, df = ones(length(a),1l); end

alo=2*min(a) ; ahi=2*max(a);
if alo>0

lower=-Inf; upper = 1/ahi; boundtype=1;
elseif ahi<o0

lower=1/alo; upper=Inf; boundtype=2;
else

lower=1/alo; upper=1/ahi; boundtype=3;
end
sstart=s;

pdf=zeros(length(xvec),1); cdf=pdf; svec=pdf;
for i=1:length(xvec)
x=xvec (i) ;
[s,report]=spaweightedsumsadroot(sstart,x,a,df,q,lower,upper) ;
if (report>0) & (boundtype==3) % try again, using a grid of s values
ss=lower: (upper-lower)/200:upper; x
for j=2:length(ss)-1
[s,report]=spaweightedsumsadroot(ss(j),x,a,df,q,lower,upper);
if report==0, disp(’valid saddlepoint found’), break, end
end
end
svec (i)=s;
%sstart=s; % turn on to use shat from xvec(i-1) as starting value

if ((report==0) | (report==5))
v =1./(1-2*s*a);
K =0.5* sum(df .* log(v)) + s*sum(a .* q .* v);
Kpp = 2 * sum(a.”2 .* v."2 .* (df + 2 * q .* v));
pdf (i) = exp(K - x*s) / sqrt(2*pi*Kpp);
fac = 2*s*x-2*K;
ww=sign(s)*sqrt(fac); u=s*sqrt(Kpp);

Program Listing 10.3 Thesp.a of thep.df. and c.df. of >"a; X;, a; # O, for X; nd x2(df;, qi),
where df; and ¢g; denote the degrees of freedom and noncentrality parameters, respectively. Pass
a, df and ¢ as column vectors. Optionally pass scalar s as a starting value for §. The program is
continued in Listing 10.4. Function spaweightedsumsadroot isgivenin Listing 10.5

more precise calculations are required (such as assessing the accuracy of the s.p.a).
As was discussed in Section 10.1.4 for the central x? case, the p.d.f. and c.d.f. inver-
sion formulae (1.59) and (1.70) can be straightforwardly evaluated numerically using
software which supports complex numbers and offers built-in numerical integration
routines. Recall Example 1.25 in which the characteristic function inversion formula
(1.70) was used to obtain a noncomplex integral expression for the c.d.f. of a noncen-
tral x2 random variable. The generalization to the weighted sum X is straightforward
and is useful for computing environments which do not support complex arithmetic.
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if ((report==5) |

else

(abs (ww)<le-7))

disp([’x = ’,num2str(x),’ is close to the expected value’])
Kpp0 =2 * sum(a.”2 .* (df + 2 * q));
Kppp0 = 8 * sum(a.”3 .* (df + 3 * q));

cdf (1)=0.5+Kppp0/6/sqrt(2*pi) /Kpp0”~(3/2);

npdf=normpdf (ww) ; tempcdf=normcdf (ww)+npdf* (1/ww - 1/u);
if daniels==2
K3= 8*sum(a.”3 .* v."3 .*
K4=48*sum(a.4 .* v. 4 .* (dftié*q.*v));
kap3= K3/ (Kpp)"(3/2); kap4=K&/ (Kpp)"(4/2);
forboth = (kap4/8 - 5*kap3”2/24);

(df + 3*q.*v));

% the cdf correction can be problematic!
bigterm = forboth/u - 1/u”3 - kap3/2/u”2 + 1/ww"3;
correction=npdf * bigterm;
if abs(correction)/tempcdf > 0.1
disp(’'The 2nd order CDF correction term is being ditched!’)
correction=0;
end
cdf (i) = tempcdf - correction;
if ((cdf(i)<0) | (edf(i)>1))
disp(’The 2nd order CDF correction term is being ditched!’)

end

cdf (i) = tempcdf;
end
else
cdf (i) = tempcdf;
end
end
if daniels==2
pdf(i) = pdf(i) * (1+forboth);
end
else
pdf(i)=0; cdf(i)=0;
end

Program Listing 10.4 Continuation of Listing 10.3

In particular, taking ¢x (1) = Mix(it),

k

k
ox (1) = 1_[ (1- 2a,it)_"f/zexp Z

j=1

ajejzt

= 1-—-2ajit

t e R,

(10.22)

and letting z,(¢) := € ¥ px(t), extending the results in Example 1.25 yields

k

k
2] = lox @] = [T (1+4a2?) " exp [ =Y

j=1

j=1

2.2
29jajt

1+ 4aj2z2
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function [s,report]=spaweightedsumsadroot(s0,x,a,df,q,lower,upper)

toll = 1le-8; % how close to the edge of the support

tol2 = le-12; % how close to zero Kpp can be in the Newton step
tol3 = le-12; % when to stop the root search
tol4d = le-8; % how close to zero shat may be

MAXIT = 200; s=0; iter=0; derivOK=1l; disc=10; report=0;

while ( (iter<=MAXIT) & (derivOK==1) & (disc>=tol3) )
iter=iter+l; v = 1./(1-2*s0%a);
kp = sum(a .* v .* (df + q .* v));
kpp= 2 * sum(a.”2 .* v."2 .* (df + 2 * q .* v));
derivOK = (kpp > tol2);
if derivOK
s = s0 - (kp-x) / kpp; disc = abs(s-s0); s0 = s;
else, report=6; break, end
end
if report==
if s{lower+toll, report = 11;
elseif s>upper-toll, report = 12;
elseif iter==MAXIT, report = 3;
elseif abs(s) < tol4, report = 5; end

end
Program Listing 10.5 Called by program spaweightedsum to get §
and
ta;0;
agz, (1) = age """ +ar 1) = —tx + —arctanzat+ —
gz:(1) = ag gex(1) ,Zl ( ZHM#
Letting u = 2t simplifies things a little. Then (1.70) gives
1 1 [*snf(u,
Fx(x)==— = / snp@.x) g, (10.22)
2 mwJo uyu)
where, incorporating the product termin |z, (¢)| into the exponent to improve numerical
accuracy,
k
1 Oipi 1
Bu,x)= §;<njarctanpj+ﬁ) -
and
1 1 0ib; 1
u) = =expi{= Y 2L +=% njinc ¢,
re =0 =P 2; G 4]_21 J

with p; = a;u, by = p5 and c¢; = 1+ b;. Expression (10.22) is due to Imhof (1961),
which is still a very fequently cited article because of the vast number of statistical
applications which require evaluation of the c.d.f. of X. The method was particularly
popularized by the econometric examples and Fortran programs given in Koerts and
Abrahamse (1969).
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As discussed in Section 1.2.5, one way of evaluating (10.22) is just to replace the
indefinite integral with a definite one, by choosing an appropriate upper bound for the
integral, while the second way is to transform the integrand so that the range of integra-
tionisover afiniteinterval, say (0, 1), asin (1.71). For certain parameter constellations,
such as small k, this transformation could induce high oscillatory behavior in the inte-
grand, making numerical integration difficult. The program in Listing 10.6 allows both
ways, depending on how parameter up1im ispassed. To illustrate, we use the sum of &
independent x2 r.v.s, each with unit weight (and noncentrality parameter zero), so that
the resulting distribution isjust x?, with ac.d.f. available to machine precision. Running

x=1; k=1; true=chi2cdf(x,k)
m=myimhof (x,ones(k,1),ones(k,1),zeros(k,1),-1), m-true
m=myimhof (x,ones(k,1),ones(k,1),zeros(k,1),2000), m-true

illustrates the problem with transforming to (0, 1) when & is small. With & = 5 instead
of 1, the transformation is successful, and obviates the need to determine an appropriate
upper limit.

function cdf = myimhof (xvec,wgt,df,nc,uplim)
if nargin<5, uplim=-1; end

k=length(wgt); tol=le-8;

if nargin < 3, df=ones(k,1); end

if nargin < 4, nc=zeros(k,1); end

1x=length(xvec); cdf=zeros(lx,1);
for i=1:1x, x=xvec(i);
if uplim<0
cdf(i)=0.5-(1/pi) *quadl (@ff,tol,1-tol,to0l,0,x,wgt,df,nc,uplim);
else
cdf(i)=0.5-(1/pi) *quadl (@ff,tol,uplim,tol,0,x,wgt,df,nc,uplim);
end
end

function I = ff(tvec,x,wgt,df,nc,uplim)
vlen=length(tvec); I=zeros(l,vlen);
usetransform=(uplim<0) ;
for ii=l:vlen, t=tvec(ii);
if usetransform, u=(1-t)/t; else u=t; end
p = u*wgt; b=p."2; c=1+b;

ssO=sum(df.*atan(p) + nc.*p./c); beta = (ss0 - x*u)/2;
ssl=sum(nc.*b./c); ss2=sum(df.*log(c)); gam=exp(0.5%ssl + 0.25*ss2);
I(ii) = sin(beta) / (u*gam);
if usetransform, I(ii) = I(ii) / t"2; end % don’t forget du/dt

end

Program Listing 10.6 Implementation of (10.22). Pass uplim as a negative value to transform
tointerval (0O, 1), otherwise it calculates the integral as in (10.22), with upper limit up1im. Inputs
wgt, df and nc refer to the weights a;, the degrees of freedom r;, and the noncentrality parameters
0; in (10.21), respectively. Pass them as column vectors

Remark: Another approach for dealing with the upper limit in the indefinite integral
(10.22) is to analytically derive an upper bound to f{;o f (u) du, which then allows
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determination of U as afunction of the desired accuracy. This was first given by Imhof
(1961). Using this upper bound in conjunction with a chosen tolerance on the numerical
integration will, in theory, ensure an upper bound on the error. However, implementa-
tions of this method which are commonly used in practice can till fail to deliver the
c.d.f. with the desired accuracy. In particular, the popular Pascal implementation given
in Farebrother (1990), and direct Matlab interpretations of it available from the internet,
can perform so poorly as to return c.d.f. values outside [0, 1]. See Farebrother (1980,
1990) and Davies (1973, 1980) for further issues regarding the computation method.ll

© Example 10.1 To illustrate the accuracy of the s.p.a method, let a= (-5, —4,.. .,
4,5 and X; e X12- (The zero weight on Xg is not problematic for the s.p.a. or
c.f. inversion.) The density of X = 2}1:1 a; X; is clearly symmetric about zero with

variance 2 Y"1 a? = 220.

0.035 1 PRe——
0.03} 0.95 1

0.9
0.025 | 0.85
0.02} 0.8
0.75
0.015} 07
0.01} 0.65
0.6
0.005 | 0.55
0 | 0.5

0 10 20 30 40 50 0 10 20 30 40 50

0 10 20 30 40 50 0 10 20 30 40 50

Figure 10.2 Accuracy of s.p.a. and normal approximation for the symmetric (about zero) r.v. X =
Y ity aiX;, as given in Example 10.1. (Top left) The p.d.f. of X using second-order sp.a. (solid)
and normal approximation (dashed). (Top right) The exact c.d.f. (solid) computed using (10.22) and
the normal approximation (dashed). The s.p.a. to the c.d.f. is graphically indistinguishable from the
true values and is not shown. (Bottom left) The RPE, defined as 100(A — E)/ min(E, 1 — E), of
the first-order s.p.a. (solid) and normal (dashed) approximation, where A denotes the approximation
and E the exact c.d.f. values. (Bottom right) The RPE for the first-order (solid) and second-order
(dashed) c.d.f. sp.a
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Figure 10.2 shows the quality of the sp.a. and norma approximation. In terms
of relative error, note how poorly the normal approximation performs, even though
(i) X issymmetric, (ii) X consists of the sum of 10 independent r.v.s, each with finite
variance, and (iii) the X; have exponential (as opposed to power) tails. |

10.2 Singly and doubly noncentral F

The price one pays for pursuing any profession or calling is an intimate know-
ledge of its ugly side. (James Arthur Baldwin)

The singly noncentral F distribution plays a central role in the analysis of variance,
where it determines the power for tests of linear hypotheses. The doubly noncentral
F generalizes the singly noncentral case, and also arises in such contexts; see Scheffé
(1959, pp. 134-135). In econometrics, the doubly noncentral F arises naturally in
simultaneous equation models, in testing linear models with proxy variables (Kuru-
mai and Ohtani, 1998) and in Ramsey’s (1969) popular regression specification error
(RESET) test (see also DeBenedictis and Giles, 1998). It is also of use in signal pro-
cessing and pattern recognition applications (Price, 1964; Helstrom and Ritcey, 1985).

10.2.1 Derivation

Let X; nd x2(n;, 0;), n; > 0 (though usually n; € N), 6; > 0, i = 1, 2, and define

e 92(9/2)
and a),',g:# for 6>0, ieNg={0,1,2,...}.
l:

_Xa/m
X2/n2
Itisstraightforward to show (Problem 10 8) that thedensity of F, fr (x; n1, na, 61, 62)

= fr (x),isgiven by

111/2+z n1/2+i—l (xn1+ nz)f(nlJrnz)/Zfifj

fr(x) = Zg;)w,elw,az T TSR] ., (10.23)
i=0 j

and F is said to follow a doubly noncentral F distribution, F (n1, n2, 61, 62). If 6, = 0,
then this reduces to fr (x) = fr (x; n1, na, 61, 0) = fr (x; n1, na, 61), where

nn1/2+l ny/2+i— 1(xn1+n2) (n1+nz)/2—i

fr(x) = Z;wlel —"r BG T2 na?) : (10.24)

(taking (62/2)° = 1), which is the p.d.f. associated with the (singly) noncentral F
distribution.> Of course, with 6; = 0, the singly noncentral F p.d.f. reduces to the

51f the noncentrality is desired only in the denominator, recall that Pr(F < x) = Pr(1/F > 1/x) and use
theratio construction of F given above, i.e., F = (X1/n1)/(X2/n2), S0 that the noncentrality parameter appears
in the numerator term.
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usua (central) F distribution (1.7.48), i.e.,

nnl/znnz/z
_ 1 2 ny/2—1 —(n1+n2)/2
X)= ———5—x xni1+n
Sr (X) B (n1/2.12/2) (xn1+ny)
n1/na ((n1/nz)x)"/*

B (11/2,12/2) (1+ (ny/ng)x) 7272

The c.d.f. Fr (x; n1, n2, 61, 62) = Fr (x) can be expressed as

oo o0

= . . nix
Fr(x) = ZZwiﬁla)/ﬂ?BY (i +n1/2, j+n2/2), y=——"+—, (10.25)
i=0 j=0 nix +nz
where B is the incomplete beta function ratio. For 6, = 0,
F (x)—iw B, (i +n1/2, n2/2) - (10.26)
F - i,00 Oy 1/ 4, N2 ’ y—n1x+n27 .

i=0

which reduces to (1.7.49) in the centra case.

10.2.2 Moments

We will denote the rth raw (central) moment of a doubly noncentral F r.v. as u,
(21r), and that of a singly noncentral F as 1. (1/4/)-

From the independence of X1 and X5, the rth raw moment of X ~ F (n1, ny, 61, 62),
is® for r < ny/2,

on, =E[X"] = (—Z)E [X1]E[X;"]

_<’2)riia) " I'(n1/24+i+r)T (n2/24j—r) Lo
) L T ik T2ty T2

(10.27)
If X ~ F(ny,nz, 61,0, i.e, only singly noncentral, then its rth raw moment is

w, =RE[X"] = (@)rE[Xi]E[Xz‘"]

ni
() Le2on g, Tes2titn o
_<n_1) W; T T2+ 2 (10.28)

6 Note the minor typo in the bottom equation on p. 500 of Johnson, Kotz and Balakrishnan (1994).
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so that, recalling (10.8) and the simple expressions for the first two moments of
2
x<(n,0),

, np(n2/2-1) 4 npny+ 61
—E[X] = 2 —25 _Z o lR[Xy] = =2 , 2, 10.29
Wi =B[X] = 2 m R Bl = 2T w2 (1029)
and
2 nz\? 1 2 [y 2
! :E X = —_— 2_ E X
s = E[X] <n1> /2 Dng2-2 2 CLNl
<n2)2n§+2n1+491+912+201n1
= - ) n2>41
ny (n2—2)(np — 4
or
2 61)2 26 -2
iz =V (x) =2 MATH A DY 2= (10.30)
ni (n2 —2)* (n2 — 4
Also, from (10.28) and (10.12),
n3T (ny/2 —3)
3=E[X%]=5—————27RE[X}
ws =B = a2 i)
_n3 (i +d (11 +2) (1 +30) + 307 (1 + 4 + 67
n3 (n2 —2) (n2 — 4) (n2 — 6)

so that, from (1.4.49)”
s =E[(X — 3] = uh — 3ubu + 2u°

- 8n§(n;+n2—2)k <1+3£+%£2+ 2n? z3>,
ng(nz — 2)° (n2 — 4) (n2 — 6) k k(ni+nz—2)

(10.31)
where ¢ = 01/n; and k = (2n1 + np — 2). Findly, it can be shown that

1211‘21 (n14+ny—2)
n3 (n2 — 2)* (n2 — 4) (np — 6) (n2 — 8)

e = (k1 (14 4€) + kot® + kat® + kat®) ,

where
k1=2@n1+n2—2)(2n1+ny—2)+my1+nx—2) (n2—2) (n1 + 2),
ko = 2ny (3n1 4+ 2n, — 4) (n2 + 10)
kz = 4n? (nz + 10),
ks =n3(n2+10) / (n1+nz — 2).

7 This equation is aso given in the middle of p. 482 of Johnson, Kotz and Balakrishnan (1994). However,
the top equation for 3 on that same page is erroneous.
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Now returning to the doubly noncentral case, from (10.27),

, (@) I (n2/2 —r)
2r=\n1) T2

Xiw' I'(ny/2+i+r) T (n2/2) iw [(np/2+j—r)
= T m/2+0) T/2—r) 7" T (n2/2+ )

or, using (10.28),

s 02/2) (1272 =)
2M, = 1M, € ; F——my"

= 1, € /21 F) (np/2 — r,n2/2,62/2)
= 1, 1F1(r,n2/2, —62/2) , (10.32)

as al =T (a+1i)/T (a) and using the Kummer transformation (5.29), i.e., 1F;
(a,b,x) =€ 1F1(b—a,b,—x). Given the simple expressions for the lower-order
moments in the singly noncentral case, (10.32) is clearly more useful for compu-
tational purposes than the r.h.s. of (10.27). Furthermore, Section 5.3 gives a highly
accurate and easily computed approximation to the 1 F; function, so that, unless high
accuracy is required, the moments of the doubly noncentral F are easily computed.
Unfortunately, using (1.4.47), it is easy to see that (10.32) does not hold for the central
moments.

10.2.3 Exact computation

Both (10.25) and (10.26) can be directly evaluated, terminating the infinite sum when
the desired degree of accuracy is reached. Consider first the singly noncentral case.
Schader and Schmid (1986), Lenth (1987), and Randall (1994) made use of recursions
for the incomplete beta ratio to help speed up the ‘bottleneck’ part of the evaluation
of (10.26) (see adso Kniisel and Bablok, 1996, and the references therein). The main
difficulty nevertheless is that the summands, say c¢;, are not necessarily monotonically
decreasing, implying that a finite upper limit on i cannot be determined simply by
checking for a small enough relative ¢;-value. As an illustration, Figure 10.3 plots the
¢; for values

=1 ny=12, 6;=2316, x =990, (10.33)

which correspond to an application in Chow and Shao (1990). The summand ¢; reaches
its maximum at i = 1149 =~ 61/2. A somewhat obvious strategy then suggests itself:
start the sumin (10.26) at i = 6;/2 and sum in both directions (increasing and decreas-
ing i) until the desired degree of accuracy is obtained. Particularly for large 64, this
‘summing outwards' is both time-saving and numerically more stable.
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Figure 10.3 The summands ¢; in (10.26) for n1 =1, np =12, 61 = 2316 and f = 990 as in

(10.33). The top panel uses log,, scale

Similar results aso hold for the p.d.f. Denoting the summands in (10.24) by d;,
empirical evidence suggests that

argmax (d;) ~ argmax (c;) ~ 61/2 (10.34)

for x > E[F], with both argmax; (d;) and argmax; (c;) decreasing as x moves to the
left of E[F]. To increase numerical precision, d; should be evaluated as exp {Ind;}.

Remark: The calculation of the singly noncentral F c.d.f. provides a good illustration
of the errors and oversights in popular statistical software.

The relevance of the nonmonotonic behaviour of summands d; and ¢; is seen in
the implementation in function ncfcdf of Matlab, version 5. Summing is stopped
when ¢;/(C; + €¥%) < €/2, where € = 2.2 x 1071° represents machine tolerance and
C; = Z}:o c;. For the example in (10.33), the cutoff value for i would be set to zero
and the agorithm fails. (It now works correctly in versions 6 and 7.)

Knusel (1995) reported erroneous results in Gauss-386 (version 3.2.6) using param-
eters x = 100, n; = 10, np, = 1, and 61 = 38. The true c.d.f. is 0.828266; the s.p.a,
detailed below, returns 0.825842.

McCullough (2000) noted that, after 2.5 minutes of computing, Mathematica version
4 failed with an error message for x = 1, n1; = np = 1000, and 61 = 200. The true c.d.f.
is 0.001860337908; the s.p.a. returns 0.001860337910.

With these errors in mind, one can only speculate what could go wrong with the
calculations in the doubly noncentral F case. This emphasizes that one should never
put complete trust in even well-established computational and statistical software. W
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For the doubly noncentral case, a similar result to (10.34) applies, so that each sum
in (10.23) and (10.25) may be evaluated by summing outwards, i.e., j would start at
6»/2 and work outwards and, for each j, i would work outwards from 64/2.

This method of ‘summing outwards' works well in terms of accuracy and stability
and can readily be programmed in ‘low-level’ languages which are compiled, such as
C++ or Pascal. However, in an interpreted language such as Matlab or S-Plus, it will be
very slow, because it does not take advantage of the pre-compiled vectorized routines
native to these languages. As such, it is much faster in Matlab to compute the p.d.f. and
c.d.f. in the singly noncentral case by summing all terms from zero to, say, 3[61/2]
(which should catch most of the ‘mass’ in the summands) and then, if the last term is
still larger than some tolerance (say, 10~1*), add the terms up to, say, 10 [61/2]. This
is implemented in Listing 10.7 for the p.d.f. This approach is somewhat rudimentary
and could easily be improved.®

Evaluation in the doubly noncentral case just involves repeated evaluation of the
singly noncentral case. This is done in the program given in Listing 10.8, though in
a simple way. (A more sophisticated implementation would generalize the vectorized
elements to matrices and avoid the FOR loop over k.)

function pdf = ncflpdf(xvec,nul,nu2,thetal, k)

if nargin<5, k=0; end

if (thetal==0), pdf=fpdf(xvec,nul,nu2); return, end
xlen=length(xvec); pdf=zeros(xlen,l);

nl2=nul/2; n22=nu2/2; nln22=(nul+nu2)/2; rndtheta=round(thetal+l);

for xloop=l:xlen, x=xvec (xloop) ;
tmp=nul*x/nu2; tmpl=tmp+l; ltmp=log(tmp); ltmpl=log(tmpl);
up=3*rndtheta; c=0:up; % This upper limit is often adequate...

ppln=ppdfln(c,thetal/2);
bbln=gammaln(nl2+c)+gammaln (n22+k) -gammaln(nln22+c+k) ;
dln = ppln - bbln + (nl2+c-1)*1ltmp - (nln22+c+k) *ltmpl;
pdf(xloop) = sum(exp(dln));
if exp(dln(end))>le-14 % ...but if NOT enough, use a large value.
c=(uptl):(10*rndtheta); ppln=ppdfln(c,thetal/2);
bbln=gammaln(nl2+c)+gammaln(n22) -gammaln(nl2+c+n22) ;
dln = ppln - bbln + (nl2+c-1)*1tmp - (nln22+c)*1ltmpl;
extra = sum(exp(dln)); pdf(xloop) = pdf(xloop) + extra;
end
end
pdf=pdf*nul/nu2;

function y=ppdfln(x,lambda)
y = -lambda + x .* log(lambda) - gammaln(x + 1);:

Program Listing 10.7 Computesthe exact p.d.f. of the singly noncentral F distribution. Argument
k should be ignored; it is used by program ncfpdf in Listing 10.8

8 Moreover, without knowledge of the speed of decay of the terms in the sum, so that an upper bound on
the sum of the infinite number of neglected terms could be computed, it is not apparent when summing should
stop. It appears that the algorithm employed here is adequate, but this should only be seen as arule of thumb.
To do things correctly, the skills of numerical analysis should be invoked.



10.2 Singly and doubly noncentral F 363

function pdf = ncfpdf(xvec,nul,nu2,thetal,theta?2)
if nargin<5, theta2=0; end
xlen=length(xvec); pdf=zeros(xlen,l);
if (theta2==0)
pdf = ncflpdf(xvec,nul,nu2,thetal); return
end
rndtheta2=round (theta2+1) ;
for xloop=l:xlen
x=xvec (xloop) ;
for k=0:rndtheta2
poiswgt=exp (ppdfln(k,theta2/2));
single=ncflpdf(x,nul,nu2,thetal,k);
val=poiswgt*single; pdf(xloop)=pdf(xloop)+val;
end
while val>le-14
k=k+1;
poiswgt=exp (ppdfln(k,theta2/2));
single=ncflpdf(x,nul,nu2,thetal,k);
val=poiswgt*single; pdf(xloop)=pdf(xloop)+val;
end
end

function y=ppdfln(x,lambda)
y = -lambda + x .* log(lambda) - gammaln(x + 1);

Program Listing 10.8 Computes the exact p.d.f. of the doubly noncentral F distribution. Uses
program ncf1pdf given in Listing 10.7

The c.df. of F = (X1/n1)/ (X2/n2) can aso be computed by writing
Pr(F <x)=FPr <Zlg)(1-—-x)(2 < 0) =PrY, <0, (lOiﬁﬂ
ni

where Y, is the so-defined linear combination of k = 2 independent noncentral x 2 r.v.s,
and then using the inversion method for weighted sums, given in (10.22). This has the
advantage that the computation time involved is not a function of the noncentrality
terms as it is in the outward summing method, and is thus of particular use in the
doubly noncentral case with large noncentrality parameters.®

10.2.4 Approximate computation methods

A popular and straightforward method based on matching moments has been given by
Tiku (1972) and is discussed first. The use of the saddlepoint approximation in this
context proves to be far more accurate and is developed subsequently.

9Based on this computation of the c.d.f., the p.d.f. could be approximated by numerical differentiation,
though this can be problematic and is not recommended.
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10.2.4.1 Matching the first three moments

Tiku (1972) proposed approximating the distribution of X ~ F (ny, n, 61, 62) with that

of alocation- and scale-shifted central F distribution, i.e., with Fy, x, ~ F (k1, k2, 0, 0),
Pr(X <x)a Pr(Fsn, < (x+a)/h), (10.36)

by matching the mean, variance, and third central moment of X and Y := hF,, ,, — a.
From (10.29)—(10.31), the first three moments of Y are given by
2n% (v1+n2—2)
vi (12 — 2)% (n2 — 4)’
3813 (1 +np — 2) (2v1 +np — 2)
vf (n2 — 2)° (n2 — 4) (12 — 6)

na _
(n2 —2)

uy =E[Y]=h a, V(Y) = h?

E[(Y —ur)®] =h

provided n, > 6. Denote the rth central moment of X as,u, and define 81 = 2,u§ / zug
and uy = E[X]. Then, with the convenient help of Maple, we obtain'®

U1 (n2 — 2) (n2 — 6) 213
4ny (201 +n2 —2) 2p2

. =2 ( 3,2(;12—4)>—1/2
01 = 1-——— —1].
2 (n2 — 6)° B1
To make this operational without having to compute the 1 F; function, Tiku (1972)
used the approximation (5.32), i.e,,

0 0\ "
A (2 22 )~ (14 2) (10.37)
2 2 np

which increases in accuracy as np — oo, S0 that, recalling (10.32),

_ , h =
Ny — 2 Mx

and

9 —r
s i, - (1+ —2) . (1038)

Notice that (10.38) contains two approximations — one is (10.37) and the other is
the fact that (10.32) does not hold for the central moments. Naturally, the accuracy
of the method will increase if exact values for ,u, are used instead (computed via
(10.32) and (1.4.47)), which, however, somewhat defeats the object of computational
simplicity. The reader may verify, however, that the increase turns out to be small,
except in cases when 6,/n, > 1/2, in which case the method is still not particularly
accurate, most notably so as n, approaches 6.

10 Although his calculations are correct, the formula for 91 in Tiku (1972, eg. 8) contains a misprint. Also,
the expressions for 9, and 4 given in Johnson, Kotz and Balakrishnan (1994, p. 501) both contain misprints,
and the M function in equation (30.52) on the same page refers to the 1 1 function, and not to , Fo.
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Tiku and Yip (1978) extended the method to the use of four moments, which does
increase the accuracy in some, but not all cases. A detailed study of the accuracy of
these moment-based methods is given in Butler and Paolella (1999).

10.2.4.2 Saddlepoint approximation to the c.d.f.

By (approximately) inverting the moment generating function, the s.p.a. takes all the
moments into account, not just the first several. As such, we expect it to perform
better than the previous method. This is indeed true, by several orders of magnitude
in fact. Also, the previous method using three (four) moments is only valid for n, > 6
(n2 > 8), while the s.p.a. can be used for any n, > 0.

As throughout this section, let X; nd %2 (ni,0;), so that F = (X1/n1)/(X2/nz) ~
F(n1, no, 01, 62). Recal from (10.35) that the c.d.f. of F can be expressed as
Pr(F <x)=Pr(Y, <0),whereY, isdefined in (10.35). The m.g.f. of Y, isgiven by
the tractable expression

M —(1-2s"2 e 1+ 25x) 2% g e st2x (10.39)
=(1-2s—= X — .
7() n ( 5%) P 1-— ZS—Zi 14+ 2sx

from (2.1), so that the sp.a. of Y, isreadily caculated. AsPr (F < x) = Pr (Y, < 0),
the saddlepoint equation is K} (s) = 0, and

1 nz 1 61 * 02
KoL _ . (1040
W= 1 ("1+1—2sg—§> 1+ 2o (”2+1+2sx) (1049

By defining ¢1 = no/n1, € = —x and 9; = 9;(s) = (1 — 25¢;)"%, the dth-order
derivative of the c.g.f. of Y, can be conveniently expressed as

2
Ky () =ka ) €0 (i +d69)) . d =1, (10.41)
i=1

wherek; =1and, ford > 2, ky =2(d — D ky_1, i€,
kg =(d—11297t deN.

Note that My (s) is convergent on the neighbourhood of zero given by — 20t <
s < n1/ (2n2), which does not depend upon the noncentrality parameters. The saddle-
point § = O occurs for that value of x such that K} (0) = 0, easily seen from (10.40)
to be

_14+01/m

e 1+ 62/n2 #ELF].

For this value of x (and, for numerical reasons, a small neighbourhood around it),
the limiting approximation (5.8) could be used, or, more accurately, linear interpolation
based on adjacent points x — € and x + €, where ¢ is a small positive value such that
the s.p.a. still delivers numerically stable results.
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Conveniently, even for the doubly noncentral case, an explicit form of § is available.
Using the notation of Abramowitz and Stegun (1972, p. 17), the solution to ]K;X(s) =

can be expressed as the root of the cubic s + aos2 + a1s + ao, where
a-ap)=8x(1—x) nlng + 4x (ng + Gzng — ninzx — n1n291x) ,
a-ay=2 (n%nl + nfnzxz) —dxnying (n1+np + 01+ 62) ,
a-ag= x@zn% —(1—x) n%nz — nynob1,

a= 8x2n§ (n1+no).
Upon further defining

1 1 1 1
q=30- §a§, r=g (a1az — 3ap) — Eag, m=q3+r? (10.42)

and the two values s1 2 = +/r = m1/2, the three roots to the cubic equation are

a 1 z\/—

71 = (s1+52) — 52 23=—7 (Sl +52) — E + - (s1—52). (10.43)
It turns out that, for any x, n1, n2, 61, 62 € R, the three roots are real and ordered

according to z» < z3 < z1. Furthermore, the saddlepoint solution is aways

R 1 a i3

s:zsz——(31+S2)—§2—7(31—52) (10.44)
z3 isthe only root in the convergence strip of My (s), —1/(2x) < s < n1/ (2n2), and
the only root for which Ky ' (z;) > 0. The proof of this result is given in Butler and
Paolella (2002) and is repeated in Section 10.5 below. An aternative expression for
the saddlepoint that is useful with software not supporting complex arithmetic is

§:z3=«/—_q{f3sin(¢)—cos<¢)} _¢ (10.45)

@2
3 9
where

_ o~ | tan Tt (V=myr), if r>0,
3¢ =arg(r +i _m)_{rr—l—tanl(./—m/r), if r<o,

and m and ¢ are always negative. For the singly noncentral case in which 6, = 0, this
simplifies to

xni(ny+ 2n + 601) — ninp — /n1y
dnox (n1 4+ no)

S =

: (10.46)

where

y=x ”1 + 2x%n? 101 + Zn%xnz + 4x2n1n291 + n1912x2 + 2n161xny + n%nl + 4xn%91.
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Finally, for the central F case with 61 = 0 = 6,, we obtain

ni(x —1)
2x (n1+ny)’

5= (10.47)
which was aso noted by Marsh (1998).

This is straightforward to implement in Matlab, and is very similar to the program
shown below which computes the s.p.a. to the p.d.f.

10.2.4.3 Saddlepoint approximation to the density

The s.p.a. to the density of F' ~ F (n1, np, 61, 02) is not as straightforward as the c.d.f.
because the ‘trick’ used via Y, is not available. Using (1.63) and (1.64), it can be
shown that

R 02) M (5

fr ) = L2t D MO) (10.48)
V2 (InM*)" (5)
where
ny\ /2 _ 50172 562x
M(s)=(1-25== 1+ 25x)7"2/? L 10.49
(5) ( snl) (14 2sx) exp(l_zsz_i o ( )
_ 92 np

+ 6,71 + , 10.50
x (n2 + 62) { 202 1% 2ox } ( )

function M* is M in (10.49), ignoring the term in (10.50), and the density saddlepoint
5 is the same as the c.d.f. saddlepoint given above; see Marsh (1998) and Butler
and Paolella (2002) for further details. Listing 10.9 implements (10.48), and aso the
extension to the higher-order s.p.a. based on (5.10).

It is noteworthy that the approximate density for both the singly and doubly non-
central cases is a closed-form expression which is trivia to evaluate on a computer, in
stark comparison to the exact expressions, particularly in the doubly noncentral case.
Furthermore, in the central case with 6; = 6, = 0 and using the saddlepoint in (10.47),
(10.48) reduces to

(10.51)

ny na/2 1 /21
ni

Jrto = ( B (n1/2.n2/2) (1 + (n1/np)x)"m2)/2’
where B (n1/2, n»/2) is Stirling’s approximation to the beta function. Thus, the nor-
malized density s.p.a. is exact for the central F distribution. From this result, one might
expect the s.p.a. to exhibit high accuracy in the noncentral cases as well. Thisisindeed
the case. As an example, let F' ~ F(1, 12, 2316), which are the parameters in (10.33).
Figure 10.4 shows the normalized density fr (with constant of integration 1.00161574,
so that normalization is hardly necessary), which is graphically indistinguishable from
the exact density fr. Superimposed on the graph is the RPE, which is seen to be
between 0.0005 and —0.003 for x-values for which fr (x) > 1071,

367
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function f=SPncfpdf(xords,nl,n2,thetal,theta2,acclevel)
if nargin<6, acclevel=2; end
if nargin<5, theta2=0; end
xlen=length(xords); f=zeros(l,xlen);
for xloop=l:xlen
x=xords (xloop) ;
if x<le-30, f(xloop)=0;
else
11= n2/nl; 12=-x;
if (theta2==0)
x2=x"2; a=nl; a2=nl"2; a3=a*a2; b=n2; b2=n2"2;
t=thetal; t2=t"2;
y=x2 * a3 + 2*x2*a2*t + 2*al2*x*b + 4*x2*a*b*t
+ a*t2*x2 + 2*a*t*x*b + b2*a + 4*x*b2*t;
num=x*a* (at2*b+t) - a*b - sqrt(a*y);
den=4*b*x* (a+b) ;
s=num/den; roots=s;
else
x2=x"2; nl2=nl”"2; n22=n2"2; nl3=nl”"3; n23=n2"3;
tl=thetal; t2=theta2;
a=8*(n23*x2+n22*nl*x2);
b=4*(-2*n22*nl*x2 + x*n23 + 2*x*nl*n22
+ x*t2*n22 - nl2*n2*x2 - nl*n2*tl*x2);
c=2*(n22*nl + nl2*n2*x2) - 4*(x*nl2*n2
+ nl*n2*tl*x + x*t2*nl*n2 + x*nl*n22);
d=-nl2*n2 + x*nl2*n2 + x*t2*nl2 - nl*n2*tl;

% Abramowitz and Stegun notation
a2=b/a; al=c/a; a0=d/a;
q=al/3 -a2”2/9; r=(al*a2-3*a0)/6 - a2"3/27;
m=q”"3 + r"2;
if m >= 0, error (’this should not happen!’), end
sl=(r+sqrt(m))”*(1/3); s2=(r-sqrt(m))"(1/3);
sps=sl+s2; sms=sl-s2; z3=-sps/2 - a2/3 - sqrt(-3)*sms/2;
roots=z3;
end

Program Listing 10.9 Computes the s.p.a. of the p.d.f. of the doubly noncentral F distribution.
Continued in Listing 10.10

s=roots; vl = 1/(1-2*s*11); v2 = 1/(1-2*s*12);
K=0.5*(nl*log(vl) + n2*log(v2)) + s*(ll*thetal*vl + 12*theta2*v2);
kpp=2*(1172*v1”"2* (nl+2*thetal*vl) + 12"2*v2”2* (n2+2*theta2*v2) );
M=exp (K) * ( theta2/(1+2*s*x)"2 + n2/(1+2*s*x) );
f(xloop)=M/sqrt (2*pi*kpp);
if acclevel==
K3= 8*(1173*v1”3*(nl+3*thetal*vl) + 1273*v2”3*(n2+3*theta2*v2) );
K4=48* (11M4*v1™4a* (nlt+4*thetal*vl) + 1274*v274* (n2+4*thetal2*v2) );
kap3= K3/ (kpp)”"(3/2); kap4=K4/ (kpp)” (4/2);
01= 1 + kap4/8 - 5*kap3”2/24;

else, 01=1;

end

f(xloop)=f(xloop) *01;
end

end

Program Listing 10.10 Continued from Listing 10.9
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Figure 10.4 Density function (solid) and 1000 times the RPE of the saddlepoint approximation
(dashed) for the singly noncentral F with parametersn; = 1, np = 12, 6; = 2316, and f = 990 as
in (10.33), where RPE = 100 (s.p.a. — exact) / min (exact, 1 — exact)

10.3 Noncentral beta

Problem 1.7.20 showed that, if X ~ F(n1, n2), then

_ nX
T 1+4nX

~ Beta(ni/2,n,/2),

where n = ny/ny. This relationship can be used as the basis for the definition of the
noncentral beta distribution: if X ~ F(2n1, 2no, 61, 62), then

_ nX
T 140X’

n=ny/na,

is said to follow a doubly noncentral beta distribution, Beta(n1, ny, 61, 62). Going the
other way, if B ~ Beta(n1, n», 61, 62), then

X=——~F(@2n1, 2ny 01, 65), = .
"1-B) F(2n1, 2nz, 01, 62) n=ny/ny

With

b dx 1
_ , . 10.52
TTRAS @ n@-b)y? (1052
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it follows from the univariate transformation formula (1.7.65) and the density of the
doubly noncentral F distribution (10.23), after simplifying, that

d
Fa®) = fa (b:ny.n2, 01,09 = fx (1) (1053)

(o olNe o]
Wi 6, Wj 0, ni+i—1 ot i1
- ZZ: b"t 1— pyrzti—1y b
i BlUtny, j+n/2) ( ) ©0.(b)

(ol o]
=YY 0006, feeab; ni+ina+ j),
i=0 j=0

where w; g = €92 (6/2)' /i! and faea (b; p, q) denotes the central beta density with
parameters p and ¢. Via relation (10.53), computation of fz can be done via that of
fx, using either exact methods or with the s.p.a. Similarly, for the c.d.f.,

nX
Fg(b; nq1,no, 01,02 = Pr b
B(b; ny, ny, 01, 62) <1+nX< >

b b
=Pr{X < — | =Fy|—;2n1,2n,,61,0, ) .
( <n<1—b>) X(n(l—b) Lz 2)

In particular, if SPncfpdf and SPncf denote the programs which compute the
s.p.a. of the doubly noncentral F density and distribution, respectively, then the program
in Listing 10.11 will compute the p.d.f. and c.d.f. of the noncentral beta.

function [pdf,cdf] = ncbeta(bvec,nl,n2,thetal,theta?2)
n=nl/n2; xvec=( bvec./(1l-bvec) ) / n; dxdb = (1l-bvec).”(-2) / n;
pdf = SPncfpdf(xvec,2*nl,2*n2,thetal,theta2) .* dxdb;
if nargout>l
cdf = SPncf(xvec,2*nl,2*n2,thetal,theta2);
end

Program Listing 10.11 Computes the s.p.a. to the p.d.f. and, optionaly, the c.d.f. of the non-
central beta distribution using programs for the s.p.a. of the noncentral F distribution

10.4 Singly and doubly noncentral t

Similar to the noncentral F, the noncentral ¢ distribution arisesin power calculations for
statistical hypothesis testing and also in construction of certain confidence intervals. It
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has also found use in alarge variety of other contexts; see the examples and references
in Johnson, Kotz and Balakrishnan (1994, p. 512).

10.4.1 Derivation

Let X ~ N (u, 1) independent of ¥ ~ x2 (k, 6). Therandom variable T = X//Y/k is
said to follow a doubly noncentral  distribution with k degrees of freedom, numerator
noncentrality parameter © and denominator noncentrality parameter 6. We write T ~
t"(k, u,0).1f 9 =0, then T is singly noncentral ¢+ with noncentrality parameter 1, and
we write T ~ ' (k, ).

10.4.1.1 Singly noncentral ¢

Consider first the singly noncentral ¢ distribution. From Problem 1.7.5, the density of
Z = /Y /k is given by

2—k/2+lkk/2 g kzz)

fz (k) = r /2

2
Pl0.00) (2) -

From (1.8.41) with X and Z independent, the c.d.f. of T = X//Y/k = X/Z is
therefore
Fr(t;k,n) =Pr(X <1tZ)

= / Fx\z (tz) fz (z) dz

o0
=/anﬁ@&
0
2—k/2+lkk/2

* . k—1 _} 2
T (k/2) /0 @ (rz; . 1) 2z exp{ ZkZ}dz, (10.59)

where

1z

®(tz; n, 1) = (271)—1/2/

—00

Asthe standard normal c.d.f. @ () is apre-programmed function (in Matlab, S-Plus,
R, etc.) which is evaluated quickly and to machine precision, the integral in (10.54)
can be computed numerically to a high degree of accuracy. The program in List-
ing 10.12 can be used to compute (10.54). However, Matlab's implementation in its
function nctcdf appears not to suffer from faulty convergence criteria (as does its
p.d.f. implementation; see footnote 11 below) and is both more accurate than our pro-
gram in Listing 10.12 (because it uses the infinite-sum representation) and faster, and
so is preferred.

exp{—%(x—u)z}dx=<I>(tz—u;0,1)E<1>(tz—u)~
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function cdf = tecdfsing(tvec,k,mu)
cdf=zeros (length(tvec),1);
for tloop=l:length(tvec)
t=tvec (tloop);
intsum=0; 1lo=0; up=1l; done=0;
while ~done
s = quadl(@ff,lo,up,le-10,0,t,k,mu); intsum=intsumts;
if (s<le-12) & (ff(up.t.k,mu) <= ff(up,t,k,mu)), done=1; end
% this piece of the integrand is extremely small and decreasing
lo=up; up=2*up;
end
cdf(tloop) = intsum * 2"(1-k/2) * k"(k/2) / gamma(k/2);
end

function s=ff(z,t,k,mu)
s=normcdf (t*z,mu,1) .* z."(k-1) .* exp(-0.5 * k * z."2);

Program Listing 10.12 Computes the singly noncentral ¢ c.d.f. (10.54). The practical upper limit
on the integral is a function of the parameters, so awhile loop is used to sum over digoint parts
of it (which doublein size, starting with (0, 1)) until convergence (when the integrand is decreasing
and close enough to zero). Alternatively, the transformation r = (1 + z)~* could be used to map
the integrand to (0, 1)

Differentiating (10.54) using Leibniz’ rule (see Section 1.A.3.4.3) yields an expres-
sion for the p.d.f. as

d
fT (tvkv M) = EFT (t)

_ ©d = 1 2| k-1 1 >
_K/O E/wexp{—é(x—u)}z exp{—ikz}dxdz

© 00 . 1 ) . ) q © 2—k/2+1kk/2

/o z exp{ 2[(tz W+ z]} z, N
(10.55)

which can also be readily evaluated using numerical integration. Note that, in the

central case with u = 0, this integral expression reduces to precisely that given in

(2.17), which can be further simplified. With  # 0, matters are more complicated.

We can, however, write

exp {—% [(tz — w)? + kzz]} = exp {—% [(tz)2 +k12]} exp {—% [MZ _ 2tzﬂ]}

1
= exp { -5[e?+ kzz]} exp {—u?/2} exp (tzp)

o0

— exp {—% [(t2)? + kzz]} exp {—u?/2} (Z (Zti’!‘ ) ) ., (10.56)

i=0
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S0 that

fr(tp k) = Ke w2y (IILI)I " exp {—% [(1? +k) zz]} dz.  (10.57)
i=0 Y0

Standard manipulations (Problem 10.10) show that

k+1

_ _ _z/ZF((k+1)/2)k"/2< 1 >z
frikw =et = k2 \k+ 2
y i(;,@"( 2 )f/zr((k+i+1)/2)

—~ il 2+k rk+1/2 |

1=

(10.58)

This expression immediately yields the central ¢ density when 1 = 0. It aso lends
itself well to numerical computation, given that the gamma function can be quickly and
accurately evaluated in numerical software packages.!* As an illustration, Figure 10.5
shows the singly noncentral ¢ density for u =1 and k =1,4 and 40. The k =1
(k = 00) case can be seen as a skewed generalization of the Cauchy (normal) distri-
bution.
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Figure 10.5 The singly noncentral ¢ density for 4 = 1 and three different values for the degrees
of freedom

The numerical integration associated with evaluation of the c.d.f. expression (10.54)
can also be avoided. From (10.58), Pr(0 < T <) for t+ > 0 can be expressed as

1 Expression (10.58) is used, for example, by the program nctpdf in Matlab 6, where summing starts
from i = 0 and is terminated when the absolute value of the ith term divided by the current totd is ‘small’
relative to machine precision. This can fail, however, when the initial summands (and, hence, the current total)
are negative. For example, take r = —3, k = 4 and i = 1, which results in a negative p.d.f. value. The patch
is easy: replace the convergence test if all (abs (newterm(:))./infsum(:) < eps” (3/4)) with
if all(abs(newterm(:)./infsum(:)) < eps” (3/4)).
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_#52221‘«k+l4-n/2)
V7l (k/2)i! (10.59)

t .
% kk/221/2Mi/ xl (k+x2)—(k+l+l)/2 dx.
0

Pr(O<T <t)=

From this, we obtain (Problem 10.11)

2i/2 ’F 1+6))— 1+i k
PPrO<T<t)== —M2/2Z 2 \/_ﬁ i) Bt (% 5) (10.60)
i/2 .
—u2/2 (1/2) - 1+i k 10.61

where B is the incomplete beta ratio and m (t) = 12/ (k + t?). Similar to (10.58), this
expression lends itself well to numerical computation.

Recall theconstructionof ther.v. T ~ ¢/ (k, u) asT = X//Y/k,where X ~ N (u, 1),
independent of ¥ ~ x? (k, 0). Then

Pr(T<0)=Pr(X<0)=®(—p), (10.62)
so that, for t+ > 0, we can compute the c.d.f. using (10.61) and (10.62), i.e.,
Pr(T<t)=Pr(T<0+Pr(0<T <1, t>0.
For r < 0, start with the relationship between the ¢/ (k, i) and F distributions
Pr(—s<T <s5)=Pr(T| <s5)=Pr(T? <s% = Fe (s> Lk, u%,0), s5>0,

so that Pr(—s < T < s) can be computed using the methods for the singly noncentral
F distribution. Thus, for ¢ < 0, we can evauate

Fr(t;k, 1,00 =Pr(T <1)
=P =0)+PrO=<T <|th=Pr(=lt| =T <t]), t<0.
Remark: An interesting result emerges by using the fact that Pr(7 > 0) =1-—

®(—pu) = ®(u) and taking ¢+ — oo in (10.61), so that m(r) — 1, m(t)( D) =1,
and

121/2
@ (n) = —eﬂ”2§: Fijza—b’ (10.63)

as noted by Hawkins (1975). As

o) i

2 (12 &
; F@E+1 g: l‘ _eXp< )

1
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separating the even and odd terms in (10.63) and replacing « with z yields

i (2i+1)/2
O () = —z2/2 Z 2i (1./2) Z 51 (1/2)FH0/2
C@+1 TG+3/2)
(2i+1)
1 2/2 - (Z/ ﬁ)
=4 Zg 2_7. (10.64)

2 2 — I'a +3/2)

Similar to (1.7.34), besides being of theoretical interest, (10.64) can aso be used
to numericaly evaluate the normal c.d.f., without requiring a routine for the gamma
function, recalling its recursive property and the I.h.s. of (10.2). For example, with
7 = —1.64485362695147, the exact value of @ (z) is0.05 to 14 significant digits. With
only 6 terms in the sum, (10.64) yields 0.0506; with 11 terms, we obtain 0.05000003;
and, to 14 significant digits, 0.05 using 18 terms. The expression is obviously exact

for z = 0 and, to obtain a given accuracy level, we expect more terms in the sum to
be necessary as |z| increases. [ |

10.4.1.2 Doubly noncentral ¢

We now turn to the doubly noncentral ¢ distribution, in which case T = X//Y/k,
where X ~ N (i, 1), independent of ¥ ~ x2 (k,0), sothat T ~ t”(k, i, 8). Using the
representations in (10.5) and (10.3), the density of W = /Y is

fw (w) = 2wfy (wz)
_ e—(w2+9)/2wk/29—(k—2)/41(k_2)/2 (w«/5> I(0,00) (w)

B e_(wz)/z e e—0/2 (9/2)1 wk+2i—l
N il 2K/2+i-1T (j + k/2)

L0,00) (W) .
i=0

Then, similar calculations to those for deriving (10.58) yield

()2 X2 T (e +2i 1+ 1) /2)

vk, 0
Jr @k, pn,0) = F ZZ il CG@+k/2) (10.65)

10]0

% <I/L\/T> (l+t2/k)—(k+2i+j+l)/2

and, numerically more useful,

7(9+/42)/2 00

k. 0) = ~— N4, 10.66
fr (t;k, 11, 0) NeT ; (0 (10.66)

375



376 Noncentral distributions

where
j r kt+j+1 .
Ay = L (270 VAN L ’
T e TR TG T2 2 2k

(10.67)
(see Problem 10 12). If = 0, then, as 0° = 1 by convention, (10.66) reduces to

fT(t'kOG’):e_@/2 = F(kizl)ll krik o
OO R e r ) 2w

(10.68)

For t < 0, the terms (10.67) oscillate. Figure 10.6 shows these terms (as a function

of j)forr = -2, u =3, k=10, and 6 = 5, computed using the approximation to ; F;

given in Section 5.3 (see Programs 10.13 and 5.6). Notice that the integral representa-

tion of the 1 F; function is not valid for any j in (10.66), which otherwise could have be

used to evaluate it numerically to a high degree of precision. Thus, the approximation

is quite convenient in this case. It is used via Program 10.14 to compute the doubly
noncentral ¢ densities illustrated in Figure 10.7.
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_0'050 5 1‘0 1.5 2.0 2.5 3.0 3.5 40
Figure 10.6 Terms in (10.66) for u« = 3, k = 10, and 6 = 5, calculated from (10.66) using an
approximation to 1 F;. The dashed curve plots the absolute value of the terms

While various expressions for the c.d.f. of the doubly noncentral 7', denoted
Fr (t; k, u, 0), are available (see the references in Johnson, Kotz and Balakrishnan,
1994, pp. 536-537), we present the one derived in Kocherlakota and Kocherlakota
(1991), which is convenient for numerical computation. They show that

> k+2i\Y?
Fr ks =Y o b (1(S52) iz, (1069)
i=0
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function y=doubnoncentterm(j,t,k,mu,theta)
a=t*mu*sqrt(2/k);
if a==0
if j==0, terml=0; %%% a”j = 0"0 = 1 and log(1l)=0
else, y=0; return, end
else
terml=j*log(a);
end
kon = (- (thetatmu”2)/2) - log(pi*k)/2; z=(k+j+1)/2; w=1+t"2/k;
term=konttermltgammaln(z)-gammaln(j+1)-gammaln(k/2)-z*log(w);
f = real(fl1(z,k/2,theta/(2*w)) ); y=real(exp(term + log(f)));

Program Listing 10.13 Computes terms (10.67) for calculating (10.66), using the approximation
to 1F1 givenin Listing 5.6. Roundoff error sometimes induces tiny imaginary components, so just
use the real component

function f=doubnoncent (tvec,k,mu,theta)
f=zeros(length(tvec),1);
for loop=l:length(tvec)
t=tvec(loop); kum=0;
for j=0:300, kum=kumt+doubnoncentterm(j,t,mu,k,theta); end
f(loop)=kum;
end

Program Listing 10.14 Uses Program 10.13 to compute (10.66). Values for j have been arbi-
trarily chosen as 0 to 300, which were adequate for the example shown. A smarter algorithm (such
as used in Listings 10.12 and 10.15) will be required to compute the density for any parameter
values
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Figure 10.7 Doubly noncentral ¢ density for u = 2, k = 5, and three values of 0

i.e., an infinite Poisson weighted sum of singly noncentral ¢ c.d.f. values (see Prob-
lem 10.13 for derivation). This is implemented in a program given in Listing 10.15.
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function cdf = tcdfdoub(tvec,k,mu,theta)
if theta==0; cdf=nctecdf(tvec,k,mu); return, end
cdf=zeros(length(tvec),1);
for tloop=l:length(tvec)
t=tvec (tloop);
partsum=0; inc=50; % calculate the sum in chunks of inc to
1o=0; hi=inc; done=0; % capitalize on Matlab’s vector computing
while ~done
ivec=lo:hi;
lnw = -theta/2 + ivec*log(theta/2) - gammaln(ivectl);
k2i=k+2*ivec;
logcdfpart = log(nctcdf (t*sqrt(k2i/k),k2i,mu));
newpartvec = exp(lnw + logcdfpart);
newpartsum = sum(newpartvec) ;
partsum = partsum t newpartsum;
lo=hi+1; hi=hi+inc;
if ( newpartvec(l) >= newpartvec(end) ) & ( newpartsum<le-12 )

done=1;
end
end
cdf (tloop) = real(partsum); % roundoff error produces imaginary comp
end % of the order of 1le-28. Just delete it.

Program Listing 10.15 Computes 10.69 using Matlab’s program for computing the singly non-
central ¢ c.d.f., though the simple program in Listing 10.12 could aso be used

10.4.2 Saddlepoint approximation

The s.p.a. for the singly and doubly noncentral ¢ is a direct extension of Example 5.10,
which applied the Daniels and Young (1991) margina s.p.a. to the central Student’s
t. As in Broda and Paolella (2007), let X1 ~ N(u, 1), independent of X, ~ x?(k, 6).
Letg: R xR.g— R x R.g, (y1, y2) = (y1y2, ky%). Then g is bijective and smooth,
with asmooth inverse. Define Y = (Y1, o) = g7 1(X1, X2) = (X1/vX2/k, VX2/k)',
so that X = (X1, X2) = g(Y) = (Y1Y2, kY2). Then Y1 ~ t"(k, 11, 6).

The joint cumulant generating function of X = (X1, X») a t = (11, tp) is, from
independence,

120
1—-2Q’

1 k
Kx(t) = Ky, (1) + Kx,(r2) = 1t + Etf = 5 log(1 - 2r5) +

where Ky, and Ky, are the c.g.f.s of X1 and X», respectively. The saddlepoint {, 3) =
(f1, f2, ¥2), 2 < 1/2, 3o > 0, solves the system of equations

w1t =y1y2
k 0
— ky2
-2, T A—2p2 2
tiy1 + 2ktoyo = 0.
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Straightforward calculation reveals that

. A yii1
n=—ptyide 2=-50. (10.70)
V2

and §, solves the cubic s(y) = azy3 + azy3 + aiy2 + ap = 0, where
ag=yi +2kyZ + k%, az= -2y} — 2yikp, a1 = yiu® —kyZ — k? — ok,
and ag = y1ku. Upon defining

c 4 c @ c do q 1c 1c2
2= 1= 0= > = 501 — < 9
as as as 3 92

1 1
= S (c162 = Bco) = 502, m=qg>+r?% s12= 0+ /m3

the roots of the cubic are given by

c 1 i3
21=(S1+Sz)—§2 and 223—__(S1+S2)—§i—(sl_52)

The saddlepoint solution is always z3, as proved in Broda and Paolella (2007). With

Vy8(y) = (32,00,  Vy,8(y) = (y1, 2ky2)',

V2g(y) = (0,2, K'(t) = diag (L 2k(1— 2r) 2+ 40(1 — 2t2)"%),

det[dg/dy] = det[V,,g(¥), Vy,e(V)] = 2ky3,

and after some simplification, the quantities entering approximations (5.23) and (5.24)
take the simple form

d= (@507 u= 07+ i@k + 400 + 4253 [ (253),

w = \/—uf — klogv — 20viy sgn (1 — /I +07k).
where v = (1 — 27)"L, t = (1, &)’ is given by (10.70), and
$p = /—4g cos(cos‘1 (r/\/—q3)/3) - 0—32 (10.71)

With these quantities, (5.23) and (5.24) can be computed. The program in List-
ing 10.16 implements the approximation.
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function [pdf,cdf] = nctspa(x,k,mu,theta,renorm,rec);
% pass renorm=1 to renormalize the SPA to the pdf.
% There is a last argument called rec. DO NOT PASS it!

if nargin<3, mu=0; end; if nargin<4, theta=0; end;
if nargin<5, renorm=0; end; if nargin<6, rec=0; end

n=k; a=x; alpha=mu/sqrt((l+theta/n)); normconst=1;
if renorm==1 & rec==0
terml = quadl (@nctspa,alpha-le+10,alpha,[],[],n,mu,theta);
term2 = quadl(@nctspa,alpha,alpha+le+t10,[],[].n,mu,theta);
normconst=1/(terml+term2) ;
end
cdf=zeros(size(a)) ;pdf=cdf;
c3=n"2+2*n.*a. 2+a. 4;c2=(-2*mu* (a.”3+n.*a)) ./c3;
cl=(-n"2-n*a.”2-n*thetata.”2*mu”2)./c3;c0=(n*a*mu) ./c3;
q=cl/3-(c2.”2)/9;r=1/6*(cl.*c2-3.%c0)-1/27.%*c2."3;
bO=sqrt(-4*q).*cos(acos(r./sqrt(-q."3))/3)-c2/3;
tl=-muta.*b0;t2=-a.*tl./b0/n/2;nu=1./(1-2%t2);
w=sqrt(-mu*tl-n*log(nu)-2*theta*nu.*t2).*sign(a-alpha);
u=sqrt((a.”2+2*n.*t2).*(2*n*nu. 2+4*theta*nu.”3)
+4*n"2*b0."2) ./ (2*n*b0."2);
pdf=normconst*normpdf (w) ./u;
if nargout==
nz=(abs(tl.*b0)>=1le-10);iz=(abs(tl.*b0)<=1le-10);
if any(nz)
d(nz)=1./(t1l(nz).*b0(nz));
cdf(nz)=normecdf (w(nz))+normpdf(w(nz)).*(1./w(nz)-d(nz)./u(nz));
end
if any(iz)
n=sum(iz==1) ;
[garb cdfiz]=nctspa([a(iz)-le-4 a(iz)+tle-4],n,mu,theta,0,rectl);

if rec>5
cdf(iz)=0.5; warning(’Too many recursions’);
else
cdf(iz)=.5*(cdfiz(l:n)+cdfiz(ntl:end));
end
end

end

Program Listing 10.16 Computes the s.p.a. to the doubly noncentral ¢ at value x

Remark: In the singly noncentral case with & = 0, u and w reduce to

u= Gy + 20/ /52 ad  w=/—ui - 2klog(2) (31— ).

where d, #; and 7, are as before, and

HYL+\JAGE + K + 2y
a 202 +k)

Y2

El

as given in DiCiccio and Martin (1991, p. 897).
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10.4.3 Moments

First consider the singly noncentral case. Let Z = X — u ~ N (0, 1), independent of
Y ~ 2. Then, for integer s, recalling (1.7.38) and that E[Z] =0 fori = 1,3,5, ...,

ele]=s[z+w] =3 (})el# 1w = 3 ()t

i=0 i=0

ls/2] Ls/2] .
s\ 1 _, /1 \ s\ @)
— ——2r( = =2 _ : s—2i
2 (21')«/71 (2 +’) H 2 (Zi) TR

i=0 i=0

where the last equality follows from (10.2). Thus, using (1.7.42), the raw moments of
the singly noncentral ¢ rv. T = X//Y/k are, for k > s and s € N,

— . 1 (RVPTkj2—572) B s\ @),
E[T°] = KPE[y~]E[X"] = (E) T (/2 > (21') T
i=0

In particular, with T ~ ¢/(k, ), for k > 1 and k > 2 respectively,

K\Y?T (k/2—1/2 k
E[T] = (5) %u E[1?] = A (1+4u?), (10.72)
E[X’] = z M 1F1(n/2+5,n/2;0/2).

@2 T (n/2)

Now consider the doubly noncentral case, for which T = X//Y/k with Z = X —
n ~ N (0, 1), independent of ¥ ~ x2(k,6). Then E[T*] = k*/?E [Y~*/2] E[X"], and
the moments of Y are given in (10.9); in particular,

_e92r (k/2—7r)

]E[Y_r]_ > F(k/Z) 1F1(k/2—r,k/2,9/2)
CTk/2-7)
= 2T w2 1F1(rk/2,—0/2), r <k/2, (10.73)

where the second equality follows from using the Kummer transformation (5.29),
i.e, 1F1(a,b,x) =€ 1Fy(b—a,b,—x). Thus, for k > s and s € N,

VP T k2= 572 3 ()@ e
2r1=(3) “rammeniz o X (o) g

as was derived in Krishnan (1967). For s = 1,

K\Y? T (k/2—1/2)
E[T] =M(E) WlFl(l/Z,n/Z, —9/2), k>1,
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while for s = 2,12

E[T%] = (1+ 1) 1FL(1k/2,-0/2) k> 2

k—2

The absolute moments are also straightforward to derive. First, let Z ~ N (u, 1) so
that, from (10.9) with n» = 1 and s = m /2, and applying the Kummer transformation,

w1 2" (L+m) /2) 1+m 1 u?
EI2 ) = e (T’§’7>

_2"rr@+my/2) o om 1 g
- N “( )

Using this in conjunction with (10.73) yields, after a bit of simplifying, that

E[IT"] = k"?E[y"/?]E[IZ|"],

C((k—m)/2)T (L+m)/2) m k 0
— m/2 _
=k I (k/2) /7 lFl( ) 1Fl(

NI =

for0 <m < k.

10.5 Saddlepoint uniqueness for the doubly noncentral F

For computing the sp.a. to the doubly noncentral F distribution, the saddlepoint
equation is a cubic polynomial with roots z1, z2, and zz, given in (10.43), but the correct
root for use in the approximation is always z3, in (10.44). This was proved in Butler
and Paolella (2002) and is reproduced here. The method of proof is of value, because
it is applicable to similar situations, such as the s.p.a. to the normal—Laplace sum
considered in Section 5.1.3 and the doubly noncentral ¢ distribution in Section 10.4.2.

Recall that F ~ F(nq, na, 01, 02), for n1, np, 01,02 € R.g, and x > 0 denotes the
value at which the c.d.f. of F isto be evaluated (the case x = 0 is excluded because
it is not in the interior of the support of F). Also, recall from (10.35) that the c.d.f. of
F can be expressed as Pr (F < x) = Pr (Y, < 0), where Y, is defined in (10.35).

The proof hinges on the important general fact mentioned in Section 5.1.1 that the
unique root of the saddlepoint equation existsin U, := {s : — (2x)™! < s < n1/ (2n2)},
the open convergence strip of the m.g.f. of Y., so that, in this setting, one may
take any real z; that is in U,. Proving that z3 is aways the correct root (i.e., the
unique saddlepoint solution) is done in three steps. First, we show that all three
roots are real. The second step demonstrates that, if the roots are ordered along the
real line, then Ky (s) is positive for the middle root and negative at the other two:

12 These expressions, along with those for s = 3 and s = 4, are aso given in Krishnan (1967). Kocherlakota
and Kocherlakota (1991) and Johnson, Kotz and Balakrishnan (1995, p. 534) give them too, but, in both of
these sources, the expressions for E [72] are not correct.
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recall from Section 5.1.1 that, if s € U,, then K;;(s) is a variance of the tilted ran-
dom variable 7; in (5.1), so it must be nonnegative, but this is not true for Ky
when viewed as a function with domain R instead of U,, and evaluated at values
of s ¢ U,. The third and last step shows that z» < z3 < z1. Combining these results
demonstrates that z; and z, cannot be the saddlepoints, i.e., z3 is aways the correct
root.

Step 1. Showing that all three roots in (10.43) are real is equivalent to showing that
m in (10.42) is negative (Abramowitz and Stegun, 1972, p. 17). Using Maple, m can
be factored as

ni

——————— X
x%n3 (nq + no)*

_ 1 4 n)?
m = 6912(n1x n2)< x

where Q consists of the sum of 47 terms in nq, no, 01, 6o and x, al of which are
positive, except for one, given by —802n,x202n;. By combining this term with two
other (positive) terms 4n20361x and 46,n203x% in Q (found by trial and error), we
have

—802nx20%n1 + 4n20301x + 402n203x3 = 40210, (n262 — n161x)% > 0,
showing that Q > 0, so that m < 0, and all three roots are real.
Step 2. Define

2
L(s)= (1 — a%) (14 25x)° Ky, (5)
1

and note that a root of K, is also aroot for L. Differentiating gives

5 2 2
L (s) = — { <1 - 2sE> a1+ 2sx)2} Ky (s) + (1 - 25E> (14 25x)% K (s)
as ni X ni x
and, when evaluated at roots z;, i = 1, 2, 3,

L' (z) = <l — ZZiZ—i)Z (14 2z;x)? Ky (zi),
so that
son{L’ (z))} = son{Ky (z)} . (10.74)
Now L (s) is a cubic polynomial whose leading term is —8n3x? (nq + nz) ny%s®
with a negative coefficient; thus L’ (s) > 0 when s is the middle root and negative at

the first and third ordered roots. From (10.74), the same holds for Ky (s) so the middle
root must be the saddlepoint. ‘

383



384

Noncentral distributions

Step 3. To prove that zo < z3 < z1, first note that » in (10.42) is real and that m < 0,
implying that ¢ < 0. Then

r—{—ﬂ:r—f-l\/mzv_qsexp(l)")’

where ). = arg (r + /m) € (0, ) and, more specificaly, if r < 0, then & € (7/2, 7).
Then

s12= (r & vm)"® = [\/——cﬁexp(ii,\)]l/s — J=qexp(+ir/3)
and, thus,
514 52 = /—q [exp (ir/3) + exp (—ir/3)] = 2,/=q cos(%/3) (10.75)
is real and positive, as 0 < A/3 < /3 = 60°. Similarly,
51— 52 = /—q [exp(i1/3) — exp(—ir/3)] = 2i /=g sin(%/3)
so that

i? (51— 52) = —/—3g sin(%/3) < 0. (10.76)

From (10.76) it follows directly that zo < z3. Now, comparing z1 and zg,
az . ? az
73 = —+/—q COS(1/3) — 3 + \/l_’u/—q sin(A/3) < 2/—qg cos(r/3) — 3= 21

or +/3,/=gsin(»/3) ; 3/—¢gcos(r/3) or tan(r/3) ; V3. But tan(r/3) <
tan(n'/3):\/§,80that zz3<ziand zz2 < z3 < 71. u

10.6 Problems

Every day!® you may make progress. Every step may be fruitful. Yet there will
stretch out before you an ever-lengthening, ever-ascending, ever-improving path.
You know you will never get to the end of the journey. But this, so far from
discouraging, only adds to the joy and glory of the climb.

(Sir Winston Churchill)

Personally I'm always ready to learn, although | do not aways like being taught.
(Sir Winston Churchill)

A pessimist sees the difficulty in every opportunity; an optimist sees the oppor-
tunity in every difficulty. (Sir Winston Churchill)

13 Reproduced with permission from (From “Painting as a Pastime” by Winston Churchill. Reproduced with
permission of Curtis Brown Ltd, London on behalf of The Estate of Winston Churchill Copyright Winston S.
Churchill)
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10.1. % Relate the incomplete gamma function to the ‘Imhof method’ developed in
Section 10.1.5.

10.2. % Use the fact that the multivariate normal density function integrates to one
to derive M(s), the moment generating function of S = )""_; 1; Q;, where ;

are known, nonzero weights and Q; g %2 (1), i.e,i.i.d. centra x?r.v.s, each
with one degree of freedom.

10.3. % Generalizing the previous question, let X ~ N, (0,02l) and A be a red,
symmetric n x n matrix. Show that the m.g.f. of S = X’AX/c? is

Mis(s) = [ [ (X —2s2)7"2, (10.77)
i=1

where {);} are the eigenvalues of A and |s| is sufficiently small.

10.4. % % It is easy to confirm that the matrix B3 in (10.1) is orthogona with first
row u'60~%2, but it is not as simple to derive such a matrix. Using, say, Maple,
derive a matrix B3 such as the one in (10.1).

10.5. ¥ Confirm that setting s = 1 in (10.9) simplifiesto E[X] = n + 6.

10.6. % Compute the m.gf. of X = >7_, X2, X; N (i), n=1,...,n, intwo
ways: first, by simplifying Mx(r) = E [e’(x/x)], where X = (X4, ... X,); and
second, by simplifying My(r) = E [€' ], wherer.v. ¥ has p.d.f. (10.3).

Hint; For the former, use the following general result. Let A(X) = X’Ax + X'a+
a and B(X) = X'Bx + x'b + b be functions of x, wherea, b € R, X, a, and b are

n x 1 real vectors, and A and B are symmetric n x n matrices with B positive
definite. Then

e —BX) dy ——-1/21R|—1/2 L ve-1n)
/_OO /_OOA(x)e dx =S/ By exp{4(bB b) b}
x [tr (AB™) —b'B ta+ %b’B_lAB‘lb + 24 .
(10.78)
For proof of (10.78), see Grayhill (1976, p. 48).
10.7. % Let X; nd N (,u,-, ol.z),i =1, 2. Compute the density of R = (Xl/Xz)Z. Then,
for 02 = 07 = 1 and u, = 0, show that

fr () e 1/2 1 7 (1 1 pu1 x
x) = , =, — .
- T Jl+ot T2 21+«
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10.8. % Derive (10.23) and (10.25).

10.9. Prove that expression (10.54) for Fr (t) can also be written as

27k/2+1 00

rO=02 ko

where @ (gq) is the standard normal c.d.f.
10.10. Derive (10.58) from (10.57).
10.11. % % Derive (10.60) from (10.59) and (10.61) from (10.60).
10.12. % % Derive (10.65) and (10.66).

10.13. % Derive (10.69).

wh—te v’ 2 ¢ (tk_l/zz — ) dw,

10.14. % % Recall from (1.100) and (1.101) that, for continuous r.v. X with c.g.f.

Ky (s) converging on (c1, ¢2),
o 1 c+ioo
FX(X)=—./ exp{Kx(s) — sx} ﬁ, 0<c<ey,
210 Je—ioo s
and

1 c+ioo ds
Fx(x)z%/ . exp{Kx (s) — sx} — c1<c<0,

with ¢1 < 0 < 3. (Contributed by Simon Broda)

(a) Denote the integrand in the above equations by
exp{l (s)} = exp{Kx (s) — xs — In(sgn(c)s)}.

Show that, with s =a +ib ands =a — ib,

exp{/ (5)} = exp{I (s)},

so that the integrals can be written

1 c+ioco d
Fx(x) = H(c) - %f - exp(Kx(s) — sx}

1 [> d
:H(c)—E/ eXp{]Kx(s)—sx}?t

—0Q

—He -t /OO Re[—eXp{KX(S) — SX}} dr,
0

b/ N

(10.79)

(10.80)
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where s = ¢ + it, and H(-) is the Heaviside step function, i.e.,

0, ¢<0O,
He)=11 c=0,
15

c>0.
Hint: First show that, if the m.g.f. of X exists, then

(b) Using (10.80), computethe c.df. of 0 = Y% ; &;x2(v;. 6)), i.e, aweight-
ed sum of noncentral chi-square r.v.s with degrees of freedom v; and
noncentrality parameter 6;. Recall from (10.19) and (10.20) that the m.g.f.
of Qis

‘ AjOjs
—v;/2

}, 1-2xs > 0.
j=1

Choose ¢ = 0.25, and plot the integrand for the c.d.f. of X = X; — Xo,
where X3, X, are central chi-square with one degree of freedom, at x = 4,
over the range [0, 5].

(c) In (1.100) and (1.101), integration is carried out along the so-called Brom-
wich contour (¢ — ioo; ¢ + ioco). Helstrom (1996) suggests deforming the
contour in such a fashion that it closely resembles the path of steepest
descent of the integrand. This path crosses the real axis at a point sqg in the
convergence strip (c1, ¢) of K, caled a saddlepoint, where the integrand
attains its minimum on the real axis; it is given by

di (s)
ds

=0, (10.82)

S0

where I(s) is as in (10.79). There are two saddlepoints, one to the left
and one to the right of the origin, each between the origin and the near-
est singularity of the m.g.f. If al the singularities are positive (negative),
it is therefore advantageous to use the positive (negative) saddlepoint, in
order to have a bracketing interval for the required root search. If there are
singularities on either side of the origin, Helstrom suggests using so > O if
x > E[X], and 5o < O otherwise.

For a particular quadratic form (the least squares estimator in an AR(1)
model), Helstrom finds that the path of steepest descent has roughly the
form of the parabola given by

19 (s0)

_— 10.83
31@(sg)’ ( )

1
s=so+§Cy2+iy, —oco<y<oo, C=
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superscripts in parentheses denoting derivatives. Using (10.81), the integra
in (10.80) becomes

1 [ 1
FX(x):H(c)—;/ Re[e““)(l—iCy)]dy, s:so—i—ECyz—i—iy.

0

(10.84)
Make a program that evaluates the c.d.f. of Q from part (b) using the above
method. Plot the integrand for x = 4, and compare.
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Table A.1 Abbreviations

Description
c.df. cumulative distribution function
c.f. characteristic function
c.g.f. cumulant generating function
CLT central limit theorem
i.i.d. independently and identically distributed
l.h.s. (r.h.s) left- (right-)hand side
m.g.f. moment generating function
p.d.f. (p.m.f.) probability density (mass) function
p.g.f. probability generating function
RPE relative percentage error
r.v. random variable
SLLN strong law of large numbers
s.p.a saddlepoint approximation
WLLN weak law of large numbers
3 there exists
v for each
iff, if and only if

= a:=borb=:adefinesa to beb (eg., 0! :=1)
C,N,QR,R.0,Z sets of numbers (see Section [.A.1)

-1, ifx <
sgn(x) signum function; sgn(x) :{ 0, i
1, ifx>

)

Intermediate Probability: A Computational Approach M. Paolella
© 2007 John Wiley & Sons, Ltd
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Description Notation Example or definition
real and imaginary part Re(Z), Im(Z) Imx +iy)=y
eigenvalues of sguare A {x;} = Eig(A) det(A) =[], Eig(A)
diagonal of square A diag(A) diag[¢ 4] = [a.d]
trace of square A tr(A) = > diag(A) tr(A) = ), Eig(A)
rank of n x m matrix A 0 <rank(A) rank(A) = rank(AA")
< min(n, m) = rank(A’A)
approximate distribution % D(9) x> N, 2n)
of a random variable
k-norm of r.v. X IX1e = (E[IXI4]) X1 < 1XIls,
k>1 1<r<s
limit superior for sets A* = limsupA; A, —> A
i—00
=N U A, iff A=A, =A*
k=1n=k
limit inferior for sets A, =liminfA; (A =1 N 4
o oo k=1n=k
= U ﬂ Ay
k=1n=
convergence in X, 2 x for A, =X, — X| > €,
probability lim Pr(A,) = 0
amost sure convergence X, 5 x for A, =X, — X| > €,
lim Pr(U,2,, Ax) =0
convergence in r-mean X, by x lim,— o E[ |X, — XI"] =0
convergence in X, 4 X lim,_ o Fx,(x) = Fx(x)

distribution

Vx € C(Fx)




Notation and distribution tables 393

7

p _HA@NSR&\QH_E_ oo/ T

0 mlmHARer&

w1 =X de 5= (00X UOISJOAUI "J'PD SNONU MU0

00142

p[(N¥XDy,8]ed O 7= 1p ()X, 8° [ F£ = @)X/

sp (s — (¥ dxe °L [ e = ()X uoseAUl "ypd
p[(nXdr,, 8]oy %\m =pNXbr, 0" [ % = (fx)x[f
DXy, 8t [ 5ol = (fn)X/ uosseAul “yurd
DX = () X6 [{(xmde]d = () X uo1UN} DS LBITR.RYD
Srig —vrl = vy el =€y ju/ g0 =
e =ex ‘vl =Ty (DX Bo| = (HX] uonouny Bureeush Juenwnd
@5 = Lxla [ixtdxe]da = (DX uonouny Buireeueb Juswow

®Xa= ol

[T = @)Xg sA10nmr| Jo) ‘uonouny Buiressusb Aljicedoid

so|dwex3

uonuysp ‘UoleloN uonduosaQ

Je|NwWiIo} UoSBAUI pUe suonoun) Buieleues GV a|gel



394 Notation and distribution tables

Table A.6 Conventions for distribution names

Description

Examples

A ‘simple’ or fundamental
distribution name starts with a
capital letter

Preface the name with capital G to
denote a generalization

Alternatively, use Gn if the
generaization has n parameters

Begin the name with capital | to
indicate an inverse relation to
another distribution

Add A for ‘asymmetric’

Add D for ‘discrete’ or ‘double’
Add H for ‘hyper’

Add L for ‘log’
Add N for ‘negative
Add N or Norm for ‘normal’

Some distributions have classical
names which do not fit in this
scheme

Cau, Exp, Gam, Gum, Lap, Log, N

GBeta, GGam, GHyp

G3B, with 3 parameters, not including
location and scale

IGam (inverse gamma), I1G (inverse
Gaussian)

GAt (generalized asymmetric ¢), ADWeib
(asymmetric double Weibull)

DUnif (discrete uniform), DWeib (double
Weibull)

HGeo (hypergeometric), IHGeo (inverse
hypergeometric)

LN (log normal)

NBin (negative binomial)

NormLap (normal—Laplace), NIG (normal
inverse Gaussian)

x?, t, F, GED, SN (skew norma), VG
(variance—gamma)

Table A.7 Some distributional subsets®

Beta C G3B Exp C Gam | Log C GLog
Beta - G4B Exp - Weib N - SN
Ber c Bin F - G3F N c GED
Ber - HGeo | Gam c GGam | N C Hyp
Geo - NBin | GED < FS-GED | N C SuS
Geo C Consec | Lap C GED N C t
Cau C SoS | Lap C Hyp | Perll C GPar Il
Cau - t | Lap c DWeib | SuS c Se,p
x2 C Gam | Lewy C IG | Unif - Beta
DWeb < ADWeb | Levy C Sep | Welb < GGam

“Use of C instead of € means that the special case is attained only asymptotically. See Table A.8 for further
subsets involving the Student’s ¢ distribution and Chapter Y for tables and diagrams giving the subsets of the

GIG and GHyp distributions.
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Table A.8 Student’s ¢ generaizations”

McDonald and Newey GT D¢ (Symmetric)

. . 1214 —(v+1/d)
fer(z;d,v) =K <1+ %)

Kt=2a"%YIB(d71v), d,veR.
(generalized) Lye and Martin LYMd > GT (Asymmetric)

fiymd (25 d, v, 0) oc exp (0 arctan (W) —(v+3)log <1+ @))
d,veR.g, 6 R

Fernandez and Steel extension FStDO ¢ (Asymmetric)
frs @ 0,0) = 55575 {1 (5) To.00) (@) + fr (20) =00 (2)}
where T ~ t(v), v,0 € R.oo.
Generalized asymmetric ¢ GAT D {FSt, GT, GED} (Asymmetric)

_(pad
foat (z:d,v,0) = K {(1+ ) (3) I(—00,0)(2)

(va
+ <1+ —(Z/f)d) (+3) I[(o,oo>(z)}
Kt=(0"1t+0)da B (%,v), d,v,0 € Rog
Jones and Faddy JoF D ¢t (Asymmetric)

a+1/2 b+1/2
. _ 1 _ r__
Jor (t;a,b) = C (1 + (atb+12) 2 1 (u+h+t2)1/2> .
Ct=B(a,b)(a+b)Y?20+-1 4 b>0
Hyperbolic asymmetric ¢ HAt D ¢ (Asymmetric)

_n+l

—n+1
. — 2728 (w) 2 (x—p)
faCein, B a 8) = 220 (B) 0 K s (1Blyo) @00,
>

Ve = /82 4+ (x — )2, n>0BueR B+£0686>0

Singly noncentral ¢ t'(k, ) Dt (Asymmetric)
See Table A.10

Doubly noncentral ¢ t"(k, u,0) 2t'(k, ) (Asymmetric)
See Table A.10

“See Chapter 7 (and its Problems and Solutions) for details on the first five entries. The hyperbolic
asymmetric 7 is discussed in Chapter . The noncentral ¢ distributions are discussed in Section 10.4;
see also Tables A.9 and A.10 below.
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Table A.9 Noncentral distributions 14

Let wig:=e%20/2) /i
noncentral x2, X ~ x2(n,6)
(n degrees of freedom, noncentrality )
X =" X2 where 6 = p'p and X ~ N, (. 1)
i=1

o0 o0
fx(xin,0) = o fx (xin+2i,0), Fx(x;n,0) =Y wyFx(x;n+2i,0)
i=0 i=0

E[X]=n+6, V(X)=21440, Myx() = (1—2t)‘”/2exp{1t_92t}, t<3
=KP0) =21 — 1! (n +i6)

doubly noncentral F, F ~ F(n1, n2, 61, 62)

(n1, no degrees of freedom, noncentrality 61, 6,)

RIV2H om/24-1 () +n2)—(n1+nz)/2fifj

) =33 o 27 Bl+ny2jtmfd

i=0 j=0
[eSIe] . nix
F N 9 9 = i i B ] 2, j 2 s = -
F (x;n1,nz, 01, 62) ;;w.elw],ez y(+n1/2, j+n2/2), y P

E[X"] =: o), = 1, 1F1 (r,n2/2,—62/2), np > 2r,

where 1. are the raw moments of the singly noncentral F
singly noncentral F, F ~ F (n1, n2, 61)
(n1, n2 degrees of freedom, noncentrality 6;)
n1/2+l nl/2+1 1(xn1+n2) (n1+n2)/2—i
fF (X) Za)l 91 n2/2 B
(i +n1/2,n2/2)
F(x)—Zar B, +n1/2 n2/2), y=-—2
F - ~ 1,91 y 1 9 2 ’ y - nlx +n2
%
E[X]:in-i_ 1, no > 2
r;l np — 2
0 20 -2
V(X)_an(n1+ 1) +(n;+ 1) (n2 )’ —
n? (ng —2)%(n2 —4)
I'(n2/2—r) — ['(ny/2+i+r)
E Xr =. ! = i il ) 2
[ o (nl) I (12/2) ;‘”’1 Y-

“Continued in Table A.10. See Chapter 10 (and its Problems and Solutions) for more detail.



Notation and distribution tables 397
Table A.10 Noncentra distributions |14

Let w;g:=€920/2) /i

doubly noncentral beta, B ~ Beta(ny, np, 01, 62)
(n1, no degrees of freedom, noncentrality 6, 62)
= nX)/(1+nX), where X ~ F(2n1, 2ny, 01, 02)

oo 0
fe(bsni,np, 01,00) =3 > wigwje, faea(b;n1+i,n2+ j)
i=0j=0

no b
— 1 2n1q, 2no, 64,0
n1<1 b)zfx( A—py TR 2)
Fp (b; ny1,na, 01,0) =

——— 2n1, 2np,61,0
n(A—p) L2t 62
doubly noncentral ¢, T ~1t"(k,u,0)
T =X/JY/k, where X ~N(u,1) LY ~ x2(k,0)

e o (+12)2 = 4 (1uy/27F)’
=k = ! (1+ 12/ k) FHHD72

r( kitl ;
y ( 2 )1Fl<k+1+1k 0 )

T (k/2) 2 2 2(1+2/k)

k 2i 1/2
Fr (k. 0) = Z@eﬂ(( - ) ,k+2i,u,0)

K\Y? T (k/2-1/2)

E[T?] = (1+ 1?) & f > 1F1 (L k/2,-0/2), k>2

kN2 T (k/2—5/2 Ls/2) 2 .

singly noncentral ¢, T ~ 1t (k, ,u)

o—k/2+1k/2 %)

k 1 2 2 }
R — — k d
(k/Z)J_ z exp{ 2[(tz w)* +kz?| ¢ dr

; 2/2F<<k+1>/2>k’</2( 1 ) Z(m)( 2 )f/2r<<k+i+1>/2>
= VT k/2)  \k+12 it \2+k

fT (ta ka) =

rk+1/2
o—k/2+11k/2

1
Fr (f; k, ,LL) = T/Z)fq)(tz; M, 1) Zk_leXp{—ékZZ}df
0

Y21 (k2 -1/2) ) k )
sm=(3) “Yap ow El=pp )

RN k2—-5/2 8 s\ @)y
S (5) I (k/2) ; <2i> it

“Continued from Table A.9. See Chapter 10 (and its Problems and Solutions) for more detail
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Table A.11 Some relationships among major distributions®

Input Function Output Parameters
B; ™ Bin(u;. p) S=XB Bin(r, p) =
Xi Iﬂg NBin(ri7 p) S = ZXI NB|n(r, p) r = Zri
P, ™ Poi(x) S=XP, Poi (2) A=k
X; “ Binn, p) Xi|(X1+X2=5) HGeo(n,n,s)
X, "© Geo (p) X1| (X14 X2=5) DUnif(0, s)
ind . i
X; < Poi (1)) X1 | (X1+ Xo=5) Bin(s, p) p=A1/(A1 + A2)
X, v Gum(0, 1) D=X-Y Log (0, 1)
X, ¥ Exp(n) D=X-Y Lap©.2)
X, Y "™ Gam (a, b) D=X-Y Mp(t) = (1—12/b?) ™"
X "N, 1) X1/X; Cau(0, 1)
ind
Xi % N(ui, op) S=3X N(u. 0?) no=3 i,
0% =3 o}
X; ¥ N, 1) S =Y, X? X2
X "N (i, 0?) S=3147% x? (n)
Z: = Xi;ﬂ[
Z~N(@0,1) L C~y? T =27/JC/n t
¢ ™ 32 i Ci x2) V=2 v
ind
X; " Exp(1) S =1 X, Gam (1, 3)
G, ™ Gam (a;. ¢) S=XGi Gam (a. ¢) a=24
G; ™ Gam(q;, c) B=G1/(G1+ G,)  Beta(ay, az)
B
B ~ Beta X=——, 2ny, 2n
(n1,n2) n(1—B) F (211, 2n7)
n=ny/nz
X ~ F(n1, n) - Beta(p. ¢) =n1/2
ni, ny = 11X’ P, q p =ni/2,
n=ny/ny q =nz/2
G, ™ Gam(n;, s;) R=G1/(G1+ G2) G3B(n1,nz,s) § = 51/52
G; " Gam (n;, 5;) W=Gi/G2  G3F(m.nzs)  s=si/5

“Inthecaseof X, Y i Gam(a,b) and D = X — Y, them.g.f. of D isgiven, and an expression for the density
is available;see case 7 and the footnote in Table A.12 below.
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Table A.12 Some mixture relationships®

Case Input Distribution of X Parameters
1 (X | R=r)~Poi(r), NBin (a, p) p=>b/(b+1)
R ~ Gam (a, b)
2 (X ] © =0)~ Exp(0), Parl1(b, ¢)
® ~ Gam (b, ¢)
3 (X | ©®=0)~ Gam(a,0), GParll(a, b, ¢)
® ~ Gam (b, ¢)
4 (X |V=v)~N(0,v7}), Student’s 7;
kV ~ x2
5 (X|V=v)~N (,uv_l/z, v_l), t'(k, 1)
kV ~ sz
6 (X |V =v) ~N(0,v), Lap(0, k) k= (@2n)12
V ~ EXp(A)
7 (X]1©=0)~N(@©0,0)  Myn)=(1-12/2))" |1l <2
® ~ Gam (b, ¢)
mt 12\ "
8 (X|1©®=0)~N@mb,0) Mx@) = (1— — - Z) for t such that
© ~ Gam (b, ¢) mt/c+1%/(2c) < 1
9 (X | P = p) ~ Bin(n, p), BetaBin(n, a, b)
P ~ Beta(a, b)

“See Section 7.3.2 for derivation of these results. Expressions for the p.d.f. in cases 7 and 8 are derived in
Examples /.19 and 7.20, respectively. The beta-binomial distribution in case 9 is discussed in Problem 7 9.
More results on norma mean-variance mixtures can be found in Table 9.3.
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